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Safety-Critical CPS Deserve Proofs

Planes Drones Robots

How can we design cyber-physical systems people can bet
their lives on? — Jeanette Wing
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dl + KeYmaera X Provides Proofs

Planes Drones Robots

SQRLOOP bef  STATUS,C
rf X f

i Task 3B: IF Carry == 1
btfss STATUS,C
goto  SCR_CONT
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dl + KeYmaera X Provides Proofs

Planes Drones Robots

SQRLOOP bef  STATUS,C
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i Task 3B: IF Carry == 1
btfss STATUS,C
goto  SCR_CONT
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Discrete Control Continuous Dynamics Syntactic Proof

How do proofs cope when control, dynamics are partial,
discontinuous?
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Example System: Robot Water Cooler

aBE{{{?h>O; a:=1} U a:=0};

W= —\/2gh%&h > 0}*

Proposition (Leakiness)

g>0Ah=hyAhy>0AA>0— [ag](h< ho)
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dL Needs Lots of Extensions

Definition (dC Terms)

O.nu=x|ql|0+n|0-n](0)
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dL, Generalizes Foundations

Definition (dC, Terms)

O,mu=--1(0,n)] txo(x)

Discontinuity
Extensibility

~__ Vectoriality
L

U. Subst.[Ind. Types |
|Lukasiewicz |Free Logic |R Analysis|

Partiality \\

Examples:
(if(¢)(61)else(B2)) = tx (¢ A x=01) V (= A x=0>)
VO = ix(x*=0 Ax >0) 01/0: = 1x(x - 02=01)
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Formula Semantics

Compare

. Neither
Or

Co(y=1)  xly>1vy/x>1
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Program Axioms Decompose Dynamics

(=] (= flp(x) < p(f))
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U. Subst is Clean Foundation

Axioms are single formulas, substitution is explicit:

¢

0
Sound for admissible o:
Definition (Admissibility (dC))
No new free variable ref. under formula, program binders
Definition (Admissibility (d,))
No new free variable ref. under formula, program, term binders

Takeaway: Admissibility generalizes cleanly to definite description
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Axiom Validity

Proposition (Non-conservative extension)
Formula x - x > 0 is valid in dC but not d_,

Proposition (Converse reducibility)
Exists linear-time T(¢) : dC — dL, where T(¢) valid iff ¢ valid.

e Non-conservative implies soundness must be proved anew in
dC, (but we proved it).

e dC, axioms are single formulas, so each case of soundness only
needs to show validity of one single formula.

e Converse reducibility shows dC, supports all dC theorems in
theory and practice.

18/22



Forward Reducibility

Motivation: What is the expressive power of d,?

Theorem (Forward reducibility)
Exists reduction T(¢) : dC, — dC

T(x' = 0&¢) ~ sol(t) A axiomseol
T((x,y)) ~ Godelg(x, y)
T(f(x)) ~ Godelg(f(x))
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Forward Reducibility

Implication: Reduction is hard, want d, in practice.
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Takeaways

e dC, (definite description) helped dC foundation catch up with
KeYmaera X implementation.

e Theory is now ahead of implementation (vectors, function
definitions, non-polynomial ODEs)

e Uniform substitution calculus generalizes smoothly to many
logics
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