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Verifying Parametric Hybrid Systems

Parametric Hybrid Systems
continuous evolution along differential equations + discrete change

@ Fix parameter SB = 10000 and hope?
@ Handle SB as free symbolic parameter?
@ Which constraints for SB?

VMA 3SB all(train-runs)safe
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Verifying Parametric Hybrid Systems

Parametric Hybrid Systems
continuous evolution along differential equations + discrete change

differential dynamic logic

dC = DL 4+ HP
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dL Motives:

differential dynamic logic

dc = DL + HP — =

far ST neg SB cor MA
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dC Motives: Regions in First-order Logic

differential dynamic logic /E

dC = FOLR e N
Ifar ST neg SB  cor MAI

v2 < 2b(MA — 2)

v MA — z
MA
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dC Motives: Regions in First-order Logic

differential dynamic logic /E

dC = FOLR e N
Ifar ST neg SB  cor MAI

v2 < 2b(MA — 2)

v MA — z
MA

V't after(train-runs(t))(v> < 2b(MA — z))
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dC Motives: State Transitions in Dynamic Logic

differential dynamic logic /B\
dC — FOLg + DL e it

far ST neg SB cor MA

v2 < 2b(MA — 2)

v MA — z
MA

V't after(train-runs(t))(v> < 2b(MA — z))
[train-runs]v? < 2b(MA — 2)
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dC Motives: Hybrid Programs as Uniform Model

differential dynamic logic /E \\
dC = FOLg +DL + HP

far ST neg SB cor MA

[train-runs]v? < 2b(MA — 2)
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dC Motives: Hybrid Programs as Uniform Model

differential dynamic logic /E \\
dC = FOLg +DL + HP L N

far ST neg SB cor MA

[==]v? < 2b(MA — z)
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dC Motives: Hybrid Programs as Uniform Model

differential dynamic logic /B \\
dC = FOLg +DL + HP

far ST neg SB cor MA

e
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dC Motives: Hybrid Programs as Uniform Model

differential dynamic logic /B \\
dC = FOLg +DL + HP

far ST neg SB cor MA

J j [/r;;):c compositional }
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Differential Logic d£: Syntax

Definition (Hybrid program «)

x' = f(x) (continuous evolution )
x:=0 (discrete jump)

[5% (conditional execution)

a; B8 (seq. composition)

aup (nondet. choice)

a* (nondet. repetition)
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Differential Logic d£: Syntax

Definition (Hybrid program «)

x' = f(x) (continuous evolution )
x:=0 (discrete jump)

5% (conditional execution)

;3 (seq. composition)

aUg (nondet. choice)

a* (nondet. repetition)

ETCS = (cor; drive)*

cor=(?MA—z < SB;a:=—b) -
U(?MA — z > SB;a:=0) E N
drive=1:=0;7Z" = a e =

T
far ST neg SB cor MA

&v>0AT<¢
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Differential Logic d£: Syntax

Definition (Hybrid program «)

x' = f(x) (continuous evolution )
x:=0 (discrete jump)

5% (conditional execution)

;3 (seq. composition)

aUg (nondet. choice)

a* (nondet. repetition)

ETCS = (cor; drive)*

cor=(?MA—z < SB;a:=—b) -
U(PMA —z > SB; a < amax) @ \\ \
drive=71:=0:7" = a e =

T
far ST neg SB cor MA

&v>0AnT<¢
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Differential Logic d£: Syntax

Definition (Hybrid program «)

x' = f(x) (continuous evolution )
x:=0 (discrete jump)

5% (conditional execution)

;3 (seq. composition)

aUg (nondet. choice)

a* (nondet. repetition)

ETCS = (cor; drive)*

cor=(?MA—z < SB;a:=—b) 8s
U(PMA —z > SB;a < amax) E ) \
drive=1:=0:2 =v,vV =a,7 =1 = : = .

far ST neg SB cor MA

&v>0AT<¢
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Differential Logic d£: Syntax

Definition (Hybrid program «)

x'=f(x)&x (continuous evolution within invariant region)
x:=0 (discrete jump)

5% (conditional execution)

;3 (seq. composition)

aUg (nondet. choice)

a* (nondet. repetition)

ETCS = (cor; drive)*

cor=(?MA—z < SB;a:=—b) 8s
U(PMA —z > SB;a < amax) E ) \
drive=1:=0:2 =v,vV =a,7 =1 = : = .

far ST neg SB cor MA

&v>0AT<¢
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Differential Logic d£: Syntax

Definition (Formulas ¢)

- AV, —, Vx,3x, =<, 4+,- (R-first-order part)

[aé, (o) (dynamic part)
Y — |[(cor; drive)*] z < MA 5
B o | *«
,‘ | N
All trains respect MA far ST neg SB cor MA

= system safe
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Differential Logic dC: Transition Semantics

Definition (Hybrid programs «: transition semantics)

X =

x =val(v,0)
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Differential Logic dC: Transition Semantics

Definition (Hybrid programs «: transition semantics)

if viEX
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Differential Logic dC: Transition Semantics

Definition (Formulas ¢)
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Differential Logic dC: Transition Semantics

Definition (Formulas ¢)

compositional semantics!
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© Verification Calculus for dC
@ Sequent Calculus
@ Modular Combination by Side Deduction
@ Verifying Speed Supervision in Train Control
@ Soundness
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Verification Calculus for dC
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Verification Calculus for dC

x x: =0

[x:=0]¢

x' = f(x)
>0 (x 1= y, (1)) M

X' =f(x))¢ ¢
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Verification Calculus for dC

x x: =0

[x:=0]¢

x' = f(x)
>0 (x 1= y, (1)) M

= Fx)) e
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Verification Calculus for dC

Differential Analyser for Solving Differential Equations
invented 1876
built 1927
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Verification Calculus for dC

# i P

x' = f(X)
Ft>0 (x 1= y, (1)) M

o =109 o
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Verification Calculus for dC

gbig ¢2 x:=0 o
(x:=0)p
X/ = f(X)

Ft>0 (x 1= y, (1)) M

x" = f(x o

< (x)e x = yx(t) ’

x/ = f(X)&X

>0 (Y A (x == yx(t))9) @ X @¢

X =)&) D

¥ = V0<s<t (x :=yx(s))x
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Verification Calculus for dC

compositional semantics = other rules as usual!
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Verification Calculus for dC

[a]o A 316 s
o B
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Verification Calculus for dC

« B

[a]o A [B]e o
o B
L
a; 3

[o][B] y /s\ »
[ov; B¢ a 8
[o][B]¢ (Bl
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Verification Calculus for dC

<

[a]o A [B]e aU B
[ U B¢
L
o
[o][B]¢ y /s\ »
[a;ﬁ]qﬁ U Jé;
[o][B]¢ (Bl
Fp F(p—lalp) p i a p
ol g p— lalp 9
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Modular Combination by Side Deduction

—
T T
far ST neg  SB cor MA

Fv>0Az<MA— (Z=v,v =-b)z> MA
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Modular Combination by Side Deduction

RBC

i : .
far ST neg SB cor MA

v>0,z<MAF 3t>0(z:=—2t2+ vt +z)z > MA
v>0,z< MAF (Z =v,vV =—b)z> MA
Fv>0Az<MA— (Z=v,v =-b) z> MA
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Modular Combination by Side Deduction

RBC
1
AR
A
= . e
far ST ez SB cor MA

[QE not applicable!]

v>0,z<MAF 3t>0(z:=—2t2+ vt +z)z > MA
v>0,z< MAF (Z =v,vV =—b)z> MA
Fv>0Az<MA— (Z=v,v =-b) z> MA
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Modular Combination by Side Deduction

RBC

i ‘ .
far ST neg SB cor MA

v>0,z<MAFt>0A(z:=-22+vt+2)z> MA

Start
side

v>0,z<MAF 3t>0(z:=—2t2+ vt +z)z > MA
v>0,z< MAF (Z =v,vV =—b)z> MA
Fv>0Az<MA— (Z=v,v =-b) z> MA
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Modular Combination by Side Deduction

: ‘
far ST neg SB cor MA

v>0,z<MAF 22+ vt+2z>MA
v>0,z<MAF t>0 v>0,z<MAF (z:=-202+vt+z)z> |
v>0,z<MAFt>0A(z:=-202+vt+2z)z> MA

Start
side

v>0,z<MAF 3t>0(z:=—2t2+ vt +z)z > MA
v>0,z< MAF (Z =v,vV =—b)z> MA
Fv>0Az<MA— (Z=v,v =-b) z> MA
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Modular Combination by Side Deduction

RBC

oN
M

[

. =

: ‘
far ST neg SB cor MA

v>0,z<MAF 22+ vt+2z>MA
v>0,z<MAF t>0 v>0,z<MAF (z:=-202+vt+z)z> |
v>0,z<MAFt>0A(z:=-202+vt+2z)z> MA

Start
v>0,z< MAF v2 > 2b(MA — 2) side
v>0,z<MAF 3t>0(z:=—2t2+ vt +z)z > MA

v>0,z< MAF (Z =v,vV =—b)z> MA
Fv>0Az<MA— (Z=v,v =-b) z> MA
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Modular Combination by Side Deduction

RBC

oN
M

[

. =

: ‘
far ST neg SB cor MA

v>0,z<MAF 22+ vt+2z>MA
v>0,z<MAF t>0 v>0,z<MAF (z:=-202+vt+z)z> |
v>0,z<MAFt>0A(z:=-202+vt+2z)z> MA

start
v>0,z< MAF v? > 2b(MA — 2) side
v>0,z<MAF 3t>0(z:=—2t2+ vt +z)z > MA

v>0,z< MAF (Z =v,vV =—b)z> MA
Fv>0Az<MA— (Z=v,v =-b) z> MA
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Verification Calculus for dC

Dynamic Rules

11 dynamic rules

o) r e LSEEE g ZEERECES
I
(o11) P i[[f;**]]fﬁ[a]p)
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Verification Calculus for dC

Propositional /Quantifier Rules

9 propositional rules + 4 quantifier rules

N ﬂ'f_ﬁ ﬁ (P4 f/,\wwl_l— G :bv Y f :
P2 - GO W (P5) :(;b,vww
(P3) % (P6) M D

(F1) QE(EIFXI—/\Ai(,rEIixl_(pAi)) (F3) QE(val—/\Ai(’l;fX;Ai))
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Verify Safety in Train Control

¥ — [(cor; drive)*] z < MA

RBC
cor=(?MA — z < 5B;a:= —b) S
U(PMA—-2z>SB;a:=0) | )
drive=71:=0;2 =v,v =a,7 =1 @. - ﬁm
&v >0NAT<¢ far ST neg SB cor MA

André Platzer (University of Oldenburg) Differential Dynamic Logic for Parametric Hybrid Systems  Tableaux'07



Verify Safety in Train Control

¥ — [(cor; drive)*] z < MA
cor=(?MA — z < 5B;a:= —b)
U(PMA—-2z>SB;a:=0)

drive=7:=0;2' = v,v' = a,7' =1 r— = S
&v>0AT<e far ST neg  SB cor MA

RBC

p, MA— z>SBF vZ < 2b(MA — ev — 2)
p, MA—z>SBF Vi>0((t :=t)7 < &€ — (z:= vt
p, MA—z>SBF (1 :=0)Vi>0((T:=t+ 7)7 < €

* p, MA—z>SBF (1 :=0)[z2 = v,v =0,7 = 1&
pt Vt>0((v:= —bt + v>v20~>(z::fgtz+vt+z;v::7bt+ v)p)p, MA—z>SBF (a:=0)(7:=0)[z =v,v =a,r
pH [z =v,v/ = —b&v > 0]p p, MA—2z>5BF (a:= 0)[drive]p
pF {a:= —b)[drive]p pF [?MA—z>S5B; a := 0][drive]p

pF [cor][drive]p
pF [cor; drivelp
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Verify Safety in Train Control

*

p, MA—z>SBH < 2b(MA — ev — z)
P, MA—2z>SBF VIOl il L

p, MA—z>SBF (1 :=0)Vt>0((T =t + 7)7 < €
p, MA—z>SBF (1 :=0)[z2 = v,v =0,7 = 1&

pE Vt>0({v:=—bt+v)v >0 — (z:

—_ _ b

itz +vt+zivi=—bt+ v)p)p, MA—z>SBF (a:=0)(1:=0)[z = v,V =a,r

pH [z =v,v/ = —b&v > 0]p

p, MA—z>5BF (a:=0)[drive]p

pF (a:= —b)[drive]p

pF [?MA—2z>5B; a:= 0][drive]p

pF [cor][drive]p

pF [cor; drivelp
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Verify Safety in Train Control

SB > 5v+£

I~

QE
v < 2b(MA —ev — z)

p, MA—z>SBH < 2b(MA — ev — z)
P, MA—2z>SBF VIOl il L
p, MA—z>SBF (1 :=0)Vt>0((T =t + 7)7 < €

* p, MA—z>SBF (1 :=0)[z2 = v,v =0,7 = 1&
pE Vt>0((v:=—bt+ v)v >0 — (z:= 717271.‘Z + vt + z;v:i= —bt 4 v)p)p, MA—z>SBF (a:=0)(7:=0)[z =v,v =a,r
pH [z =v,v/ = —b&v > 0]p p, MA—2z>35BF (a:= 0)[drive]p
pF (a:= —b)[drive]p pF [?MA—z>S5B; a := 0][drive]p

pF [cor][drive]p
pF [cor; drivelp
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Verify Safety in Train Control

AN

QE

v < 2b(MA —ev — z)
cor

p, MA—z>SBH < 2b(MA — ev — z)

P, MA—2z>SBF VIOl il L

p, MA—z>SBF (1 :=0)Vt>0((T =t + 7)7 < €

* p, MA—z>SBF (1 :=0)[z2 = v,v =0,7 = 1&

pE Vt>0((v:=—bt+ v)v >0 — (z:= 7’—2’1:Z +vt+zivi=—bt+ v)p)p, MA—z>SBF (a:=0)(1:=0)[z = v,V =a,r
pH [z =v,v/ = —b&v > 0]p p, MA—2z>35BF (a:= 0)[drive]p

pF (a:= —b)[drive]p

pF [?MA—2z>5B; a:= 0][drive]p

pF [cor][drive]p

pF [cor; drivelp
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Verify Safety in Train Control

inv = v2 < 2b(MA — z)

*

p, MA— z>SBF vZ < 2b(MA — ev — 2)

p, MA—z>SBF Vi>0((t :=t)7 < &€ — (z:= vt
p, MA—z>SBF (1 :=0)Vt>0((T =t + 7)7 < €
p, MA—z>SBF (1 :=0)[z2 = v,v =0,7 = 1&

pE Vt>0({v:=—bt+v)v > 0 — (z:=

— 27+ vt+zjvi=—bt+v)p)p, MA—z>SBF (a:=0)(r =0)[Z = v,V =a,7

pH [z =v,v/ = —b&v > 0]p

p, MA—z>S5BF (a:=0)[drive]p

pF (a:= —b)[drive]p

pF [?MA—2z>5B; a := 0][drive]p

pF [cor][drive]p

pF cor; drivelp
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Verify Safety in Train Control

MA > ;;/:/:’:::; N

inv = v2 < 2b(MA — z)

*

p, MA— z>SBF vZ < 2b(MA — ev — 2)

p, MA—z>SBF Vi>0((t :=t)7 < &€ — (z:= vt
p, MA—z>SBF (1 :=0)Vt>0((T =t + 7)7 < €
p, MA—z>SBF (1 :=0)[z2 = v,v =0,7 = 1&

pE Vt>0({v:=—bt+v)v > 0 — (z:=

— 27+ vt+zjvi=—bt+v)p)p, MA—z>SBF (a:=0)(r =0)[Z = v,V =a,7

pH [z =v,v/ = —b&v > 0]p

p, MA—z>S5BF (a:=0)[drive]p

pF (a:= —b)[drive]p

pF [?MA—2z>5B; a := 0][drive]p

pF [cor][drive]p

pF cor; drivelp
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Soundness

Theorem (Soundness)

dL calculus is sound.

o x' = f(x)

@ Side deductions

Proposition (Incompleteness)

The discrete or continuous fragments of dL are inherently incomplete.
(Yet, reachability in hybrid systems is undecidable)
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Soundness

(x:=x+1)")x=n

+1 +1 +1 +1 +1
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Soundness

(x:=x+1)")x=n

+1 +1 +1 +1 +1

(s"=—s5,7"=1)(s=0AT=n) ~» § = sin
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Verified ETCS Model

system
init
poll
negot
rbc

speedCtrl

atp
move

(poll; (negot U (speedControl; atp; move)))”
drive :== 0; brake :=1
SB = "22_bd2 + (2mex 4 1) (2me? +ev); ST =%
(*m—2z>ST)U(?m—2z < ST, rbc)
(vdes := x; ?vdes > 0) U (state := brake)
U (dold =d; Mgy :=m; m:=x; d:=x;

?d Z 0A dgld — d2 S 2b(m — mo,d))
(?state = brake; a = —b)
U( ?state = drive;

(v < Vges; a:=%; ?—b < a< amax)

U(PV > Vges; a:=%; 70>a> — b)))
(*m—-—z<SB; a:=—-b)U(?m—2z> SB)
t:=0;,{z=v,v=a,t=1,(v>0At<e)}
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Outline

@ Conclusions & Future Work
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Future Work

@ Prove relative completeness of dC/ODE

@ Dynamic reconfiguration of system structures
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Conclusions

differential dynamic logic

df = DL 4+ HP

. . . 8006 % KeY - Prover [=)
@ Deductively verify hybrid systems s s a
@ Train control (ETCS) verification e -
“Proof Search Strategy | Rules | ?v <= vdes_0 ; El
. . . Proof | Goals User Constraint Al s=
@ Constructive deduction modulo by side |~ . . #-oescam
deduction el ﬂ = g 5
P L) |- £ G0n 2]
) Veriﬁcation tool HyKeY KDY Suateay: Appiied 405 raes G009 5¢0, osed 5 goal, 0 remaiming
@ Parameter discovery Kﬁy
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