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How can we design computers that are

guaranteed to interact correctly with the

physical world?
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Hybrid Systems Analysis: Car Control

Challenge (Hybrid Systems)

Fixed rule describing state
evolution with both
@ Continuous dynamics
(differential equations)

@ Discrete dynamics
(control decisions)
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Hybrid Systems Analysis is Important for ...
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© Differential Dynamic Logic dC
@ Syntax
@ Semantics
@ Axiomatization
@ Soundness and Completeness
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Differential Dynamic Logic for Hybrid Systems

differential dynamic logic
dC = FOLg
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Differential Dynamic Logic for Hybrid Systems

differential dynamic logic
dC = FOLg + DL + HP

C — [if(z>SB)a:=—b; 2/ =a]v? <2b

-~
hybrid program
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Differential Dynamic Logic for Hybrid Systems

differential dynamic logic
dC = FOLg + DL + HP

C— [if(z>SB)a:=—b; 2/ =a]v?> <2b

Post
condition

hybrid program

|t|aI System
condltlon dynamics
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Differential Dynamic Logic dZ: Syntax

Definition (Hybrid program «)
x=0|?H|xX' =f(x)&H |aUB| ;8] a*

Definition (d Formula ¢)

01202 | =p | pAP | Vx| 3Ixg | [a]g | ()¢

André Platzer (CMU)
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Differential Dynamic Logic dZ: Syntax

Differential

Definition (Hybrid program «)

x=0|?H|xX' =f(x)&H |aUB| ;8] a*

Definition (d Formula ¢)
01> 0> | ¢ | oNY|Vx9|Ixg ][] | ()

All Some) [All Some
Reals Reals Runs Runs
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Differential Dynamic Logic dZ: Semantics

Definition (Hybrid program «)

p(x:=0) = {(v,w) : w=vexcept [x], = [6],}
p(PH) = {(v,v) = v = H}
p(x' = f(x)) = {(¢(0),¢(r)) : ¢ E x' = f(x) for some duration r}
plaUB) = p(a)Up(B)
pla; B) = p(B) o p(a)
pla) = |Jpla

neN

Definition (d€ Formula ¢)

vE 61 >0, iff |[01]]v > I[Hz]]v

v = [a]¢ iff w = ¢ for all w with (v, w) € p(«)

viE(a)¢ iff wi ¢ for some w with (v, w) € p(«)

v = Vxo iff w = ¢ for all w that agree with v except for x
vE Ixo iff w = ¢ for some w that agrees with v except for x

o N iff v =¢andv
André Platzer (CMU) ITP'12 7 /42
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Differential Dynamic Logic dZ: Axiomatization

(=D x:=0l(x)]l¢x < [(x)]p0
(7D) [PHlg < (H = ¢)
([N X' =f()lo < Ve=0[x:=y(t)]¢ (v'(t) = f(¥))
(VD) [auple < [a]oA[Ble
(GD  [es Ble < [o[Ble
(D [er]e < o Ale]ler]o
(K)  [ed(¢ = ) = ([a]¢ — [a]¥)
() [a7l(¢ = [a]®) = (¢ — [a"]9)
Q) [a]vv>0(p(v) = (@)p(v — 1)) = Vv (p(v) = (o) TFv<0p(v))

ITP'12 8/ 42
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Differential Dynamic Logic dZ: Axiomatization

0]
(G) Talo
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Differential Dynamic Logic dZ: Axiomatization

(G)

(MP)

(¥)

(B)
(V)

Vx [a]d —
¢ — [a]o

[a]vx ¢ (x & @)
(FV(¢) N BV(a) = 0)
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Soundness

Theorem (Soundness)

dL calculus is sound, i.e., all provable dC formulas are valid:

F ¢ implies F ¢

What about the converse?

André Platzer (CMU) ITP'12 9 /42
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Complete Proof Theory of Hybrid Systems

Theorem (Relative Completeness) (J.Autom.Reas. 2008)
dL calculus is a sound & complete axiomatization of hybrid systems
relative to differential equations.

André Platzer (CMU) ITP'12 10 / 42
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Complete Proof Theory of Hybrid Systems

Theorem (Continuous Relative Completeness) (J.Autom.Reas. 2008)

dL calculus is a sound & complete axiomatization of hybrid systems

relative to differential equations.
Theorem (Discrete Relative Completeness) (LICS'12)
dl calculus is a sound & complete axiomatization of hybrid systems

relative to discrete dynamics.
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Complete Proof Theory of Hybrid Systems

Theorem (Continuous Relative Completeness) (J.Autom.Reas. 2008)

dL calculus is a sound & complete axiomatization of hybrid systems

relative to differential equations.

Theorem (Discrete Relative Completeness) (LICS'12)

dl calculus is a sound & complete axiomatization of hybrid systems

relative to discrete dynamics.
Hybrid

Continuous Discrete
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Complete Proof Theory of Hybrid Systems

Theorem (Continuous Relative Completeness) (J.Autom.Reas. 2008)

dL calculus is a sound & complete axiomatization of hybrid systems

relative to differential equations.
Theorem (Discrete Relative Completeness) (LICS'12)
dl calculus is a sound & complete axiomatization of hybrid systems

relative to discrete dynamics.

Continuous Discrete
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9 Differential Invariants
@ Air Traffic Control
@ Equational Differential Invariants
@ Structure of Differential Invariants
o Differential Cuts
o Differential Auxiliaries

André Platzer (CMU) ITP'12 10/ 42
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Air Traffic Control
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Air Traffic Control
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Air Traffic Control

Verification?
looks correct
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Air Traffic Control

N
\
>
/

Verification?
looks correct NO!
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Air Traffic Control

S
Y2
0
w
) %ﬁ ¢
Il d Il
1 Y1
x{ = —vi+vacost + wxp
Xy = va sin v — wxq
¥ = w—w

Verification?
looks correct NO!

André Platzer (CMU)
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Air Traffic Control

3
Y2
0
w
T2 %ﬁ €
1 d 1
T Y1
x| = —Vvi+vacost) + wxo
xé = Vo sin 1 — wxy
¥ = w—w

Example (“Solving” differential equations)

xi(t) = — (Xlww €os tw — Vow cos tw sin ¥ + vow cos tw cos tww sin ¥ — viwo sin tw
ww

+ XoWoT SN tw — Vaw €os 1Y €os oo sin tw — vowV 1 — sin Y2 sin tw
+ vow cos ¥ cos tw sin two + vow sin ¥ sin tw sin tw) ...

André Platzer (CMU) ITP'12 11 /42
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Air Traffic Control

3
Y2
0
w
T2 %ﬁ €
1 d 1
T Y1
x| = —Vvi+vacost) + wxo
xé = Vo sin 1 — wxy
¥ = w—w

Example (“Solving” differential equations)

V>0 — (xlww €os tw — Vow €os tw sin ¥ + vow cos tw cos tw sin 1 — vy sin tw
ww

+ Xowwo Sin tw — Vaw €os Y cos tw sin tw — vwV 1 — sin 92 sin tw
+ vow cos ¥ cos tw sin two + vow sin ¥ sin tw sin tw) ...
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\forall R ts2.
(0 <= ts2 & ts2 <= t2_0
-> ¢ (om_1)"
* (omb_1)"-1
* ( om_1 * omb_1 * x1 * Cos(om_1 * ts2)

+ om_1 * v2 * Cos(om_1 * ts2) * (1 + -1 * (Cos(u))"2)"(1 / 2)
+ -1 % omb_1 * vi1 * Sin(om_1 * ts2)
+ om_1 * omb_1 * x2 * Sin(om_1 * ts2)
+ om_1 * v2 * Cos(u) * Sin(om_1 * ts2)
+ -1 % om_1 * v2 * Cos(omb_1 * ts2) * Cos(u) * Sin(om_1 * ts2)
+ om_1 * v2 * Cos(om_1 * ts2) #* Cos(u) * Sin(omb_1 * ts2)
+ om_1 * v2 * Cos(om_1 * ts2) * Cos(omb_1 * ts2) * Sin(u)
+om_1 * v2 * Sin(om_1 * ts2) * Sin(omb_1 * ts2) * Sin(u)))
“2
+  ( (om_1)"-1
* (omb_1)"-1

* (-1 % omb_1 * vl * Cos(om_1 * ts2)

om_1 * omb_1 * x2 * Cos(om_1 * ts2)

omb_1 * vl * (Cos(om_1 * ts2))°2

om_1 * v2 * Cos(om_1 * ts2) * Cos(u)

-1 * om_1 * v2 * Cos(om_1 * ts2) * Cos(omb_1 * ts2) * Cos(u)
-1 % om_1 * omb_1 * x1 * Sin(om_1 * ts2)

-1

om_1

v2

(1 + -1 % (Cos(w)"2)~(1 / 2)

Sin(om_1 * ts2)

omb_1 * v1 * (Sin(om_1 * ts2))"2

-1 % om_1 * v2 * Cos(u) * Sin(om_1 * ts2) * Sin(omb_1 * ts2)
-1 % om_1 * v2 * Cos(omb_1 * ts2) * Sin(om_1 * ts2) * Sin(u)
om_1 * v2 * Cos(om_1 * ts2) * Sin(omb_1 * ts2) * Sin(u)))

+ o+ o+ o+

*
*
*
*

+ + + +

“2
>= (p)"2),
t2_0 >= 0,
X172 + x2°2 >= (p)~2
==>
André Platzer (CM
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\forall R t7.

(

->

t7 >= 0
( (om_3)"-1
* ( om_3

* ( (om_1)"-1
* (omb_1)"-1

* (

André Platzer (CM

+

+ o+

om_1 * omb_1 * x1 * Cos(om_1 * t2_0)

*
*

* (1 + -1 % (Cos(w)"2)~(1 / 2)

-1 % omb_1 * vl * Sin(om_1 * t2_0)
om_1 * omb_1 * x2 * Sin(om_1 * t2_0)
om_1 * v2 * Cos(u) * Sin(om_1 * t2_0)

* ok X % * kX ¥ * Ok X X X

* Ok X %

om_1
v2
Cos(om_1 * t2_0)

-1

om_1

v2

Cos(omb_1 * £2_0)
Cos (u)

Sin(om_1 * t2_0)
om_1

v2

Cos(om_1 * t2_0)
Cos (u)

Sin(omb_1 * t2_0)
om_1

v2

Cos(om_1 * t2_0)
Cos(omb_1 * t2_0)
Sin(u)

om_1

v2

Sin(om_1 * t2_0)
Sin(omb_1 * t2_0)
Sin(u)))

ITP'12
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* Cos(om_3 * t5)
+  v2
* Cos(om_3 * t5)
* (1
+ -1
* (Cos(-1 * om_1 * t2_0 + omb_1 * t2_0 + u + Pi / 4))"2)
“1/2)
+ -1 % vl * Sin(om_3 * t5)
+ om_3
* ( (om_1)"-1
* (omb_1)"-1
* (-1 *x omb_1 * vl * Cos(om_1 * t2_0)

+ om_1 * omb_1 * x2 * Cos(om_1 * t2_0)
+ omb_1 * vi * (Cos(om_1 * t2_0))"2
+ om_1 * v2 * Cos(om_1 * t2_0) * Cos(u)
+ -1

* om_1

* v2

* Cos(om_1 * t2_0)

* Cos(omb_1 * t2_0)

* Cos(u)
+ -1 % om_1 * omb_1 * x1 * Sin(om_1 * t2_0)
+ -1

* om_1
* v2
* (1 + -1 % (Cos(u))~2)"(1 / 2)
* Sin(om_1 * t2_0)
omb_1 * vi * (Sin(om_1 * t2_0))"2
+ -1
* om_1
* v2
* Cos(u)
*
*

+

Sin(om_1 * t2_0)
Sin(omb_1 * t2_0)

André Platzer (CM
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+ -1

om_1

v2

Cos(omb_1 * t2_0)

Sin(om_1 * t2_0)

Sin(u)

+ om_1

v2

Cos(om_1 * t2_0)

Sin(omb_1 * t2_0)

Sin(u)))

Sin(om_3 * t5)

+ v2

Cos(-1 * om_1 * t2_0 + omb_1 * t2.0 + u + Pi / 4)
Sin(om_3 * t5)

+ V2

(Cos(om_3 * t5))"2

Sin(-1 * om_1 * t2.0 + omb_1 * t2.0 + u + Pi / 4)
+  v2

(Sin(om_3 * t5))"2

Sin(-1 * om_1 * t2_0 + omb_1 * t2_0 + u + Pi / 4)))

EEE

*
PR

* ¥

* *

* ¥

“2
+ ( (om_3)"-1
* (-1 *x vl * Cos(om_3 * t5)
+ om_3
* ( (om_1)"-1
* (omb_1)"-1
* (-1 *x omb_1 * vl * Cos(om_1 * t2_0)
+ om_1 * omb_1 * x2 * Cos(om_1 * t2_0)
+ omb_1 * v1 x (Cos(om_1 * t2_0))"2
+ om_1 *x v2 * Cos(om_1 * t2_0) * Cos(u)
+ -1
om_1
v2
Cos(om_1 * t2_0)
Cos(omb_1 * £2_0)

André Platzer (CM ITP'12 12 /42



+

-1 % om_1 * omb_1 * x1 * Sin(om_1 * t2_0)
+ -1
om_1
v2
(1 + -1 % (Cos(u)"2)"(1 / 2)
Sin(om_1 * t2_0)
omb_1 * vi * (Sin(om_1 * £2_0))"2
+ -1
om_1
v2
Cos (u)
Sin(om_1 * t2_0)
Sin(omb_1 * t2_0)
+ -1
om_1
v2
Cos(omb_1 * t2_0)
Sin(om_1 * t2_0)
Sin(u)
+ om_1
v2
Cos(om_1 * t2_0)
Sin(omb_1 * t2_0)
Sin(u)))
* Cos(om_3 * t5)
+ vl * (Cos(om_3 * t5))"2
+  v2
Cos(om_3 * t5)
Cos(-1 * om_1 * t2_0 + omb_1 * t2_0 + u + Pi / 4)
+ -1
* v2
(Cos(om_3 * t5))"2
Cos(-1 * om_1 * t2_0 + omb_1 * t2_.0 + u + Pi / 4)

*
*
*
*

+
PRI EEE * K X X ¥

* ¥

* ¥

André Platzer (CM
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+ -1
* om_3

* ( (om_1)"-1
* (omb_1)"-1

* (

+

+ o+ o+

om_1 * omb_1 * x1 * Cos(om_1 * t2_0)

om_1
* v2
* Cos(om_1 * t2_0)

* (1 + -1 % (Cos(u))~2)"(1 / 2)

-1 % omb_1 * vi * Sin(om_1 * t2_0)
om_1 * omb_1 * x2 * Sin(om_1 * t2_0)
om_1 * v2 * Cos(u) * Sin(om_1 * t2_0)

-1

om_1

v2

Cos(omb_1 * t2_0)
Cos (u)

Sin(om_1 * t2_0)
om_1

v2

Cos(om_1 * t2_0)
Cos (u)

Sin(omb_1 * t2_0)
om_1

v2

Cos(om_1 * t2_0)
Cos(omb_1 * t2_0)
Sin(u)

om_1

v2

Sin(om_1 * t2_0)
Sin(omb_1 * t2_0)
Sin(u)))

* ok X % PR

* K X ¥

*
*
*
*

* Sin(om_3 * t5)

André Platzer (CM
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+ -1
* (Cos(-1 * om_1 * t2_0 + omb_1 * t2_.0 + u + Pi / 4))°2)

“1/2)
* Sin(om_3 * t5)

+ vl * (Sin(om_3 * t5))"2

+ -1
* v2
* Cos(-1 * om_1 * t2_0 + omb_1 * t2_0 + u + Pi / 4)
* (Sin(om_3 * t5))"2))

"2
>= (p)~2)

This is just one branch to prove

André Platzer (CMU) ITP'12 12 /42



Differential Invariants for Differential Equations

“Definition” (Differential Invariant)

“Formula that remains true in the direction of the dynamics”

r

rt

ft

A
*1//*\\\\\_,4////
*,If\\\\\k‘,////
>144\\\‘*(‘/////
»44\\\‘¢’//////
>4As\‘<,,,////ll
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YT
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Differential Invariants for Differential Equations

“Definition” (Differential Invariant)

“Formula that remains true in the direction of the dynamics”

S /T\\\\\\.\&K
A SV N B U N N O
PO R R TN
P L N U
O L T RN
[ T
- 4 A > > =
E Y U T S B
“ v v v o« o

~~~~~ »
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Differential Invariants for Differential Equations

“Definition” (Differential Invariant)
“Formula that remains true in the direction of the dynamics”

t \ \ \\\\«;,H
\

AN A

ITP'12 13 /42

André Platzer (CMU)


http://symbolaris.com/

Differential Induction: Local Dynamics w/o Solutions

Definition (Differential Invariant) (J.Log.Comput. 2010) »

F closed under total differentiation with respect to differential constraints

André Platzer (CMU) ITP'12 14 / 42
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Differential Induction: Local Dynamics w/o Solutions

Definition (Differential Invariant) (J.Log.Comput. 2010) »

F closed under total differentiation with respect to differential constraints

(x = F)
X = F=[xX'=0&x]F

F — [o]F
o T

André Platzer (CMU) ITP'12 14 / 42
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Differential Induction: Local Dynamics w/o Solutions

Definition (Differential Invariant) (J.Log.Comput. 2010) »

F closed under total differentiation with respect to differential constraints

(x = F)
X = F=[xX'=0&x]F
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Differential Induction: Local Dynamics w/o Solutions

Definition (Differential Invariant) (J.Log.Comput. 2010) »

F closed under total differentiation with respect to differential constraints

(x = F) (~FAx— FY)
X = F=[xX'=0&x]F [X =0&—Flx—(xX'=0& x)F
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Differential Induction: Local Dynamics w/o Solutions

Definition (Differential Invariant) (J.Log.Comput. 2010) »

F closed under total differentiation with respect to differential constraints

[Total differential F’ of formulas?]

André Platzer (CMU) ITP'12 14 / 42
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Equational Differential Invariants

André Platzer (CMU) ITP'12 15 /42
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Equational Differential Invariants

SN =0&H]p=0

André Platzer (CMU) ITP'12 15 /42
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Equational Differential Invariants

(H=p=0)—=[x=0&H]p=0

André Platzer (CMU) ITP'12 15/ 42
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Equational Differential Invariants

H—p =0
(H=p=0)—=[x=0&H]p=0

André Platzer (CMU) ITP'12 15/ 42
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Equational Differential Invariants

w

H—p =0
(H=p=0)—=[x=0&H]p=0

André Platzer (CMU) ITP'12 15/ 42
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Equational Differential Invariants

—F F
73
H—p' =0
(H=p=0)—=[x=0&H]p=0 p=c—[xX=f(x)&H]p=c

André Platzer (CMU) ITP'12 15/ 42
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Equational Differential Invariants

—F F
73
H—)pI:O H—)p/ZO
(H=p=0)—=[x=0&H]p=0 p=c—[xX=f(x)&H]p=c

André Platzer (CMU) ITP'12 15/ 42
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Equational Differential Invariants

w

H—)pI:O H—)p/ZO
(H—>p=0)=[x=0&H]p=0 Vc(p=c—[x =f(x)&H]p=c)

André Platzer (CMU) ITP'12 15/ 42
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Equational Differential Invariants

Theorem (Lie)
H—p =0
Ve(p=c—[x =f(x)&H]p=c)

equivalence if H open

—.FF

w

H—)pI:O H—)p/ZO
(H—>p=0)=[x=0&H]p=0 Vc(p=c—[x =f(x)&H]p=c)

André Platzer (CMU) ITP'12 15/ 42
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Equational Differential Invariants

Theorem (Lie)
H—p =0
Ve(p=c—[x =f(x)&H]p=c)

equivalence if H open

—.FF

w

H—)pI:O H—)p/ZO

(H—>p=0)=[x=0&H]p=0 Vc(p=c—[x =f(x)&H]p=c)

Corollary (Decidable invariant polynomials)

Decidable whether polynomial p invariant function of x' = f(x) on open H

André Platzer (CMU) ITP'12 15/ 42
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Lie Generates Invariants

Corollary (Decidable invariant polynomials)

Decidable whether polynomial p invariant function of x' = f(x) on open H
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Lie Generates Invariants

Corollary (Decidable invariant polynomials)

Decidable whether polynomial p invariant function of x' = f(x) on open H

Corollary (Invariant polynomials with R N Q coefficients r.e.)

Invariant polynomial function p € (RN Q)[x] of x' = f(x) on open H r.e.

André Platzer (CMU) ITP'12 16 / 42


http://symbolaris.com/

Lie Generates Invariants

Corollary (Decidable invariant polynomials)

Decidable whether polynomial p invariant function of x' = f(x) on open H

Corollary (Invariant polynomials with R N Q coefficients r.e.)

Invariant polynomial function p € (RN Q)[x] of x' = f(x) on open H r.e.

Proof (Direct Method).

Q for p def ax? + ai1x + ag
Q with ap=4,a1=-1,a0=5
@ prove Vx (H—p' =0)

O
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Lie Generates Invariants

Corollary (Decidable invariant polynomials)

Decidable whether polynomial p invariant function of x' = f(x) on open H

Corollary (Invariant polynomials with R N Q coefficients r.e.)

Invariant polynomial function p € (RN Q)[x] of x' = f(x) on open H r.e.

Proof (Direct Method).

Q for p def ax? + ai1x + ag
Q with ap=4,a1=—-1,a0 =6
@ prove Vx (H—p' =0)

O
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Lie Generates Invariants

Corollary (Decidable invariant polynomials)

Decidable whether polynomial p invariant function of x' = f(x) on open H

Corollary (Invariant polynomials with R N Q coefficients r.e.)

Invariant polynomial function p € (RN Q)[x] of x' = f(x) on open H r.e.

Proof (Direct Method).

Q for p def ax? + ai1x + ag
Q with ap =4,a1=—-1,a0=7
@ prove Vx (H—p' =0)
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Corollary (Decidable invariant polynomials)

Decidable whether polynomial p invariant function of x' = f(x) on open H

Corollary (Invariant polynomials with R N Q coefficients r.e.)

Invariant polynomial function p € (RN Q)[x] of x' = f(x) on open H r.e.

Proof (Direct Method).

Q for p def ax? + ai1x + ag
Q with ap =4,a1=-2,30=5
@ prove Vx (H—p' =0)

O
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Lie Generates Invariants

Corollary (Decidable invariant polynomials)

Decidable whether polynomial p invariant function of x' = f(x) on open H

Corollary (Invariant polynomials with R N Q coefficients r.e.)

Invariant polynomial function p € (RN Q)[x] of x' = f(x) on open H r.e.

Proof (Direct Method).

Q for p def ax? + ai1x + ag

Q with ap = 4,3, =2,30 =8

@ prove Vx (H—p' = 0)

© Problem: enumerating all polynomials takes a while ...

O
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Corollary (Decidable invariant polynomials)
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Invariant polynomial function p € (RN Q)[x] of x' = f(x) on open H r.e.

Proof (Direct Method).

Q for p def ax? + ai1x + ag

Q with ap = 4,3, =2,30 =8
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Lie Generates Invariants

Corollary (Decidable invariant polynomials)

Decidable whether polynomial p invariant function of x' = f(x) on open H

Corollary (Invariant polynomials with R N Q coefficients r.e.)

Invariant polynomial function p € (RN Q)[x] of x' = f(x) on open H r.e.

Proof (Direct Method).

Q for p def ax? + ai1x + ag

Q with ap = 4,3, =2,30 =8
@ prove Vx (H—p' =0)

@ Instead: JaVx(H—p' =0)

Q Still enumerate polynomial degrees . . .

O
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Ex: Deconstructed Aircraft (1) Directly

ryl=1lne=x—=[X=—yy =ee=—y(*+y’=1Ne=x)
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Ex: Deconstructed Aircraft (1) Directly

F) 2 2 F) 2 2
—y (X(,;;y)—i—e (an;y) =0/\—y%=—yg—§

ryl=1lne=x—=[X=—yy =ee=—y(C+y ' =1Ne=x)
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Ex: Deconstructed Aircraft (1) Directly

(—y)2x+ €2y =0A—y = —y

F) 2 2 F) 2 2
—y (X(,;;y)—i—e (an;y) =0/\—y%=—yg—§

tyl=1lne=x—=[X=—yy =ee=—y(*+y’=1Ne=x)
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Ex: Deconstructed Aircraft (1) Directly

—2xy +2ey =0

(—y)2x+e2y =0A—y = —y

F) 2 2 F) 2 2
—y (an;y)_i_e (an;y) =0/\—y%=—yg—§

tyl=1ne=x—=[X=—yy =ee=—y(*+y ' =1Ne=x)
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Ex: Deconstructed Aircraft (1) Directly

not valid

—2xy +2ey =0

(—y)2x+e2y =0A—y = —y

F) 2 2 F) 2 2
—y (an;y)_i_e (an;y) =0/\—y%=—yg—§

tyl=1ne=x—=[X=—yy =ee=—y(*+y ' =1Ne=x)
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Ex: Deconstructed Aircraft (1) Directly

not valid
—2xy +2ey =0
(—y)2x+e2y =0A—y = —y

2 2 ) r_1 1 i 1/ 92 2 o
x“ty“=1Ane Not Provable? y*=1Ne=x)

Wait! It's true. Why not proved?
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Ex: Deconstructed Aircraft (1) Directly

not valid
—2xy +2ey =0
(—y)2x+ €2y =0A—y = —y
_yf)(x;i»y2) n ef)(X;;yQ) —0A _y%: _ _y%
Y =10 Not Provable? Ty e lne =)
Wait! It's true. Why not proved? /
. Got single equatioa
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The Structure of Differential Invariants

Theorem (Closure properties of differential invariants) (LMCS 2012)

Closed under conjunction, differentiation, and propositional equivalences.

Theorem (Differential Invariance Chart) (LMCS 2012)
DIZ ¢ DIZ,/\,\/ — ’DIZ,ZJ\:V
DI: — DI_,/\’\/ ‘gN\ § DT
DI DIspay ——DIs-pv

André Platzer (CMU) ITP'12 18 / 42
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Ex: Deconstructed Aircraft (I1) Atomic

=X =y = = —y](xXP+y? — 1)+ (e—x)2=0

Reduce to single equation, try again
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Ex: Deconstructed Aircraft (I1) Atomic

not valid

2(x® +y? —1)(—2yx +2ey) =0

2(x? +y? —1)(—y2x + e2y) +2(e — x)(—=y — (=y)) =0

(—yZ+el —y2)((E+y2—1)2+(e—x)?) =0
==y = = Yy =1+ (e —x)* =0

Reduce to single equation, try again
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Ex: Deconstructed Aircraft (I1)

not valid

2(x® +y? —1)(—2yx +2ey) =0

2(x* +y? = 1)(~y2x + e2y) + 2(e = x)(-y — (-¥)) =0

)
(—y&+ed —y2) (A +y*—1)2+ (e —x)?) =0

André Platzer (CMU)

!/ /2 ! 10 2 2 AN 2:
I Not Provable? e—x)=0

Wait! It's true. Why not proved?

ITP'12

Atomic
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Ex: Deconstructed Aircraft (I1) Atomic

not valid

2(x® +y? — 1)(—2yx +2ey) =0

2(x? +y? —1)(—y2x + e2y) +2(e — x)(—=y — (=y)) =0

(—yZ+el —y2)((E+y2—1)2+(e—x)?) =0
==y = = Yy =1+ (e —x)* =0

Reduce to single equation, try again
Could Prove?

If only we could assume invariant F
during its proof ...

André Platzer (CMU) ITP'12 19 /42
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Assuming Differential Invariance

(H—F")
(H— F)=[x'=0&H]F
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; ;
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Assuming Differential Invariance

F F
(H— F') (FAH— F)
(H— F)>[x' = 0& HIF (H— F)>[x' = 0&HIF

Example (Restrictions)

x2—6x+9=0—=x=y,y=-x]x>-6x+9=0
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Assuming Differential Invariance

F F
(H— F') (FAH— F)
(H— F)>[x' = 0& HIF (H— F)>[x' = 0&HIF

Example (Restrictions)

X
x> —6x+9=0—y2x —6y =0
X2 _ 6x + 9—=0 _>y8(x25)6(X+9) _ XB(X253X+9) -0 0 y

x2—6x+9=0—=[x=y,y=—x]x>-6x+9=0
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Assuming Differential Invariance

=

(H— F) (
(H— F)—[x' = 0&H]F H—)W G&H]F
Example (Restrictions are unsound!)
X
x> —6x+9=0—y2x —6y =0
P — G d@ = _>y8(x252x+9) . XB(X253x+9) —0 0 y

x2—6x+9=0—=[x=y,y=—x]x>-6x+9=0
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Assuming Differential Invariance

F F
(H— F') (FAH— F)
(H— F)>[x' = 0& HIF (H— F)>[x' = 0&HIF

Example (Restrictions)

(x><0—2x-1<0)
x*<0—=X=1x*<0
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Assuming Differential Invariance

=

(

(H— F)
(H— F)—=[x' = 0&H]F

Example (Restrictions are unsound!)

(x> <0—2x-1<0)
x*<0—=X=1x*<0

H—)W G&H]F

Xo+t

André Platzer (CMU)

ITP'12 20/ 42
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Ex: Deconstructed Aircraft (111) Differential Cut

X¥ty?=1ne=x =K =-yy =ee=—y|(x*+y’=1Ne=x)
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Ex: Deconstructed Aircraft (111) Differential Cut

=X =y = = —y&e=x](x>+y?=1ANe=x)

e=x—=[xX=-y,y=e¢€=—yle=x >

X¥ty?=1ne=x =K =-yy =ee=—y|(x*+y’=1Ne=x)
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Ex: Deconstructed Aircraft (111) Differential Cut

=X =y = = —y&e=x](x>+y?=1ANe=x)

de _ _,,0x
“Yoe = YVox

e=x =[x =-y,y=e€e =—yle=x >

X¥ty?=1ne=x =K =-yy =ee=—y|(x*+y’=1Ne=x)
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Ex: Deconstructed Aircraft (111) Differential Cut

=X =y = = —y&e=x](x>+y?=1ANe=x)

Y=y

Oe _ _,,0x
“Yoe = Yox

e=x =[x =-y,y=e¢€e=—yle=x >

X¥ty?=1ne=x =K =-yy =ee=—y|(x*+y’=1Ne=x)
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Ex: Deconstructed Aircraft (111) Differential Cut

=X =y = = —y&e=x](x>+y?=1ANe=x)

*

Y=y

Oe _ _,,0x
“Yoe = Yox

e=x =[x =-y,y=e¢€e=—yle=x >

X¥ty?=1ne=x =K =-yy =ee=—y|(x*+y’=1Ne=x)

André Platzer (CMU) ITP'12 21 /42


http://symbolaris.com/

Ex: Deconstructed Aircraft (111) Differential Cut

Y=y

de _ _ ., 0Ox
“Yae = Yox

e=x =[x =-y,y=e¢€=—yle=x >

X¥ty?=1ne=x =K =-yy =ee=—y]x*+y’=1Ne=x)
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Ex: Deconstructed Aircraft (111) Differential Cut

e=x—(-y)2x+e2y =0

=X =y = = —y&e=x](x*+y?=1ANe=x)

*

Y=y

de _ _ ., 0Ox
“Y9e = Yox

e=x =[x =-y,y=e¢€=—yle=x >

X¥ty?=1ne=x =K =-yy =ee=—y](x*+y’=1Ne=x)
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Ex: Deconstructed Aircraft (111) Differential Cut

e=x—>—2yx+2xy =0

e=x—(-y)2x+e2y =0

=X =y = = —y&e=x](x*+y?=1ANe=x)

*

Y=y

de _ _ ., 0Ox
“Y9e = Yox

e=x =[x =-y,y=e¢€=—yle=x >

X¥ty?=1ne=x =K =-yy =ee=—y](x*+y’=1Ne=x)
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Ex: Deconstructed Aircraft (111) Differential Cut

*

e=x—>—2yx+2xy =0

e=x—(-y)2x+e2y =0

=X =y = = —y&e=x](x*+y?=1ANe=x)

*

Y=y

de _ _ ., 0Ox
“Y9e = Yox

e=x =[x =-y,y=e¢€=—yle=x >
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Ex: Deconstructed Aircraft (111) Differential Cut

*

e=x— —2yx+2xy =0

e=x —=(—y)2x+e2y =0

82 2 32 2
e=XxX—>—y (Xaiy)+e (Xajy):o

R S ccessful Proof 2_1Ne=x)

Lie & differential cuts separate aircraft

*
-y ==Yy
V5= V5
e=x—=[x'=—-y,y=e e =—-yle=x >

X2ty’=1ne=x>[xX=-y,y =ee=—y|(x*+y’=1Ae=x)

André Platzer (CMU) ITP'12 21 /42
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Ex: Deconstructed Aircraft (V)

Et+y’=1Ne=x=K=-yy =eée=—y|(+y’=1Ne=x)
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Ex: Deconstructed Aircraft (V)

o(e+y?) | L0 4y?) de _ 0
YT ge tem g =0AyE = yo

Eet+y’=1Ne=x=K=-yy =eée=—y|(e+y’=1Ne=x)
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Ex: Deconstructed Aircraft (V)

—y2e+e2y=0N—-y=—y

o(e+y?) | (e 4y?) de _ 0
YT ge tem 5 =0AyE = yo

Eet+y’=1Ne=x=K=-yy =eée=—y|(+y’=1Ae=x)
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Ex: Deconstructed Aircraft (V)

k

—y2e+e2y =0N—-y=—y

o(e+y?) | 0 4y?) de _ 0
YT ge tem 5 =0AyE = yo

Eet+y’=1ne=x =K =-yy =eée=—yl(e+y’=1Ne=x)
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Ex: Deconstructed Aircraft (V)

*

—y2e+e2y =0N -y =—y

A(e>+y?) a(e?+y?) Oe __ Ox
YT g~ e gy = 0N TYEe = Yo

et+y’=1ne=x=K=—yy =ee=—yJ(+y’=1Ne=x)

Smart invariant also separates aircraft?!

André Platzer (CMU)
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Differential Cuts

=[x =0&H|C  ¢—[x =0&(HAC)|¢
=[x =& H]p
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Ex: » Differential Cuts

321Ny 20 = = (x = 3) +y0y = 23 > -1
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Ex: » Differential Cuts

321Ny 20 = = (x = 3) +y0y = 23 > -1

yP>0 =[x =(x=3)* +y5,y =yy* >0
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Ex: » Differential Cuts

321Ny 20 = = (x = 3) +y0y = 23 > -1

5y%y/ >0
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Ex: » Differential Cuts

321Ny 20 = = (x = 3) +y0y = 23 > -1

5y4y? >0

5y%y/ >0
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Ex: » Differential Cuts

321Ny 20 = = (x = 3) +y0y = 23 > -1

*

5y4y? >0

5y%/ >0

Vo0 =X =(x=3)*+y5y =yy° >0
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Ex: » Differential Cuts

3> -1 =(x=3)"+y5y =y2&y5 > 0]x3 > -1 »

321Ny 20 = = (x = 3) +Hy0y =y > -1

*

5y4y? >0

5y%/ >0

YP>0 =[x =(x=3)* +y5,y =yy* >0
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Ex: » Differential Cuts

y> >0 —=2x2x' >0

3> -1 =(x=3)"+y5y =y?&y5 > 0]x3 > -1 »

3> IAYS 20 = = (x = 3) )0y = 3 > -1

*

5y4y? >0

5y%/ >0

YP>0 =[x =(x=3)* +y5,y =yy* >0
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Ex: » Differential Cuts

¥y >0 —=2x3((x —3)* +y°) >0

y> >0 —=2x2x' >0

3> -1 =(x=3)"+y5y =y2&y5 > 0]x3 > -1 »

3> 1Ay 20 = = (x = 3) +y0y = 23 > -1

*

5yty? >0

5y%/ >0

YP>0 =[x =(x=3)* +y5,y =yy* >0
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Ex: » Differential Cuts

*

y5 >0 =2x3((x —3)* +y°) >0

y> >0 —=2x2x' >0

3> -1 =(x=3)"+y5y =y?&y > 0]x3 > -1 »

3> IAYS 20 = = (x = 3) )0y = 3 > -1

*

5y4y? >0

5y%/ >0

YP>0 =[x =(x=3)* +y5,y =yy* >0
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Differential Cuts

=[x =0&H|C  ¢—[x =0&(HAC)|¢
=[x =& H]p
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Differential Cuts

p—[x = 0&H|C  ¢—[x' =08&(H A C)]o
d—[x' = 0& H]p

Theorem (Gentzen's Cut Elimination)

A—-BVvVC AANC—B

cut can be eliminated
A—B
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Differential Cuts

=[x =0&H|C  ¢—[x =0&(HAC)|¢
=[x =& H]p

Theorem (Gentzen's Cut Elimination)

A—-BVvVC AANC—B

cut can be eliminated

A—B
Theorem (No Differential Cut Elimination) (LMCS 2012)
Deductive power with differential cut exceeds deductive power without.
DCI > DI

André Platzer (CMU) ITP'12 25 /42
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Ex: Exponentials

Counterexample ()

x>0—=[x'=—x]x>0
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Counterexample ()

—x>0
x>0
x>0—=[x'=—x]x>0
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Ex: Exponentials

Counterexample (Cannot prove)

not valid

—x>0

x>0
x>0—=[x'=—x]x>0
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Differential Auxiliaries

Example (Successful proof)

x>0—=[x' =—x]x>0
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Differential Auxiliaries

Example (Successful proof)

x>0 Jyxy?=1 xy?=1=[x=—xy =%x?=1

x>0—=[x =—x]x>0

André Platzer (CMU)
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Differential Auxiliaries

Example (Successful proof)

*

x>0 Jyxy?=1 xy?=1=[x=—xy =%x?=1

x>0—=[x =—x]x>0

André Platzer (CMU)

ITP'12

27 / 42


http://symbolaris.com/

Differential Auxiliaries

Example (Successful proof)

* X'y +x2yy' =0

x>0 Jyxy?=1 xy?=1=[x=—xy =%x?=1

x>0—=[x =—x]x>0

André Platzer (CMU)
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Differential Auxiliaries

Example (Successful proof)

—xy? +2xy5 =0

* X'y +x2yy' =0

x>0 Jyxy?=1 xy?=1=[x=—xy =%x?=1

x>0—=[x =—x]x>0
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Differential Auxiliaries

Example (Successful proof)

*

—xy? +2xy5 =0

* X'y +x2yy' =0

x>0 Jyxy?=1 xy?=1=[x=—xy =%x?=1

x>0—=[x =—x]x>0
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Differential Auxiliaries

<y Yp—=[x' =0,y =9 &H]yY
o[ = 0& H]o
if y/ = 9 has solution y : [0,00) — R"

Theorem (Auxiliary Differential Variables) (LMCS 2012)

Deductive power with differential auxiliaries exceeds deductive power
without.
DCTI + DA > DCT

André Platzer (CMU) ITP'12 28 /42
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@ Structure of Invariant Functions / Equations
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Equational Differential Invariants

Theorem (Lie)
H—p =0
Ve(p=c—[x =f(x)&H]p=c)

equivalence if H open

—.FF

w

H—)pI:O H—)p/ZO

(H—>p=0)=[x=0&H]p=0 Vc(p=c—[x =f(x)&H]p=c)

Corollary (Decidable invariant polynomials)

Decidable whether polynomial p invariant function of x' = f(x) on open H
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Equational Differential Invariants

Theorem (Lie)

H—p =0
Ve(p=c—[x =f(x)&H]p=c)

invariant
equation

equivalence if H open

invariant
function

H—)pI:O H—)p/ZO
(H—>p=0)=[x=0&H]p=0 Vc(p=c—[x =f(x)&H]p=c)

Corollary (Decidable invariant polynomials)

Decidable whether polynomial p invariant function of x' = f(x) on open H
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Structure of Invariant Functions

Lemma (Structure of invariant functions)

Invariant functions of x' = 6 & H form an R-algebra.
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Structure of Invariant Functions

Lemma (Structure of invariant functions)

Invariant functions of x' = 6 & H form an R-algebra.

Only need generating system of algebra. I

p invariant, F function = F(p) invariant
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Structure of Invariant Equations

I.(N:={peR[x] : ET—[xX=0&H]p=0}
'DCI:(F) = {p S R[)?] : l_DI=+DC M — [X/ =0& H]p = 0}

Lemma (Structure of invariant equations)

DCI_(T') CZ_(T) chain of differential ideals (6 - V)p € DCZ_(T) for all
p € DCZ_(T")). The varieties are generated by a single polynomial.
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Structure of Invariant Equations

I.(N:={peR[x] : ET—[xX=0&H]p=0}
DCI:(F) = {p S R[)?] : |_DI:+DC M — [X/ =0& H]p = 0}

Lemma (Structure of invariant equations)

DCI_(T') CZ_(T) chain of differential ideals (6 - V)p € DCZ_(T) for all
p € DCZ_(T")). The varieties are generated by a single polynomial.

Q@ peDCI_(IN and r € R[X] implies rp € DCZ_(I'), because
(0-V)(rp) =p(0-V)r+r(0-V)p= p (0-V)r=0
~——— \0,/
0

and [ — p=0 implies = rp=0
@ p=0Aqg=0iff p?> + g°> = 0, differential, Hilbert basis theorem ...
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© Differential Invariants and Assumptions
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Full Rank Assumptions

Theorem (Lie — necessary)

/\p,-zO—)[x':f(x)&H]/\p,-:O
(Ep) i=1 i=1

n n
HA N\ pi=0-/A\(0-V)pi=0
Premises, conclusions equivalent if rank g—g'f =non HAN]_;pi=0.
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Full Rank Assumptions

Theorem (... — sufficient)

H_)/\(‘9 V)pi = ZQI,JPJ

i=1

(ap) n
/\p,-:o—>[x’:f(x)&H]/\p,-:o

i=1 i=1

Theorem (Lie — necessary)

n n
/\p,-zO—)[x':f(x)&H]/\p,-:O
(EP) o n n =
HA N\ pi=0-/A\(0-V)pi=0
=1 =1
Premises, conclusions equivalent if rank g—g': =non HAN]_;pi=0.
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Ex: Deconstructed Aircraft (111) Differential Cut

*

e=x—>—2yx+2xy =0

e=x—(-y)2x+e2y =0

=X =y = = —y&e=x](x*+y?=1ANe=x)

*

Y=y

de _ _ ., 0Ox
“Y9e = Yox

e=x =[x =-y,y=e¢€=—yle=x >

X¥ty?=1ne=x =K =-yy =ee=—y](x*+y’=1Ne=x)
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Ex: Deconstructed Aircraft (111) Differential Cut

*

e=x— —2yx+2xy =0

e=x —=(—y)2x+e2y =0

82 2 32 2
e=XxX—>—y (Xaiy)+e (Xajy):o

R S ccessful Proof 2_1Ne=x)

Lie & differential cuts separate aircraft

*
-y ==Yy
V5= V5
e=x—=[x'=—-y,y=e e =—-yle=x >

X2ty’=1ne=x>[xX=-y,y =ee=—y|(x*+y’=1Ae=x)
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Ex: Deconstructed Aircraft (111) Differential Cut

ex) ) d(e—x) 1 0 1

Ix dy Ode

(x%+y?—1 A(x%+y?—1 A(x%2+y%—1

Full rank 2 at invariant x*> + y?> =1
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@ Inverse Characteristic Method
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Equational Differential Invariants

Theorem (Lie)
H—p =0
Ve(p=c—[x =f(x)&H]p=c)

equivalence if H open

—.FF

w

H—)pI:O H—)p/ZO

(H—>p=0)=[x=0&H]p=0 Vc(p=c—[x =f(x)&H]p=c)

Corollary (Decidable invariant polynomials)

Decidable whether polynomial p invariant function of x' = f(x) on open H
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Inverse Characteristic Method

Theorem (Inverse characteristic method)

(Sufficiently smooth) f is invariant function of x' = f(x) on H iff f solves

(0-V)f=0 onH

« Lie Dl
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o If ODE too complicated, consider PDE instead???

André Platzer (CMU) ITP'12 36 /42


http://symbolaris.com/

Inverse Characteristic Method

Theorem (Inverse characteristic method)

(Sufficiently smooth) f is invariant function of x' = f(x) on H iff f solves

(0-V)f=0 onH

« Lie Dl

o If ODE too complicated, consider PDE instead???

@ Yes, but inverse characteristic PDE is simple (first-order, linear,
homogeneous)

@ Makes rich PDE theory available for differential invariants

@ Oracle PDE solver sufficient

André Platzer (CMU) ITP'12 36 / 42
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Ex: Deconstructed Aircraft (V)

Example (Generate Differential Invariants)
2., 2 _ _ R SV R 110 S S _
Xty =1lhe=x=x =~y y =ee =—y[(x +y 1/\‘6()X,)
®3) 4
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Ex: Deconstructed Aircraft (V)

Example (Generate Differential Invariants)

2 2 _ _ N I _ 2 2 _ =
Xty =lhe=x=x =~y y =ee=—y[(x+y 1/\‘6()X,)
(3) =

Example (Inverse Characteristic PDE)
_of e of of
Yox T8y " Yoe

i 4
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Ex: Deconstructed Aircraft (1V)

Example (Generate Differential Invariants)

2 2 _ _ N I 2 2 _ =
Xty =1lhe=x=x =~y y =ee =—y[(x +y 1/\‘6()X,)
(3) =

Example (Inverse Characteristic PDE)
OF L oF o
Yox "oy ~Yoe
_ 1 2 2
~ f(x,y,e)-g(x—e, 2(X —2ex—y)>
(1) )

i 4
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Ex: Deconstructed Aircraft (1V)

Example (Generate Differential Invariants)

2 2 _ F o o — (2 12 _
Xty =lhe=x=x =~y y =ee=—y[(x+y =1lAe=X)

(3) (4)
(1) —e+x

(2) —y?—2ex + x?

Example (Inverse Characteristic PDE)
OF L oF o
Yox "oy ~Yoe
_ 1 > 2
~ f(x,y,e)-g(x—e, 2(X _2ex_y)>
(1) )

>
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Ex: Deconstructed Aircraft (1V)

Example (Generate Differential Invariants)

2 2 _ _ N I 2 2 _ =
Xty =1lhe=x=x =~y y =ee =—y[(x +y 1/\‘6()X,)
(3) =

1) —e+x 20

)

(4)
@ —y?—2extx® ¥

dex+2x2 -1 Y 22102 1- —1

Example (Inverse Characteristic PDE)
L OF L OF oF
Yox "oy ~Yoe
_ 1 2 2
~ f(x,y,e)-g(x—e, 2(X —2ex—y)>
(1) )

4

André Platzer (CMU) ITP'12 37 /42


http://symbolaris.com/

Ex: Deconstructed Aircraft (1V)

Example (Generate Differential Invariants)
X2ty =1ne=x=x=—y,y =6 =—y](x*+y’=1Ae=x)

3 (4)
@ (3)

1) —e+x 50
(2) —y?—2ex + x? («3/?—2ex+2x2—1 3—262+2e2—1=—1
~> Differential invariants: —e+x =0, —y? —2ex +x% = —1

Example (Inverse Characteristic PDE)
3 g—i— of  of
Yox T8y " Yoe
-~ _ D B S
f(x,y,e) g(x e, 2(x 2ex —y ))
(1) (2)

4
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Example (Generate Differential Invariants)
FAw#0—=[x = di,xb = do,d] = —wd>, djy = wdi]F
FEd12+d22:w2p2 ANdi = —wxo A dr = wxy
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Example (Generate Differential Invariants)
FAw# 0—)[X{ = dl,Xé = db, d{ = —wdy, dé = wd]_]F
FEd12+d22:w2p2 ANdi = —wxo A dr = wxy

Example (Inverse Characteristic PDE)

of orf of or
~ d18_1+d282 wdzad +wd18d2 0

André Platzer (CMU) ITP'12 38/ 42


http://symbolaris.com/

Example (Generate Differential Invariants)
FAw#0—=[x = di,xb = do,d] = —wd>, djy = wdi]F
F:d1+d22:wp ANdi = —wxo A dr = wxy

Example (Inverse Characteristic PDE)

of of of of
~> d18—1+d282—wd28d +wd18d2 0

di +wx 1
~r f(X17X2ad17d2):g(d2_WX1a —_—, §(d12+2WdiX1—w2X12))

(1) “’_2 (3)
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Example (Generate Differential Invariants)
FAw#0—=[x = di,xb = do,d] = —wd>, djy = wdi]F
FEd12+d22:w2p2 ANdi = —wxo A dr = wxy
dr — wxy
d1 + wxp

d? 4 2wxydy — W3

Example (Inverse Characteristic PDE)

of of of of
~> d18—1+d282—wd28d +wd18d2 0
d1 -|‘UJX2

1
~  f(x1,x0,d1,db) = g(dz — wxi, ; E(dlz + 2wd3,X1 = w2X12))

(1) “’_2 (3)
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Example (Generate Differential Invariants)

FAw# 0—>[X{ = d1,X£ = dz,d{ = —wdz,dé = wd|F
F = d12 + d22 = w2p2 (4) ANdi = —wxo (5) A dr = wxy (6)

Yo

Qo

R+ 2wxidy— i Q2o - Qa2ioz—2 8 2p2

dr — wxq

di + wxp

Example (Inverse Characteristic PDE)

of of of of
~> dla—l-l-dzaz—wdzad +wd18d2 0
di + wxo

1
~  f(x1,x0,d1,db) = g(dz — wxi, ; E(dlz + 2WdiX1 - w2X12))

(1) “’_2 (3)
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Example (Generate Differential Invariants)

FAw# 0—>[X{ = d1,X£ = dz,d{ = —wdz,dé = wd|F
F = d12 + d22 = w2p2 (4) ANdi = —wxo (5) A dr = wxy (6)

Lo

Qo

d]? + 2wxidy — wzxf /(\6/2 d% —|—2d22 _wzxf ,(\5,2 d]? +2d2 d2 (4) 2p2

d2 — WX1

di + wxo

Example (Inverse Characteristic PDE)

of of of of
~> dla—l-l-dzaz—wdzad +wd18d2 0
di + wxo

1
~  f(x1,x0,d1,db) = g(dz — wxi, ; E(dlz + 2WdiX1 - w2X12))

(1) z (3)
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@ Survey
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Solvers

KeYmaera Prover =
. (o)
Proof [ ] QEPCAD

Rule Engine
—

Strategy )

far S”‘F neg  SB cor MA
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Outline

© Summary
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Differential Dynamic Logic and Differential Invariants

differential dynamic logic ~
oo Gy ¢

o dC = DL + HP “L

g T
G
KeYmaera

Logic for hybrid systems++ ane e —

Sound & complete / ODE m PR

s Invariant Initially Valid
§ 9:Closed goal
© @8 Use Case
@ 16:Eliminate Universal Quantifiers
© @ Body Preserves Invariant
B ®Casel
& 40:Eliminate Universal Quantifiers
5 ®Case2
 54Eliminate Universal Quantifiers

Differential invariants

Differential auxiliaries

Algebra / differential ideal ”*f“’
Inverse characteristic PDE

André Platzer (CMU) ITP'12
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@ No differential cut elimination
°
°
°

41 / 42


http://symbolaris.com/
http://symbolaris.com/info/KeYmaera.html

Logical
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