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Verifying Parametric Hybrid Systems

far ST neg SB cor MA

ETCS objectives:
@ Collision free
@ Maximise throughput & velocity (300 km/h)
© 2.1 % 10° passengers/day
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Verifying Parametric Hybrid Systems

Hybrid Systems
continuous evolution along differential equations + discrete change

@ Parameters have nonlinear influence

@ Handle SB as free symbolic parameter?

o Challenge: verification (falsifying is “easy”)
@ Which constraints for SB?

VMA3SB “train always safe”
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Verification Approaches for Hybrid Systems

problem | technique | Op|Par| T | Cl | Aut
ETCS =z < MA | TL-MC | v x| v |x]|V
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Verification Approaches for Hybrid Systems

problem | technique | Op|Par| T | Cl | Aut
ETCS =z < MA | TL-MC | v x|v|x]|V

X no finite-state bisimulation for HS
X no general handling of free parameters
X with parameters, everything gets nonlinear!
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Verification Approaches for Hybrid Systems

problem | technique | Op|Par| T | Cl | Aut
ETCSEz< MA TL-MC VIX |V | Xx |V
= (AX(ETCS) — z < MA) | TL-calculus | x | x | v X
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Verification Approaches for Hybrid Systems

problem | technique | Op|Par| T | Cl | Aut
ETCSEz< MA TL-MC VIX |V | Xx |V
= (AX(ETCS) — z < MA) | TL-calculus | x | x | v X

x declaratively axiomatise operational model
X expressiveness for characterisation?
X automation
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Verification Approaches for Hybrid Systems

problem | technique | Op|Par| T | Cl | Aut
ETCSEz< MA TL-MC Vx|V | x|V
= (AX(ETCS) — z < MA) | TlL-calculus | x | x | v | .. | X
= [ETCS]z < MA DL-calculus | v | vV | x | vV | X
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Verification Approaches for Hybrid Systems

| technique | Op|Par| T | Cl | Aut

problem

ETCSEz< MA TL-MC Vx|V | x|V
= (AX(ETCS) — z < MA) | TlL-calculus | x | x | v | .. | X
= [ETCS]z < MA DL-calculus | v | v | x | vV | X

v [RBC(]partitioned — 3SB (Train)[RBC(]safe
X intermediate states
X automation

Differential Dynamic Logics Disputation 3 / 19
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Verification Approaches for Hybrid Systems

problem | technique | Op|Par| T | Cl | Aut
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Verification Approaches for Hybrid Systems

problem | technique | Op|Par| T | Cl | Aut
ETCSEz< MA TL-MC Vx|V | x|V
= (AX(ETCS) — z < MA) | TlL-calculus | x | x | v | .. | X
= [ETCS]z < MA DL-calculus | v | v | x | vV | ?

differential dynamic logic
dL = DL + HP
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Outline (Conceptual Approach)

@ Differential Dynamic Logic dC
@ Design Motives
@ Syntax
@ Semantics
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dC Motives: The Logic of Hybrid Systems

differential dynamic logic
dc = DL + HP
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dC Motives: Regions in First-order Logic

differential dynamic logic

df = FOLg —— s
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dC Motives: Regions in First-order Logic

differential dynamic logic

dC = FOLg

VYMA3SB ...

Vt>0 ...
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dC Motives: State Transitions in Dynamic Logic

differential dynamic logic

dC = FOLg +
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dC Motives: State Transitions in Dynamic Logic

differential dynamic logic

dC = FOLg + ML “@ ﬁ
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dC Motives: State Transitions in Dynamic Logic

differential dynamic logic

dC = FOLp + DL — =

far ST neg SB cor MA

[==]v2 < 2b
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dL Motives: Hybrid Programs as Uniform Model

differential dynamic logic
df = FOLg + DL + HP

far ST neg SB cor MA

[z = a]v2 < 2b
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dL Motives: Hybrid Programs as Uniform Model

differential dynamic logic
dZ = FOLg + DL + HP —_—

[if(z > SB)a:=—b; z’ =a]v? < 2b
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dL Motives: Hybrid Programs as Uniform Model

differential dynamic logic
df = FOLg +DL + HP —— —

far ST neg SB cor MA

[if(z > SB)a:=—b; 2’/ = a]v? <2b

hybrid program
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dC Motives: What about Hybrid Automata?

differential dynamic logic \\
df = FOLg + DL + HP

far ST neg SB cor MA

How about hybrid automata?
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dC Motives: What about Hybrid Automata?

differential dynamic logic

df = FOLr + DL + HP

André Platzer (University of Oldenburg)
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dC Motives: What about Hybrid Automata?

differential dynamic logic \\
df = FOLg + DL + HP

[not compositional }
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Differential Dynamic Logic dZ: Syntax

Definition (Hybrid program «)

x' = f(x) (continuous evolution)

x:=f(x) (discrete jump) )

7x (conditional execution) jump & test
o 8 (seq. composition)

aUp (nondet. choice) Kleene algebra
a* (nondet. repetition)
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Differential Dynamic Logic dZ: Syntax

Definition (Hybrid program «)

x' = f(x) (continuous evolution)

x:=f(x) (discrete jump) )

7x (conditional execution) jump & test

o 8 (seq. composition)

aUp (nondet. choice) Kleene algebra

a* (nondet. repetition)

ETCS = (ctrl; drive)* RBC
ctrl= (?MA — z < SB; a:= —b)

U(PMA—2z>SB;a:=...) e Ly

driVeE Z” = a far ST neg SB cor MA

Av>0AT<e
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Differential Dynamic Logic dZ: Syntax

Definition (Hybrid program «)

x' = f(x) (continuous evolution)
x:=f(x) (discrete jump) )
7x (conditional execution) jump & test
o 8 (seq. composition)
aUp (nondet. choice) Kleene algebra
a* (nondet. repetition)
ETCS = (ctrl; drive)* R
ctri= (?MA — z < SB; a:= —b) B
2 . o ’ I
U(PMA—z>SB;a:=...) — | —
drive=1:=0,z2 =v,v =a,7 =1 fa ST neg B cor MA

Av>0AT<e
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Differential Dynamic Logic dZ: Syntax

Definition (Hybrid program «)

x'=f(x) A x (continuous evolution)
x:=f(x) (discrete jump) )
7x (conditional execution) jump & test
o 8 (seq. composition)
aUp (nondet. choice) Kleene algebra
a* (nondet. repetition)
ETCS = (ctrl; drive)* RBC
ctrl= (?MA— z < SB: a = —b) B
2 _ R ’ I
U(PMA—z>SB;a:=...) — | e
drive=1:=0;2 =v,v =a,7 =1 far ST neg SB cor MA

Av>0AT<e
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Differential Dynamic Logic dZ: Syntax

Definition (Formulas ¢)

- AV, =, Vx,3x, =<, +,- (R-first-order part)

[e]lg, ()¢ (dynamic part)

SB > ... = |[(ctrl; drive)*] z < MA RBC

Al trains respect MA e S
ar ST neg cor

RBC partitions MA ! e 5B MA

= system collision free
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Differential Dynamic Logic dZ: Transition Semantics

Definition (Hybrid programs «: transition semantics)

:X::f(x)i

= [F()1,

X
I
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Differential Dynamic Logic dZ: Transition Semantics

Definition (Hybrid programs «: transition semantics)

: x'=f(x) :

>

4
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Differential Dynamic Logic dZ: Transition Semantics

Definition (Hybrid programs «: transition semantics)
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Differential Dynamic Logic dZ: Transition Semantics

Definition (Hybrid programs «: transition semantics)

>

v w
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Differential Dynamic Logic dZ: Transition Semantics

Definition (Hybrid programs «: transition semantics)
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Differential Dynamic Logic dZ: Transition Semantics

Definition (Hybrid programs «: transition semantics)

if v EX
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Differential Dynamic Logic dZ: Transition Semantics

Definition (Hybrid programs «: transition semantics)

@ if v £ x
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Differential Dynamic Logic dZ: Semantics

Definition (Formulas ¢)
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Differential Dynamic Logic dZ: Semantics
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Differential Dynamic Logic dZ: Semantics

Definition (Formulas ¢)

Q-span

compositional semantics = compositional calculus!
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Outline (Verification Approach)

© Verification Calculus for Differential Dynamic Logic d.
@ Compositional Verification Calculus
@ Deduction Modulo by Side Deduction
@ Deduction Modulo with Free Variables & Skolemization
@ Soundness and Completeness
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Verification Calculus for Differential Dynamic Logic
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Verification Calculus for Differential Dynamic Logic

o ey
[x :=0]¢
x' = f(x)
>0 (x = yx(t))o M
X = F(x))o ¢
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Verification Calculus for Differential Dynamic Logic

gbz 425)9( x:=0 o
[x :=0]¢
x' = f(x)
3t>0 (x := yi (1)) M
(= F())6 “ ”
x = yx(t)
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Verification Calculus for Differential Dynamic Logic

compositional semantics = compositional rules!
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Verification Calculus for Differential Dynamic Logic

[a]o A 816 L
T B
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Verification Calculus for Differential Dynamic Logic

[a]o A [B]¢ a
[ U BTo Q. o7
L
a; B
[o][B]¢

5

[o; Ble «
[o][B]¢ [Blo
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Verification Calculus for Differential Dynamic Logic

o )
(al6 A (816 .
o O 7

7 )

o; B
[o][B]¢ y /s\ »
[o; Blo a B
[o][B]e [Blo
F¢ Flo—lde) ¢ N ¢
o]e g ¢ — [a]¢ "
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Deduction Modulo Real Arithmetic

== S

I L
far ST neg SB cor MA

Fv>0Az<MA— (Z=v,v =-b) z> MA
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Deduction Modulo Real Arithmetic

== S

I L
far ST neg SB cor MA

v>0,z<MAF3t>0(z:=—-2t24+ vt +z)z > MA
v>0,z<MAF (Z =v,v =—b)z> MA
Fv>0Az<MA— (Z=v,v =-b) z> MA
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Deduction Modulo Real Arithmetic

I L
far ST neg SB cor MA

[Collins/Tarski QE not applicable!]

v>0,z<MAF3t>0(z:= -2t + vt +2)z> MA
v>0,z<MAF (Z =v,v =—b)z > MA
Fv>0Az<MA— (Z=v,v =-b) z> MA
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Deduction Modulo (Side Deduction)

I L
far ST neg SB cor MA

v>0,z<MAFt>0A(z:=-22+vt+2)z> MA

start
side

v>0,z<MAF3t>0(z:=—-2t24+ vt +z)z > MA
v>0,z<MAF (Z =v,v =—b)z > MA
Fv>0Az<MA— (Z=v,v =-b) z> MA
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Deduction Modulo (Side Deduction)

RBC
SN
AN
Il

== S

I L
far ST neg SB cor MA

v>0,z<MAF 212+ vt+2z> MA
v>0,z< MAF t>0 v>0,z<MAF (z:=-202+ vt + z)z>M
v>0,z<MAFt>0A(z:=-22+vt+2z)z> MA

start
side

v>0,z<MAF3t>0(z:=—-2t24+ vt +z)z > MA
v>0,z<MAF (Z =v,v =—b)z > MA
Fv>0Az<MA— (Z=v,v =-b) z> MA
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Deduction Modulo (Side Deduction)

RBC
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== S

I L
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Deduction Modulo (Side Deduction)

RBC
SN
AN
Il

== S

I L
far ST neg SB cor MA

v>0,z<MAF 212+ vt+2z> MA
v>0,z< MAF t>0 v>0,z<MAF (z:=-202+ vt + z)z>M
v>0,z<MAFt>0A(z:=-22+vt+2z)z> MA
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Deduction Modulo (Free Variables for Automation)

== A

I L
far ST neg SB cor MA

v>0,z<MAF 3t>0(z:=—22 4 vt + z)z>MA
v>0,z<MAF (Z=v,vV =-b)z> MA
Fv>0Az<MA— (Z=v,v =-b)z> MA
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Deduction Modulo (Free Variables for Automation)

I L
far ST neg SB cor MA

v>0,z<MAF -2T?4vT +2z> MA
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Deduction Modulo (Free Variables for Automation)

I L
far ST neg SB cor MA
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Deduction Modulo (Free Variables for Automation)

I L
far ST neg SB cor MA
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Deduction Modulo (Free Variables for Automation)

I L
far ST neg SB cor MA
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Deduction Modulo (Free Variables for Automation)

T
SB cor MA

e For requantification, not for unification far ST neg

v>0,z<MAFQECET(...T>0A-2T24vT + 2z > MA))
v>0,z<MAF-2T2+vT+2z>MA
v>0,z<MAF T>0 v>0,z<MAF (z:=-2T?+vT +2)z> M,
v>0,z<MAFT>0A(z:==2T?+vT +2z)z> MA
v>0,z< MAF 3t>0(z:=—-22 4 vt + z)z>MA
v>0,z<MAF (Z=v,vV =-b)z> MA
Fv>0Az<MA— (Z=v,v =—-b)z> MA
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Deduction Modulo (Free Variables for Automation)

F(X<S)
FVs(X <s)
FdxVs(x < s)
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Deduction Modulo (Free Variables for Automation)

F QE(YSIX(X < 9))
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Deduction Modulo (Free Variables for Automation)

F QE(YSIX(X < 9)) FQECXYS(X < 9))
F(X<S)
FVs(X <s)
F dxVs(x < s)
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Deduction Modulo (Free Variables for Automation)

true false
FQE(VSIX(X < S)) F QE(IXVS(X < S))
F(X<S)
FVs(X <s)
F dxVs(x < s)
false!
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Deduction Modulo (Free Variables for Automation)

true false
F QE (X <S)) F QE(IXVS(X < S))
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Deduction Modulo (Free Variables & Skolemisation)

[Skolemisation S(X)]

false
F QE(IXVS(X < S))
F (X < S5(X))
FVs(X <s)
F dxVs(x < s)
false!
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Soundness and Completeness

Theorem (Relative Completeness)

dL calculus is a sound & complete axiomatisation of hybrid systems
relative to differential equations.
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Soundness and Completeness

Theorem (Relative Completeness)

dL calculus is a sound & complete axiomatisation of hybrid systems
relative to differential equations.

Corollary (Proof-theoretical Alignment)

verification of hybrid systems = verification of dynamical systems!
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Outline

Q Survey
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Experimental Results

Case Study Interact | Time(s) | Mem(Mb) | Steps | Dim
ETCS-kernel 0 10.5 24.2 58 9
1 2.8 14.2 61 9
ETCS-binary safety 0 18.6 12.4 204 14
1 7.2 15.8 235 14
ETCS controllability 0 0.6 6.9 14 5
SB reactivity 0 103.9 61.7 a7 14
ETCS liveness 4 35.2 92.2 62 10
Roundabout(2) @ 0 9.9 6.8 197 13
3 1.9 6.7 139 13
Roundabout(3) 0 636.2 15.1 342 18
Roundabout(4) @ 0 884.9 314 520 23
Roundabout(5) 0 3552.6 46.9 735 28
3 108.9 43.6 503 28
flyable roundabout entry* 0 10.1 9.6 132 8
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© Conclusions & Future Work
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Conclusions

differential dynamic logic

df = DL + HP

Verifying parametric hybrid systems:

@ Logics for hybrid systems
@ Compositional calculi
R-Skolem for automation
Sound & complete / ODE

Differential invariants

Verification algorithms

@ Challenging case studies

KeYmaera

Flle View Proof Options Tools

5, Run simptiy | [, Goal Back

K KeYmaera -- Prover

ODE)

a
© @ Proof closed ©

—
6 Invariant Iniially Valid

© 6 Use Case

[=)
bout

3

Kg

KD Strateay: Applied 49 rues 039 se, dosed 6 goals, 0 remaining
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Op Par T Cl Tec Aut Cex|Dim[ 1
vV X VvV xX||v Vv V LHA

HenzingerH94, HyTech

LafferrierePY99 vV X Vv x|V v forgetful reset
Franzle99 vV X v x|V v || X ||robust systems
CKrogh03, CheckMate|| vv X Vv x| v v V polyhedral
Frehse05, PHAVer vV x vV x|[|v v Vv [ 8 [[LHA (+affine)
MysorePMO05 vV X v xX||v e Vv | 4 |bounded prefix
TomlinPS98,MBT05 0o X X X|[o o e 4 ||HJB numPDE
RatschanS07, HSolver || vv X x| v v X 4 |linterval
MannaS98, STeP v X|| v o X 7 |linv—VCG, flat
AbrahdmSHO1, PVS || e x|| e o x| ~9||HA=PVS, -«
ZhouRH92, EDC X o v .|| x X X X ||no maths
DavorenNOO, Ly X X VI o x x| x ||prop. H-semantics
RonkkoRS03, HGC vV X X X| x x X x [I[HGC—HOL
SSManna04 e © X || v X || 4/1 | equational system
CTiwari05 e o© X || v x |16/0 ||linear, -"-
PrajnaJP07, barrier e X X || o X || 3 ||needs 10000-dim
dC & dTL vV vV vV V|| v e x || 28 | expr., compos.
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Base Modal Quant

DL|| N FOL ) FV-tunify /N
dC|| R x| FOLg ODE FV-requant+QE| /ODE IBC
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Differential Dynamic Logic dZ: Formal Semantics

Definition (Kripke state)
v:V =R with set of variables V
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Differential Dynamic Logic dZ: Formal Semantics

Definition (Formulas ¢)

v = [a]e <= wl¢ forall wwith (v,w) € p(a)
viE(a)p <= wkE¢ forsome w with (v,w) € p(a)

Definition (Hybrid programs «)

p(xX'=1f(x)) = {(e(0),o(r)) : ¢ = x' = f(x) for duration r}
(v,w) € p(x:=0) <= w=v[x+— [6],]
p(?x) = {(v,v) : viEX}
plauy) = pla)Up(y)
pleiy) = pla)op(n)
(v,w) € p(a*) <= thereis p(_az vi p(_oz? Vo o M w

A,
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Differential Dynamic Logic dZ: Formal Semantics

Definition (Formulas ¢)

v = [a]o
V= ()¢

Sl
RSl

w = ¢ for all w with (v, w) € p(a)
w = ¢ for some w with (v, w) € p(«)

Definition (Hybrid programs «)

p(x'=f(x)) = {(«(0),¢(r)) : ¢ E x' = f(x) for duration r}
(v,w) € p(x:=0) <= w=v[x+— [6],]
p(?x) = {(v,v) : viEX}
plauy) = pla)Up(y)
pla;y) = pla)op(v)
(v,w) € p(a*) <= thereis pl) vi p(_oz? o M w

A,

André Platzer (University of Oldenburg)

Differential Dynamic Logics Disputation 17 / 19



Differential Dynamic Logic dZ: Formal Semantics

Definition (Hybrid programs «)
p(xX'=1f(x)) = {(¥(0),0(r)) : ¢ E x' = f(x) for duration r}
with [x], = 228X ()
o thereis ¢:[0, r] — States with ¢(0) = v,¢(r) =w

@ [x], () is continuous in ¢ on [0, r]

° d|[>;]]t¢(t) ) = ﬂf(x)]]lp(C) for ¢ € (0,r)
o ¥,y = Iyl, otherwise
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Soundness

Proof (Soundness).
o X' =f(x)

@ Side deductions

@ Free variables & Skolemisation
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Incompleteness

Proof (Incompleteness).

Discrete fragment:
(x:==x+1)")x=n

+1 +1 +1 +1 +1

Vv

Continuous fragment:

("=-s,7'=1)(s=0AT=n) ~s=sin
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Incomplete! But are we missing proof rules?
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Incomplete! But are we missing proof rules?

Cook,Harel: discrete-DL /datay hybrid-dC/datag 77
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Sources of Incompleteness
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Sources of Incompleteness

continuous
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Sources of Incompleteness

continuous discrete
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Sources of Incompleteness

continuous discrete repeat
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Sources of Incompleteness

continuous discrete repeat
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Relative Completeness

continuous discrete repeat
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Relative Completeness

continuous discrete repeat
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Relative Completeness

Theorem (Relative Completeness)

dC calculus is complete relative to first-order logic of differential equations.
E ¢ iff Tautrop b ¢

where FOD = FOLg + [x{ = 01,...,x, = 0,]F

continuous discrete repeat

4
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Relative Completeness

Theorem (Relative Completeness)

dl calculus is complete relative to first-order logic of differential equations.

E ¢ iff Tautrop F ¢

where FOD = FOLg + [x{ = 01,...,x), = 0,]F

Cook,Harel:  discrete-DL /data P.:  hybrid-dC/differential equations
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Relative Completeness

Theorem (Relative Completeness)

dL calculus is complete relative to first-order logic of differential equations.
E ¢ iff Tautrop b ¢

where FOD = FOLg + [x] = 01,...,x,, = 0,]F

Corollary (Proof-theoretical Alignment)

verification of hybrid systems = verification of dynamical systems!
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Relative Completeness

Theorem (Relative Completeness)

dL calculus is complete relative to first-order logic of differential equations.
E ¢ iff Tautrop - ¢

where FOD = FOLg + [x] = 01,...,x,, = 0,]F

Corollary (Deductive Power)

dC calculus is supremal hybrid verification technique
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Relative Completeness Proof

Eo¢ iff Tautrop F ¢
where FOD = FOLg + [x{ = 01,...,x), = 0,]F

Proof (Relative Completeness, 10 pages).
@ Strong invariants and variants expressible in dC
@ dL expressible in FOD
© valid dL formulas d£-derivable from corresponding FOD axioms
@ finite FOD formula characterising unbounded hybrid repetition
© FOD characterises R-Godel encoding

O First-order expressible & program rendition:
for each ¢ thereis F € FOD F ¢ +» F

@ Propositionally & first-order complete
@ Relative complete for first-order safety F — [a]G

O Relative complete for first-order liveness F — (a)G
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Relative Completeness Proof

Eo¢ iff Tautrop F ¢
where FOD = FOLg + [x{ = 01,...,x), = 0,]F

Proof (Relative Completeness, 10 pages).
© Strong invariants and variants expressible in dC
@ dL expressible in FOD
© valid dL formulas d£-derivable from corresponding FOD axioms
@ finite FOD formula characterising unbounded hybrid repetition
© FOD characterises R-Godel encoding

O First-order expressible & program rendition:
for each ¢ thereis F € FOD F ¢ +» F

@ Propositionally & first-order complete
@ Relative complete for first-order safety F — [a]G

O Relative complete for first-order liveness F — (a)G
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Relative Completeness Proof

where FOD = FOLg + [x| = 61,...,x,, = 0,]F

Proof (R-Godel encoding).

FOD characterises constructive bijection R — R?
X
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Relative Completeness Proof

where  FOD = FOLg + [x] = 01,...,x,, = 0,]F

Proof (R-Godel encoding).

FOD characterises constructive bijection R — R?
X

4
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Relative Completeness Proof

where  FOD = FOLg + [x] = 01,...,x,, = 0,]F

Proof (R-Godel encoding).

FOD characterises constructive bijection R — R?
X

4
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Relative Completeness Proof

where  FOD = FOLg + [x] = 01,...,x,, = 0,]F

Proof (R-Godel encoding).

FOD characterises constructive bijection R — R? not differentiable!
X
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Relative Completeness Proof

where  FOD = FOLg + [x] = 01,...,x,, = 0,]F

Proof (R-Godel encoding).

FOD characterises constructive bijection R — R?

Z 5 =0. aiar. o

i=1 i

< >Z (221+1 22:+2) 0.a1bya2b> .
5 = =0.bib, .. =0
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Relative Completeness Proof

where  FOD = FOLg + [x] = 01,...,x,, = 0,]F

Proof (R-Godel encoding).

FOD characterises constructive bijection R — R?

Z;=0.3132... o

i—1 ,

© 4 > > (221+1 22,+2> 0.a1b1azbs ..
S S =0bb... i=0

2"=2z & (x:=1L717:=0x=xIn2A7T =1)(t=nAx=2)
In2=z « (x:=17=0x=xA7T=1)(x=2AT7=2)
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Outline

@ Differential Algebraic Dynamic Logic DAL
@ Air Traffic Control
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Air Traffic Control
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Air Traffic Control
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Air Traffic Control

Verification?
looks correct
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Air Traffic Control

Verification?
looks correct NO!
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Air Traffic Control

31

X; = —Vvi+va cos ) + wxp
Xp = vo sin ) — wxy
W = w—w

Verification?

looks correct NO!
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Air Traffic Control

Y1
= —vi+ve cost + wxo

= v sin ) — wxy

= w—Ww

1 . . .
xi(t) = — (Xlww €oSs tw — vow cos twsin ¥ -+ vow cos tw cos twsind — vy sin t
ww
+ XoWTT SN tw — Vow €os 1Y €os two sin tw — vowV 1 — sin ¥ sin tw

+ vow cos ¥ cos tw sin two + vow sin ¥ sin tw sin tw) ...
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Air Traffic Control

31

X; = —Vvi+va cos ) + wxp
Xp = vo sin ) — wxy
W = w—w

Example (“Solving” differential equations)

V>0 — (xlww CoS tw — Vhw €os tw sin ¥ + vow cos tw cos ttosint — viwosin t
ww

+ XoWwwo SN tw — Vow €os 1 cos oo sin tw — vowV 1 — sin ¥ sin tw
+ vow cos ¥ cos tw sin two + vow sin ¥ sin tw sin tw) ...
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Differential Induction: Local Dynamics w/o Solutions

Definition (Differential Invariant)

F closed under total differentiation with respect to differential constraints
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Differential Induction: Local Dynamics w/o Solutions

Definition (Differential Invariant)

F closed under total differentiation with respect to differential constraints

F(x—=F)
X — FE[xX =0AX]|F
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Differential Induction: Local Dynamics w/o Solutions

Definition (Differential Invariant)

F closed under total differentiation with respect to differential constraints

L 3
ge/

F(x — F') F(=FAx—FL)
X — FE[xX =0AX]|F [x =0AN=FlxF (xX'=0Ax)F
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Differential Induction: Local Dynamics w/o Solutions

Definition (Differential Invariant)

F closed under total differentiation with respect to differential constraints

L 3
ge/

F(x— F)_ F(-FAXx 3 FS)
X— FE[xX=0A [x' =0 AN-F (xX'=0NX)F

[Total differential F’ of formu/as?]
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Differential Induction for Aircraft Roundabouts

FIx{ =di,d] = —wds,x) = do, dy = wdy, .](x1 — y1)* + (x2 — y2)* > p?
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Differential Induction for Aircraft Roundabouts

Olix=yl® 1 | Bllx=yl? r | Olx=yl*> s+ | Ollx=yl?® s ~ P> 1
Y s A 7 S Y Sy A T - @’ﬁ . —
Flxg=di,di = —wda, x5 = do,dy = wds, . J(x1 —y1)* + (2 —y2)* > p
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Differential Induction for Aircraft Roundabouts

Allx=yll? s | Ollx=yll”> s | Blx=yl*> s dlx=yl> /< 9p* /
F e it Ty it T et Ty 2 @ﬁ o . .
Fxi=di,di = —wda, x5 = do,dy = wdi, . J(x1 —y1)* + (2 —y2)* > p
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Differential Induction for Aircraft Roundabouts

Allx—yl? Allx—yl? Allx—yl? Allx—yl op?
= T, dp + o el + T dy + v e > Tndl e

FIx{=di,d] = —wdr,x) = do,dy = wdy, .|(x1 — y1)* + (x2 — y2)* > p?
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Differential Induction for Aircraft Roundabouts

F2(x1 —y1)(dh —e1) +2(x — y2)(do — &) > 0

Alx—yl? Allx—yl? Alx—yl? Allx—yl? op?
F o, di + oy, €l + D% d> + oy, €2 > Txldl -

FIx{ =di,d] = —wdr,x) = do, dy = wdy, .|(x1 — y1)* + (x2 — y2)* > p?
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Differential Induction for Aircraft Roundabouts

F2(x1 —y1)(dh —e1) +2(x — y2)(do — &) > 0

Alx—yl? Allx—yl? Alx—yl? Allx—yl? op?
F o, di + oy, €l + D% d> + oy, €2 > Txldl -

FIx{ =di,d] = —wdr,x) = do, dy = wdy, .|(x1 — y1)* + (x2 — y2)* > p?

Yy
e <
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Differential Induction for Aircraft Roundabouts

F2(x1 —y1)(dh —e1) +2(x — y2)(do — &) > 0

Alx—yl? Allx—yl? Alx—yl? Allx—yl? op?
F o, di + oy, €l + D% d> + oy, €2 > Txldl -

Fx =didi = —wdy, x5 = da, dy = wdi, . J(x1 — y1)” + (x2 — y2)* > p?
Y N
e |
Q ‘J ™
‘ d
—c gy
L F [d{ = —wdz, e{ = — weg,xé = dz,dé = wdl, ..]dl — €61 = —w(XQ —y2)
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Differential Induction for Aircraft Roundabouts

F 20 —y1)(~wle — y2)) +2(x2 — y2)w(x1 —y1) >0

F2(x1 —y1)(dh —e1) +2(x — y2)(cdo — &) > 0

Alx—yl? Allx—yl? Allx—yl? Allx—yl? op?
F o, dy + 5 e + D% d> + oy, €2 > Txldl"‘

Y1
g =di,di = —wda, g = do, dy = wdr, L (a — 1)+ (e — y2)® > p?
Y
e |
. Q
€ (/
—c gy
.k [d{ = —wdz, e{ = — weg,xé = dz,dé = wdl, ..]dl — €1 = —w(XQ —y2)
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Differential Induction for Aircraft Roundabouts

F2(x — y1)(—wlxe — y2)) +2(x2 — y2)w(x1 —y1) > 0

F2(x1 —y1)(ch —e1) +2(x — y2)(cd — &) > 0

Allx—y|? Allx—yl? Allx—=y? Allx—yl? op?
F T dy + 5 e + d> + 5 e2>Tnd1"‘

1 9x2 2 —i . 5

g =didi = —wda,xy = db, dy =wdh, . |(x1 — y1)" + (e = y2)" > p
L 6(d1 el)dl 8(‘{916_161)61 — _aw(giz—h)xé _ 8w(g§,2_y2)yé

L F [dl = wdz, e{ = — weg,xé = d2,dé = wdl, ..]dl — e = —w(XQ —y2)
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Differential Induction for Aircraft Roundabouts

F2(x — y1)(—wlxe — y2)) +2(x2 — y2)w(x1 —y1) > 0

F2(x1 —y1)(ch —e1) +2(x — y2)(cd — &) > 0

Allx—y|? Allx—yl? Allx—=y? Allx—yl? op?
F T dy + 5 e + d> + 5 e2>Tnd1"'

1 Oxz ) —i . 5
g =didi = —wda,xy = db, dy =wdh, . |(x1 — y1)" + (e = y2)" > p
Yy
e <
5 Q
€ (/
—ey
L 6(d1 el)dl a(%le—lel)ei — _aw(giz—h)xé _ aw(g;;ﬂ)yé
.k [dl = wdz, e{ = — weg,xé = dz, dé = wdl, ..]d1 — €61 = —w(XQ — y2)
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Differential Induction for Aircraft Roundabouts

F2(x — y1)(—wlxe — y2)) +2(x2 — y2)w(x1 —y1) > 0

F2(x1 —y1)(ch —e1) +2(x — y2)(cd — &) > 0

Alx—yl? Allx—yl? Allx—yl? Allx—yl? op?
F o, dy + 5 e + D% d> + oy, €2 > Txldl"‘

Y1
FX =didi = —wdy, x5 = da, dy = wdi, . J(x1 — y1)* + (x2 — y2)* > p?
Y
e |
d—
€ d
- e ) + TG (e = BN - M e
L F [d{ = — wdz, e{ = — WGQ,Xé = d2, dé = wdl, ..]d1 — €61 = —w(XQ — y2)
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Differential Induction for Aircraft Roundabouts

F2(x — y1)(—wlxe — y2)) +2(x2 — y2)w(x1 —y1) > 0

F2(x1 —y1)(ch —e1) +2(x — y2)(cd — &) > 0

Alx—yl? Allx—yl? Allx—yl? Allx—yl? op?
F o, dy + oy, €l + D% d> + oy, €2 > Txldl -

FIx{ =di,d] = —wds,x) = do, dy = wdy, .|(x1 — y1)* + (x2 — y2)* > p?

d— .

F—wdy +wer = —w(dr — &)

- M) (—wdp) + NE) (—we) = — TRl g, — Tle—nl,

L F [d{ = —wdz, e{ = — weg,xé = d2,dé = wdl, ..]d1 — €61 = —w(XQ —y2)
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Differential Induction & Differential Saturation

F2(x — y1)(—wlxe — y2)) +2(x2 — y2)w(x1 —y1) > 0

F2(x1 —y1)(ch —e1) +2(x — y2)(cd — &) > 0

Alx—yl? Allx—yl? Allx—yl? Allx—yl? op?
F o, dy + oy, €l + D% d> + oy, €2 > Tndl -

FIx{ =di,d] = —wds,x) = do, dy = wdy, .|(x1 — y1)* + (x2 — y2)* > p?

Proposition (Differential saturation)

F differential invariant of [x’ = 6 A H]¢, then
X =0AH]p iff [xX=0ANHAF]p

F—wdy +wer = —w(dr — &)

- M) (—wdp) + TAS) (—we) = —Zlenlg, — Tlenl,

L F [d{ = —wdz, e{ = — weg,xé = d2,dé = wdl, ..]dl — e = —w(XQ —y2)
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Differential Induction & Differential Saturation

F 20 —y1)(~wle — y2)) +2(x2 — y2)w(x1 —y1) >0

F2(x1 —y1)(dh —e1) +2(x — y2)(cdo — &) > 0

Alx—yl? Allx—yl? Allx—yl? Allx—yl? op?
F o, dy + oy, €l + D% d> + oy, €2 > Txldl -

X =di,di = —wd, x5y = do,dy = wdy,.J(x1 — y1)* + (x2 — y2)* > p°
[refine dynamics] [by differential saturation]

F—wdy +wer = —w(dr — &)

- M) (—wdp) + TEE) (—wep) = —Zle-nlg, — Tle—nl,,

L F [d{ = —wdz, e{ = — weg,xé = dz,dé = wdl, ..]dl — €61 = —{,«)(XQ —y2)
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Outline

e Computing Differential Invariants as Fixedpoints
@ Derivations and Differentiation
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Differential Invariants as Fixedpoints
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Differential Invariants as Fixedpoints

for U,;,:= do decompose
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Differential Invariants as Fixedpoints

Vg — [oa]da

for U,;,:= do decompose
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Differential Invariants as Fixedpoints

Vg — [oa]da

diffsat

for U,;,:= do decompose
for xX' = ... do diffsat
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Differential Invariants as Fixedpoints

diffsat

for U,;,:= do decompose
for xX' = ... do diffsat
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Differential Invariants as Fixedpoints

loopsat

for U,;,:= do decompose
for xX' = ... do diffsat
for o* do loopsat
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Differential Invariants as Fixedpoints

loopsat

for U,;,:= do decompose
for X' = ... do diffsat } repeat until fixedpoint
for o* do loopsat
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Differential Induction Principle

o1 |[F]]

o1
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Differential Induction Principle

o1 |[F]]U1
oy |[F]]

02
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Differential Induction Principle

o1 |[F]]U1
oy |[F]]

02

In the limit:
d[F],
do
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Differential Induction Principle

o1 |[F]]U1
gy |[F]]U2

In the limit:

d[Flo
dt

where d‘zj(tt) according to ODE

Disputation

17 / 19
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Differential Induction Principle

o1 |[F]]U1
gy |[F]]U2

In the limit:
d[Flo

where d‘zj(tt) according to ODE
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Differential Induction Principle

o1 |[F]]U1
gy |[F]]U2

In the limit:
d[Flo

where d‘zj(tt) according to ODE

Lemma (Derivation lemma)

Valuation is a differential homomorphism
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Derivations and Differentiation

(
D(r)=0 if r is a (rigid) number symbol
D(x(M) = x(r+1) if x € ¥ is non-rigid,n > 0
D(a+ b) = D(a) + D(b)
D(a-b)=D(a)- b+ a- D(b)
D(a/b) = (D(a) - b~ a- D(b))/b?
D(F) = \ D(F;) {F1,...,Fn} all literals of F
i=1
D(a > b) = D(a) > D(b) accordingly for <, >, <, =
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Derivations and Differentiation

Lemma (Derivation lemma)

Valuation is a differential homomorphism: for all flows ¢ all ¢ € [0, r]

d |[9]]Lp t
—29(0) = 1DO)]

Lemma (Differential substitution principle)

Ifol=xl=60; Ax, thencp}zDH(X—>D2§) for all D.

Definition (Differential Invariant)

(x = F) = x = D(F)y,  for [xj = 0; AXIF
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Differential Induction: Local Dynamics w/o Solutions

Definition (Differential Invariant)

F closed under total differentiation with respect to differential constraints

AL 3
\/

F(x— F) F(-FAx—FL)
x = FE[xX =0AX]|F [x =0A=FlxF (X =0AXx)F
(d? + d2) o(d? + d3) 0a® 0a°
d2 d2> 2\/ = 1 2 dl 1 2 dl d d
(d +dz = ) o T T ad 27 0d T 04,

= 2d1(—wd2) + 2d2(wd1) Z 0
for d{ = —wd dé = wd;

André Platzer (University of Oldenburg) Differential Dynamic Logics Disputation 17 / 19



Differential Induction: Local Dynamics w/o Solutions

Definition (Differential Invariant)

F closed under total differentiation with respect to differential constraints

AL 3
g/

di > dr — [X:232+1;
di = —wdh, dy = wd;
|di > d>

Y
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Differential Induction: Local Dynamics w/o Solutions

Definition (Differential Invariant)

F closed under total differentiation with respect to differential constraints

AL 3
g/

di > dr — [X:232+1;
(di = —wdr A dy = wdi) V (d] < 2dy)
|di > d>
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Differential Induction: Local Dynamics w/o Solutions

Definition (Differential Invariant)

F closed under total differentiation with respect to differential constraints

AL 3
g/

d12d2—>[x::a2+1;
Jw(w <1Ad] = —wdy ANdy = wdy) V (d] < 2d;)
Jdi > d>
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Differential Induction: Local Dynamics w/o Solutions

Definition (Differential Invariant)

F closed under total differentiation with respect to differential constraints

d12d2—>[x::a2+1;
Jw(w <1Ad] = —wdy ANdy = wdy) V (d] < 2d;)
Jdi > d>

@ quantified nondeterminism/disturbance
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Differential Induction: Local Dynamics w/o Solutions

Definition (Differential Invariant)

F closed under total differentiation with respect to differential constraints

d12d2—>[X2282—|—1;
Jw(w <1Ad] = —wdy ANdy = wdy) V (d] < 2d;)
|di > d>

e quantified nondeterminism /disturbance
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Differential Induction: Local Dynamics w/o Solutions

Definition (Differential Invariant)

F closed under total differentiation with respect to differential constraints

d12d2—>[x>0—>ﬂa(a<5/\x::a2+1);
Jw(w <1Ad] = —wdy ANdy = wdy) V (d] < 2d;)
|di > d>

e discrete quantified nondeterminism/disturbance
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Differential Invariants and Variants

Counterexample

FVx(x?2<0—2x-1<0)

x*<0F[X=1x*<0

FVx(x>0— —x<0)
F(x'=—x)x<0
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Differential Invariants and Variants

Counterexample

X Xo+t

FVx(x?<0—2x-1<0)
x*<0F[X=1x*<0 £

FVx(x>0— —x<0)
F(x'=—x)x<0
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Differential Invariants and Variants

Counterexample

X Xo+t
FVx (x> <0—2x-1<0) A
x*<0F[x¥=1]x*<0 L=
0 - t
X
X ’
FVx(x>0— —x<0) ° *%\
F(x'=—x)x<0 T xpet
0 t
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Differential Saturation Procedure

refine dC verification calculus to automatic verification fixedpoint algorithm

$

function prove (¢ F[DAH|¢p):
2:if prove((H—¢)) then
return true /* property proven */
for each F cCandidates(¢F[DAH]¢, H) do
if prove(¢y AHFF) and prove((H— F’)) then
H := HAF /x refine by differential invariantx/
goto 2; /x repeat fixedpoint loop x/
end for
return "not provable using candidates”
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Outline

© Differential Temporal Dynamic Logic dTL
@ Motivation
@ Compositional Verification Calculus
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Temporal Modalities + Dynamic Modalities

problem | technique | Op| Par | T |closed
ETCSEz< MA TL-MC vV I X | V| X
= (AX(ETCS) — z < MA) | TL-calculus X | oo | V| ..
= [ETCS|z < MA DL-calculus | v | v | x | V
= [ETCS|Oz < MA dTL-calculus | v | v |V | V
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Temporal Modalities + Dynamic Modalities

problem | technique | Op| Par | T |closed
ETCSEz< MA TL-MC vV I X | V| X
= (AX(ETCS) — z < MA) | TL-calculus X | oo | V| ..
= [ETCS|z < MA DL-calculus | v | v | x | V
= [ETCS|Oz < MA dTL-calculus | v | v |V | V

differential temporal dynamic logic

dTL =TL 4 DL +HP
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Modular Verification Calculus for Temporal dTL

o A [x:=60l¢ ¢ 2

=00 OF =0 @
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Modular Verification Calculus for Temporal dTL

w x'=0
[x = 9]D¢ @ ............. @
a; B
[a]06 A [o][5]0¢ N Y jﬁ\f /\/@
[o; 8100 — 0o O¢
e aB=a
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Modular Verification Calculus for Temporal dTL

w x:'=0
[x = 9]D¢ @ ............. @
a; B
[a]06 A [o][5]0¢ N Y jﬁ\f «/@
[a; 8109 — 0o 06
e aB=a

. x' = f(x)
[x' = 6lo @VMMMW@
X = 6]0¢ 06
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Modular Verification Calculus for Temporal dTL

w x'=0
[x = 9]D¢ @ ............. @
a; B
[2]06 A [a][5]0¢ NS j\\;@
[o; B]0¢ — 0o O¢
Ue afB=a
X' = £(x)
=0 @/\/\/\/\)@
= 6106 , s
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Modular Verification Calculus for Temporal dTL

a*
[0*][a]0¢ ~ « o\
T l0d A e e A
[a*]0¢ SN ~ O¢
AV
a*
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Outline (Algorithmic Refinement)

© Deduction Modulo Real Algebraic and Computer Algebraic Constraints
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KeYmaera Verification Architecture

Computer Deductive <Z7_ "3 Q@fé R-Algebraic
Prover N7
Algebra N Elimination
alg(®) ’ \( QE()
ke
Y
Y+ [a]¢

[56 interactions?] [0—1 interactions!]
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KeYmaera Prover Architecture

KeYmaera Prover Solvers
Input File
Mathematica

( Strategy ) T

Rule —

base Rule Engine  Proof — QEPCAD
— Orbital
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Outline

@ Parametric European Train Control System
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ETCS Controllability

7.v2 — m.d?> < 2b(m.e — 7.2)

m.d +

Proposition (Controllability)

[r.Z2 =1v,7v = =bATVv>0|(r.z>me— 1.v<md)

= 7.v2 — m.d®> < 2b(m.e — 7.2)
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ETCS RBC Controllability

Proposition (RBC Controllability)
m.d>0Ab>0— [mg:=m; RB( (
mo.d2 —m.d*< 2b(m.e — mg.e) Amg.d >0Am.d >0«

VT (((m:= mo)7.v? — m.d?> < 2b(m.e — 7.2)) = 7.v® — m.d* < 2b(m.e —
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ETCS Reactivity

T.V

m.d v v
T.Z +— SB — m.e

Proposition (Reactivity)
(Vm.eVr.z (me—71.z>SBA T.v2 — m.d?> < 2b(m.e — 7.z) =

[r.a:=A; drive] 7.v?> — m.d?> < 2b(m.e — T.Z)))

7.V2—I”.d2 A A 2
= > 7 _ _ ]
SB b +< —1—1) (25 +€TV>
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ETCS Safety

Proposition (Safety)

T.v2 —m.d® < 2b(m.e — 1.2) —
[ETCS|(T.z > m.e = T.v < m.d)
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ETCS Liveness

;

X
[ LSS

— N

C [\
777777 /7777

"""""

f N

Proposition (Liveness)

Tv>0Ae >0 — VYP(ETCS)

f Oldenburg) Differential Dynamic Logics

7.z> P

Dis|



Full European Train Control System (ETCS)

provable automatically!
spec : T.vZ—m.d?> <2b(m.e—T.p)AT.v >0AM.d>0Ab>0
— [ETCS](7.p > m.e — 7.v < m.d)
ETCS: (train U rbc)*
train : spd; atp; move
spd : (rv<mr; rai=x 7—b<T1.a<A)
U(?r.v >m.r; T.a:=x%; 70> 1.a > —b)
atp : SB = W + (% + 1)(%52 +eTv);
(?(m.e — 7.p < SBV rbc.message = emergency); T.a := —b)
U(?m.e — 7.p > SB A rbc.message # emergency)
move: t:=0; (t.p/ =7v,7vV =73, =1ATVv>0ALt <e¢)
rbc : (rbc.message := emergency)
U (mo =m;m .= x;
m.r > 0Am.d>0Amy.d? —m.d? < 2b(m.e — mg.e))
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Full European Train Control System (ETCS)

state = 0,
2%b*x (m-2)>v~-2-4d°"2,
v>0,d>0, v>0,ep> 0, b> 0, amax > 0, d >0
==>
v <= vdes
-> \forall R a_3;
( a_3> 0 & a_3 <= amax
> ( m-z
<= (amax / b + 1) * ep * v
+(v"2-4d°2)/(2x*xDb)
+ (amax / b + 1) * amax * ep ~ 2 / 2
-> \forall R tO;

( t0>0
-> \forall R tsO; (0 <= tsO & ts0 <= t0 -> -b * tsO + v >= 0 & tsO + 0 <= ep)
-> 2% b*x (m-1/2%(-b*t0~ 2+ 2*t0*v+2%*2z))
>= (-b * t0 + v) " 2
-d" 2
& -b * t0 + v >= 0
& d >= 0))
& ( m-z

> (amax / b+ 1) * ep * v

+(v~"2-d°2) /(@2%*Db)

+ (amax / b + 1) * amax * ep = 2 / 2
-> \forall R t2;

( t2>0
-> \forall R ts2; (0 <= ts2 & ts2 <= t2 -> a_3 * ts2 + v >= 0 & ts2 + 0 <= ep)
-> 2*xb* (m-1/2x% (a3 *%xt2 "2+ 2% t2*v+2x%z))
>= (a_3 * t2 + v) "~ 2
-d "2
& a3 *xt2+v >0
& d >= 0)))
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Outline

@ Collision Avoidance Maneuvers in Air Traffic Control
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Air Traffic Control
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Air Traffic Control
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Air Traffic Control

Verification?
looks correct
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Air Traffic Control

Verification?
looks correct NO!
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Air Traffic Control

31

X; = —Vvi+va cos ) + wxp
Xp = vo sin ) — wxy
W = w—w

Verification?

looks correct NO!

André Platzer (University of Oldenburg)
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Air Traffic Control

Y1
= —vi+ve cost + wxo

= v sin ) — wxy

= w—Ww

1 . . .
xi(t) = — (Xlww €oSs tw — vow cos twsin ¥ -+ vow cos tw cos twsind — vy sin t
ww
+ XoWTT SN tw — Vow €os 1Y €os two sin tw — vowV 1 — sin ¥ sin tw

+ vow cos ¥ cos tw sin two + vow sin ¥ sin tw sin tw) ...

André Platzer (University of Oldenburg) Differential Dynamic Logics Disputation 17 / 19



Air Traffic Control

31

X; = —Vvi+va cos ) + wxp
Xp = vo sin ) — wxy
W = w—w

Example (“Solving” differential equations)

V>0 — (xlww CoS tw — Vhw €os tw sin ¥ + vow cos tw cos ttosint — viwosin t
ww

+ XoWwwo SN tw — Vow €os 1 cos oo sin tw — vowV 1 — sin ¥ sin tw
+ vow cos ¥ cos tw sin two + vow sin ¥ sin tw sin tw) ...

André Platzer (University of Oldenburg)

Differential Dynamic Logics

Disputation 17 / 19



Flyable Roundabout Maneuver: Overview
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Fixedpoint Iterations for Air Traffic Control

agree

&
L

é
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Fixedpoint Iterations for Air Traffic Control

Example (dC formula of verification subgoal)

safe A\ far — [agree|(safe A far A compatible)
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Fixedpoint Iterations for Air Traffic Control

Example (dC formula of verification subgoal)

safe A\ far A compatible — [entry|(safe A tangential)
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Fixedpoint Iterations for Air Traffic Control

Example (dC formula of verification subgoal)

safe A tangential — |[circ|(safe A\ tangential)
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Fixedpoint Iterations for Air Traffic Control

Example (dC formula of verification subgoal)

safe A tangential — [exit](safe A far)
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Fixedpoint Iterations for Air Traffic Control

Example (dC formula of verification subgoal)

safe A\ far — [free|(safe A far)
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Flyable Roundabout Maneuver: Entry
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Flyable Roundabout Maneuver: Entry
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Flyable Roundabout Maneuver: Exit
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Flyable Roundabout Maneuver: Exit
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Tangential Roundabout Collision Avoidance Maneuver

provable automatically!

Y = ¢— [trm’]¢
¢ = Ix—yl?2p* = (a— 1)+ (e —y)* 2 p°
free; entry; F(w) A G(w)
free = JwF(w)AJwG(w) A ¢
entry = Juw:=u; Ic(d:=w(x — ) Ne=w(y —c)b)

trm

x; = vcosV =d vi=el
A Xy = vsind =do Ayy =€
Flw) = ;. i ;L g(w) = ;L
ANdp = v(—sin)¥ = —wd, Ne] = —we
ANdy = v(cos?)) = wdy Neh= we
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provable automatically!

Y = ¢ — [trm*]¢
¢ = (a-n)P+0e-—nP>pPAh-a)l+0r-2)P>>p
Axi—21)2+ (0 —2)?>p? A1 — u)?+ (o — u)? > p
ANy —wm)?> + (2 — w)?> > pP* Az — 1) + (22 — w2)* > p?
trm = free; entry;
X1 = d1 A X2 d2 A dl = —wde A d2/ = wxdl
ANyi=eNyy=eNe=—weNe=uwe
N =HANZb=HAH=—-whAf =wh
Ay =giAuy=gNgl=—wu2 g = wusl
free = (wxi=2% wy,i=% W, =% W, =%
X{ :dl/\Xé :dg/\d{ :—wxdz/\dézwxdl
Ayi=eANyy=e e =—weAe)=uw,e
Ny =hANZb=HBAf=—whAFf =w,h
Ay =giAuy =g Agl=—wug2 g =wugl N P)*
entry = Wi=%; Ci=*x,
dii=—w(x — @) dhi=wla —a);
e =—wlr—a) e=w(l— o),
h=—w(znn—a), hi=wlz— )
gri=—w(nn—a);, & =w(th — )
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Outline

@ Hybrid Automata Embedding
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Embedding Hybrid Automata as Hybrid Programs

= accel,

?7q = accel, zZ/ =v,v = a)
?7q = accel Nz > SB; a:=—b; q:=brake; ?v >0)
?q = brake; Z =v,v =aAv>0)

?7q = brakeANv <1, a:=a+5, g:= acce/))*
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Embedding Hybrid Automata as Hybrid Programs

accel:
?7q = accel, Z/ =v,v = a)
?7q = accel Nz > SB; a:=

—b; q:=brake; v >0)
?q = brake; Z/ =v,v =aAv >0)

C CC

7q=brake A\v<1; a:=a+5 q:=accel))
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Embedding Hybrid Automata as Hybrid Programs

q := accel,

( (?q=accel, 2 =v,v =a)

U (?q = accel Nz > SB; a:=—b; q:=brake; ?7v >0)
U (?q = brake; 2/ =v,v =aAv>0)
U (

?7q = brakeANv <1, a:=a+5, g:= acce/))*
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Embedding Hybrid Automata as Hybrid Programs

q := accel,

( (?q=accel, 2 =v,V =a)
U (?q = accel A z > SB;
U (
U (

a:=—b; q:=brake, 7v>0)
?q = brake; Z/ =v,v =aAv >0)

7q=brake A\v<1, a:=a+5 q:=accel))
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Embedding Hybrid Automata as Hybrid Programs

accel,
?7q = accel, zZ/ =v,v/ =a)
?7qg = accelN\z> SB; a:=

:=—b; q:=brake; ?7v>0)
?7q = brake; Z =v,v =aAv>0)

?7q = brakeNv <1, a:=a-+5; q::acce/))*
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Embedding Hybrid Automata as Hybrid Programs

:= accel,

?7q = accel, Z/ =v,v = a)

?7q = accel Nz > SB; a:=—b; q:=brake; ?v>0)
?7q = brake; Z =v,v =aAv >0)

C CC

?q=brakeAv <1, a:=a+5; q:=accel))

André Platzer (University of Oldenburg)
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