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Definitions

Formal Model

Real a2;

Real b0}

Real cruber;

* Situational track

Real maxSlope;

eal T;

Real slopeAcc(Real trainPos);
nd;

urvature(Real trainPos);

Real Apb;
Real pressureChangeRate;

(absmaxSlope)sT; ‘

U vel) = min(slopeAccs (maxVertCursT)#vel, maxslope);
Real maxCurveAcc(Real curvature, Real vel) = min((curvaturescrvbersvelsT), 0);

 speed vel. *

/ The train will stop in at most this much distance
Real brakingDistance(Real vel, Real buildup) =
(vel- (b

+ velsbu:
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I°] | r + (trainac {
+ maxCu ?end - trainPos > stoppingDistance(vel) ; trainAcc :=*; ? - b0 < trainAcc A trainAcc < a0 ; brakeSlope :=0; airBrake:=0;
u
@t

trainAcc := — b0 ; brakeSlope := pressureChangeRate ;

{ trainPos' = vel , vel' = acc(trainAcc + max(airBrake,Apb),vel,trainPos) , airBrake' = brakeSlope, t'=1 & t < T A vel > 0}

1
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Complete
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Formal Model

eal
eal pressureChangeRate;

Real baseUpperV(Real a0, Real (ab+naxSlope)«T; ‘

Real maxSlopeAcc(Real slopeAcc, Real vel) = min(slopeAcc+(maxVertCurT)+vel, maxSlope);

Real stoppin = unioiu
/% Velocity
Real resista
« Total o @+ [
Real acc(Rea (

Real upperve
+ (trainAc

trainAcc := — b0 ; brakeSlope := pressureChangeRate ;

{ trainPos' = vel , vel' = acc(trainAcc + max(airBrake,Apb),vel,trainPos) , airBrake' = brakeSlope, t'=1 & t < T A vel > 0}

1

end - trainPos > 0

indQE  HCEX [UUnfold #Simplifyw DUndow &1 Proving in KerOerO X Theorem Prover

t:=0;
{
?end - trainPos > stoppingDistance(vel) ; trainAcc :=*; ? - b0 < trainAcc A trainAcc < a0 ; brakeSlope :=0; airBrake:=0;
u
@t

Proof: « All goals closed

Provable( ==> end()-trainPos>(vel-min<< ._1 < ._2&
reChangeRate()*vel)~(1/2)))/pressureChangeRate())x*(b¢
& _0=-._1|._1>=0&._0=._1 >>(((b0()-maxSlope()-0)"2-24
essureChangeRate(), (b@()-maxSlope()-0-abs<< ._1 < 0&
0=._1|._1>=._2&._0=._2 >>((Apb()-0)/pressureChangeRal
6%pressureChangeRate()*min<< ._1 < ._2&._0=._1|._1>=
()*vel)~(1/2)))/pressureChangeRate())*3&(a0d()>0&b0 ()3
ainPos (Rmin()<=curvature(trainPos)&curvature(trainP(
((slopeAcc(x)) '<=maxVertCur()*x'&(slopeAcc(x)) '<=ma
Pos>(vel+(a@()+min<< ._1 < ._2&._0=._1|._1>=._2&._0=
Der()*(vel+(a@()+maxSlope())*T())*T(),0))*T()-min<<

2-2xpressureChangeRate()*(vel+(a@()+min<< ._1 < ._2&
rvature(trainPos)+crvDer()*(vel+(a0()+maxSlope())*T(
sureChangeRate(), (b@()-maxSlope()-0-abs<< ._1 < 0&._¢
rtCur()*T()*(vel+(a0d()+maxSlope())*T()),maxSlope())+n

(2K

Loop Invariant loop
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Infinitely many possibilities
checked once and for all
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-ormal Verification

Theoren "Tev/Tay oT_ComDIned

Definitions

Formal Model

* Situational track setup
Real maxSlope;

Real T; *
Real slopeAcc(Real trainPos);
Real

Proof: « All goals closed

Provable( ==> end()-trainPos>(vel-min<< ._1 < ._2&
reChangeRate()*vel)~(1/2)))/pressureChangeRate())x*(b¢
&._0=—._1|._1>=0&._0=._1 >>(((b@()-maxSlope()-0)"~2-24
essureChangeRate(), (b@()-maxSlope()-0-abs<< ._1 < 0&

Real naxCurveAcc (Real curvature, Real vl

nin((curvaturescrvbermeteT), 0);
£t il e e st e ¢ i o o 0=._1|._1>=._2&._0=._2 >>((Apb()-0)/pressureChangeRat
e 6xpressureChangeRate () min<< ._1 < ._2&._0=._1]._1>=
reat stoppind QB #CEX [ Unfold A Simplifyw OUndow ¢! H H ()*vel)~(1/2)))/pressureChangeRate())”3&(a0()>0&b0 ()
fa The tratn PrOV|ng IN KerOerO X Theorem Prover ainPos (Rmin()<=curvature(trainPos)&curvature(trainPq
l o ((slopeAcc(x)) '<=maxVertCur()*x'&(slopeAcc(x))'<=ma
e S o [ Pos>(vel+(a@()+min<< . 1 < ._28._0=._1|. 1>=._2&. 0=
i ‘t:=o; Der()*(vel+(a@()+maxSlope())*T())*T(),0))*T()-min<<
= r * {?end - trainPos > stoppingDistance(vel) ; trainAcc :=*; ? - b0 < trainAcc A trainAcc < a0 ; brakeSlope :=0; airBrake:=0; 2—2*p ressureChanQERate( )*(Ve1+(a0( )+min<< '—1 < '—2&

rvature(trainPos)+crvDer()*(vel+(a@()+maxSlope())x*T(

u

o trainAcc := — b0 ; brakeSlope := pressureChangeRate ;

{ trainPos' = vel , vel' = acc(trainAcc + max(airBrake,Apb),vel
3
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Background: Dynamics
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Unknown functions: slope, curve

p =vv =a;+a,+as(p)+a-(v)+ac(p),a,=my




Unknown functions: slope, curve

p =vv =a;+a,+as(p)+a.-(v)+ac(p),a,=my




Unknown functions: slope, curve
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Unknown functions: slope, curve
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Unknown functions: slope, curve

<
!

as(p) < as(po) =min(mg,as(po) + v Amax - T')

... With improving estimates.




Other Technigues

Circular Dependencies

Problem: Circular dependence while
estimating worst case values.

D

Solution: Bootstrap cycle with naive values,

then iterate.

Worst case velocity

U

Proof

Taylor Polynomial

Problem: Davis resistance integrates poorly.

(\/4(al +ms)as — a%)-
tan (t v 4(al+723)az_a% + tan~?! (

2a2

a1+2asvg

\/4(al+ms)a2—a% ) ) — o

Solution: Taylor polynomial approximation.

Ghost Trains

Problem: Intermediate reasoning steps

transcendental.
Solution: Reason about as ODE (here represents

dynamics of a “ghost” train).
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50 1 I .
— v [ft/s] I .
0+ , . L .
| : 0.0 = { :
| 5 :
—-2.54 — a[ft/s™2] ‘:\ —2.59 — a|[ft/s"2] ‘:\
T T L —_ | T T T 1 T '=;
- ‘ = = e
_5 - — elevation [ft] i - 1 l _(5) i — elevation [ft] /E/-H
(l) 20100 40]00 60I00 8(;00 6 20'00 40|OO 60IOO 80100
train position (ft) train position (ft)
: Start braking End of movement authority

Train stops

[1] J. Brosseau and B. M. Ede, “Development of an adaptive predictive braking enforcement algorithm”, Federal Railroad
Administration, 2009.



Limiting Undershoot while Maintaining Safety

50 4 50 -
—_— v [ft/s]
O o — 0 - T T T T
0.0 = 0.0 =
[
—-2.51 — al[ft/s™2] —-2.51 — a[ft/s"2] I
I
0 2000 4000 0 2000 4000 6000 8000
train position (ft) train position (ft)
i ) . )
| | Start braking : End of movement authority
Train stops

[1] J. Brosseau and B. M. Ede, “Development of an adaptive predictive braking enforcement algorithm”, Federal Railroad
Administration, 2009.



Summary

Verified controller for full FRA model dynamics. KeYmaera X proofs available online

Generalizable Techniques
Dealing with unknown
functions

Circular dependencies
Taylor polynomials
Ghost dynamics

Verified Model Generalizability
« Abstraction of physical details
* Nondeterministic controller

Experiments
Controller limits undershoot while

maintaining safety
W




