Uniform Substitution At One Fell Swoop

André Platzer

Carnegie Mellon University

In Shakespeare’'s 1611 play, “at one fell swoop” was likened to the
suddenness with which a bird of prey fiercely attacks a whole nest at once.
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CPS Analysis: Robot Control

Challenge (Hybrid Systems)

Fixed rule describing state
evolution with both

@ Discrete dynamics
(control decisions)

@ Continuous dynamics ~ EPTTTTTN ) e
(differential equations)
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CPS Analysis: Robot Control

Challenge (Hybrid Games)

Game rules describing play
evolution with

@ Discrete dynamics
(control decisions)

@ Continuous dynamics
(differential equations)

@ Adversarial dynamics
, (Angelovs.Demons)
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CPS Analysis: RoboCup Soccer

Challenge (Hybrid Games)

Game rules describing play
evolution with

@ Discrete dynamics
(control decisions)

@ Continuous dynamics
(differential equations)

@ Adversarial dynamics

, (Angelovs.Demon®©)
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Foundation for Verification

ST | FOL Functional Language Imperative Language

5 Formula Functional program Imperative program/game
© . ;

e Predicate calculus  Function calculus Program calculus

=}

L Subst + rename o, B,n-conversion USubst + rename

Imperative
a-conversion | for bound variables Uniform substitution replaces
B-reduction capture-avoiding subst. predicate/function/program sym.
n-conversion | versus free variables mindful of free/bound variables

Substitution is fundamental but subtle. Henkin wants it banished! |

Now: Make USubst even more subtle, but faster, and still sound.

Beware: Imperative free and bound variables may overlap!
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KeYmaera X Microkernel for Soundness 1700 LOC

100,000

75,000

50,000 Games:

months

N

minutes

25,000

Disclaimer: Self-reported estimates of the soundness-critical lines of code + rules
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Church checks exponentially (sometimes & in unoptimized implementations)
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Church checks quadratically (invasive space-time tradeoff optimizations)
900

y = 0.0002x2 - 0.0409x + 10.772
O Church-opt O One-pass
y = 3.596E-5x2 - 0.0107x + 2.4344
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e Differential Game Logic
@ Syntax
@ Example: Push-around Cart
@ Denotational Semantics
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Differential Game Logic: Syntax

Definition (Hybrid game «)

alx=0|79|xX=6|aUB|a;B|a*|a’

Definition (dGL Formula ¢)

p(B1,....,60) | 621 [ = [9AY[ VX9 |Ix9 | ()9 | [a]d

TOCL15
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Differential Game Logic: Syntax

Discrete]| Test Differential
Game} | Equation

Game J| Game}| Game

Definition (Hybrid game «)

alx=0|79|xX=6|aUB|a;B|a"|a’

Definition (dGL Formula ¢)

p(B1,....,60) | 621 [ = [9AY[ VX9 |Ix9 | ()9 | [a]d

[

All Some
Reals Reals
TOCL15
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Differential Game Logic: Syntax

Game || Discrete]] Test Differential
Symb. || Assign || Game] | Equation

Definition {Hybrid game «)

alx=0|?72q|xX=6|auB|a;p|a|a

Definition (dGL Formula ¢)

p(B1,....,60) | 621 [ = [9AY[ VX9 |Ix9 | ()9 | [a]d

[

All Some
Reals Reals
TOCL15
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Differential Game Logic: Syntax

Game || Discrete]] Test Differential
Symb. || Assign || Game] | Equation

Definition {Hybrid game «)

alx=0|?72q|xX=6|auB|a;p|a|a

Definition (dGL Formula ¢)

p(B1,....,60) | 621 [ = [9AY[ VX9 |Ix9 | ()9 | [a]d

A I
All Some| | Angel] |Demon
Reals I Realsl Wins Wins

TOCL15
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Example: Push-around Cart
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Example: Push-around Cart

Fv>1— d before a can compensate
(d:=1nd:=—1);(a:=1Ua:=—1);{x' = v,V =a+d})]v>0

—
—
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Example: Push-around Cart

Fv>1— d before a can compensate
[((d:=1nd:=—1);(a:=1Ua:=—1);{X' = v,V =a+d})[v>0

<((d:=1 Nd:=-1); (a:=1Ua:=-1);
t:=0;{xX =v,V =a+d,{ =1&t<1})")x* > 100
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Example: Push-around Cart

Fv>1— d before a can compensate
[((d:=1nd:=—1);(a:=1Ua:=—1);{X' = v,V =a+d})[v>0

E(((d:=1nd:==1); (a:=1Ua:=—1); a:=dthen a:=signv
t:=0;{xX =v,V =a+d,{ =1&t<1})")x* > 100
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Differential Game Logic: Denotational Semantics
Definition (Hybrid game «) [[]: HG — (p() — #(2))

x:=6](X) = {we.7: ol c x}
[¥ = 6](X) = {9(0) €.7: ¢(r) € X, 229 () = (¢ )[6] for all £}
[7q1(X) = [qlnX
[euBl(X) = [el(X)UIBI(X)
[e: BI(X) = [ed(IB1(X))
[ ](X) = N{Z <. xu[e](2) € Z}
[e](X) = ([a](x%))®
Definition (dGL Formula ¢) [-]: Fml — o(%)
[6>1] = {we7: 0]6] > o[n]}
[ = ([¢])°
[oAvw] = [¢]N[v]
[(e)ol = [ed([e]) .
lledol = [ed(I91°)
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Differential Game Logic: Denotational Semantics
[x =6](x) [2a1(x) I¥ = 61(X)

[al
bo |

[ 1(X)

fo]™(X) - ala(X)
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© Uniform Substitution
@ Application
@ Uniform Substitution Lemma
@ Uniform Substitution of Rules
@ Static Semantics
@ Axioms
@ Differential Hybrid Games
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Uniform Substitution

Theorem (Soundness) replace all occurrences of p(-)

USi

co
provided FV(c 5 (9)) N BU(®(-)) = @ for each operation 2(0) in ¢

i.e. bound variables U = BV(®(-)) of no operator ®
are free in the substitution on its argument 6 (U-admissible)

(aub)p(X) > (a)p(X) v (b)p(X)
(vi=v+1UX =v)x >0 (v:i=v+1)x >0V (X' =v)x >0

us
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Uniform Substitution

Theorem (Soundness) replace all occurrences of p(-)

USi

co
provided FV(c 5 (9)) N BU(®(-)) = @ for each operation 2(0) in ¢

i.e. bound variables U = BV(®(-)) of no operator ®
are free in the substitution on its argument 6 (U-admissible)

(v:i=f)p(v) < p(f)
(vi=—x)(xX'=v)x >0 (X' =—x)x >0
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Uniform Substitution

Theorem (Soundness) replace all occurrences of p(-)

USi

co
(-))= 0 for each operation ®(0) in ¢

provided(FV(c'5(3)) N

N— N—
i.e. bound variables U = BV(®(-)) of no operator ®
are free in the substitution on its argument 0 (U-admissible)

If you bind a free variable, you go to logic jail!

(vi=f)p(v) < p(f)
(vi=—x){(X'=v)x >0 (X' = —x)x > 0,
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Uniform Substitution

Theorem (Soundness) replace all occurrences of p(-)

US—

provided V( )N (-))= 0 for each operation ®(0) in ¢

i.e. bound varlables U= BV(®( )) of no operator ®
are free in the substitution on its argument 6 (U-admissible)
If you bind a free variable, you go to logic jail!

(X'=1f(x),y =ax)yyx >1+ (X' =1f(x))x >1
(X' =x2y=zyy)x > 1+ (X' =x2)x > 1
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Uniform Substitution

Theorem (Soundness) replace all occurrences of p(-)

USi

co
(-))= 0 for each operation ®(0) in ¢

provided(FV(c'5(3)) N

S N— S N—
i.e. bound variables U = BV(®(-)) of no operator ®
are free in the substitution on its argument 6 (U-admissible)

If you bind a free variable, you go to logic jail!

(X' =f(x),y =ax)y)x >1+ (X =f(x))x >1
(X' =x2y=zyy)x > 1+ (X' =x2)x > 1 ,
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Uniform Substitution Application: Church-style

o(f(6)) = (of)(c6)

= {-—o0}of()
o(6+n)=06+0n
o((8)) = (c8) if ¢ V-admissible for 6
o(p(8)) = (op)(c0)
o(pAy) =0cpNoy
o(Vx¢9) =Vxo¢ if o {x}-admissible for ¢
o((a)9) = (ca)od if o BV(oa)-admissible for ¢
o(a) = oca
o(x:=60) =x:=06
o(x’=0&q) = X' =00&0q if o {x,x'}-admissible for 6,q
oc(aUB) =ocaUcf
o(a;B) =oa; 0P if o BV(oa)-admissible for 8
o(a*) = (ca)" if o BV(oo)-admissible for o
o(ad) = (ca)?

André Platzer (CMU) CADE'19 14/23
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Uniform Substitution Application: Church-style

Check side conditions at each operator
again where soundness demands it.

André Platzer (CMU) CADE'19 14/23
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Uniform Substitution Application: One-pass with Taboo U
o7 (f()) = (Gf)(09)
L o) or() if V(cf(-))NU=0
cY(6+n) =0Y0+0Yn
c!((6)) = (c"6)
c’(p(6)) = (cp)(c"8) it V(op(-))NU=0
cU(9ny) = cYpncly
cY(vx¢9) = ¥xo g
c’({(a)¢) = (oya)c"¢
o-LLJJL,II'::‘\/(O'a)(a) = oa
O (X =0) = x:=c"8
O ey (X =0&Q) = (X' = oUixxtg g gUxxlg)
oyow(aUp) = GvO‘UGWﬁ
O'VL(/(a?ﬁ) = oy ;o
oY(a*) = (o))" where o defined
Gv( a’) = (oja)?

André Platzer (CMU) CADE'19 15/23
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Uniform Substitution Application: One-pass with Taboo U
o (f(6)) = (Gf)(09)
L o) or() if V(cf(-))NU=0
cY(6+n) =0Y0+0Yn
c!((6)) = (c"6)
c”(p(6)) = (c”p)(c"6) it V(op(-))NU=0
cU(pny) = oV noy
cY(vx¢9) = ¥xo g
c’({(a)¢) = (oya)c"¢

ol

UUB\/(O'a)(a) = oa
O'L‘ju{x}(x:: 8) = x:=0Y0

O (X = 0&q) = (X = GUU{X x}9 & U} q)
a;ﬁ) = O'Va o'Wﬁ
oy(a’) = (oya) where oY o defined
GV( d) - (GUa)d
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Uniform Substitution Application: One-pass with Taboo U

Linear homomorphic pass postponing admissibility.
Recover with taboos at replacements.

André Platzer (CMU) CADE'19 15/23
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Uniform Substitution

Theorem (Soundness) replace all occurrences of p(-)

provided o ¢ is defined

If you bind a free variable, you go to logic jail!

Such a clash can only happen with taboos U arising while forming 6%¢

André Platzer (CMU) CADE'19 16/23
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Soundness of Uniform Substitutions

“Syntactic uniform substitution = semantic replacement”

Lemma (Uniform substitution lemma)
Uniform substitution o and adjoint o,,1 to ¢ for |, ® have the same semantics
for all v such that v = w except on U:
v[cle] = o} Iv[6]
vellaVe] iffv e o l[0]
v e l[oya](X) iffv € o l[a] (X)

Induction lexicographically on o and ¢ + o simultaneously,
with nested induction over closure ordinal, simultaneously for all v, 0, U, X

01 0 | Iv[o6]

G\ *I/\/

o, Iv[o]

André Platzer (CMU) CADE'19 17/23


http://www.cs.cmu.edu/~aplatzer/andre.html
http://lfcps.org/

Uniform Substitution of Rules

Theorem (Soundness)

1 ¢ c’

T(P" locally sound implies

Locally sound

The conclusion is valid in any interpretation in which the premises are.

on locally sound

André Platzer (CMU) CADE'19 18/23
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Static Semantics

Lemma (Coincidence for formulas) (Only FV(¢) determine truth)

If 0=® on FV(¢) then: o € [¢] iff ® € [¢]

C d O O[S, C 10I' Jd C O O O[S C O
If o=@ on VO V() then: o---2 18
o € [a](X1V) iff® € [a] (XTV) on V 3 FV(e) XtV
()

Lemma (Bound effect)
o € [a] (X) iff o € [a] (Xlo@Ev()?))

André Platzer (CMU) CADE'19 20/23


http://www.cs.cmu.edu/~aplatzer/andre.html
http://lfcps.org/

Differential Game Logic: Axiomatization

Axiom = one formula Infinite axiom schema
[2]p(X) <> ~(a)=p(X) L] [e]¢ < —~{a)—¢

(x:=1)p(x) < p(f) (=) (x:=0)¢ ¢

(x'=f)p(x) «» I=0(x:=x+Mt)p(x) () (x'=6)¢ <> 3=0(x:=y(1))¢
(Pq)p < (aAp) () (v < (vA9)

(aub)p(x) < (a)p(X) v (b)p(X) (W) {(aUB)o < (a)o V(B)o
(a;b)p(X) « (a)(b)p(X) () (a;B)¢ < (@) (B)¢

(a)p(x) < p(x) Vv (a)(a")p(X) () {a")¢ < oV (a)(a")e

(a®)p(X) <> =(a)=p(X) () (a%)¢ & ~(a)-9

IJCAR'18 TOCL15

André Platzer (CMU) CADE'19 21/23
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Differential Game Logic: Axiomatization

Axiom = one formula Infinite axiom schema

[a]{c) T & ~(a)~{c) T 1] [o]9 < ~ ()=
=HOT e Ix(x=fA(e)T) (=) (x:=0)9 < ¢

X' =1fp(x) < 3I>0(x:=x+f)p(x) () (X' =0)p < It>0(x:=y(t))¢

)¢ < (WA9)

aUB)¢ < ()o Vv (B)¢

o B)g < (o) (B)¢

2q)p + (qAp) (?

a;b)(c)T < (a){b)(c) T G

{x:
(
(
(aub){c) T < (a){c) TV (b)(c)T (U
(
(@)(e)T < () TV {a)a)(c)T {*
(

a®)(c) T «» ~(a)=(c) T (7

CADE’19 TOCL15
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Differential Game Logic: Axiomatization

(c) T uniformly substitutes to (?¢) T alias ¢

[a]{c) T < ~(a)~(c) T L] [e]¢ < —~{a)—¢
x=H{e)T o I(x=FfA()T) (=) (x:=0)¢ < ¢{
(x'=f)p(x) <> I=0(x:=x+Mt)p(x) () (x'=6)¢ <> 3=0(x:=y(1))¢
(Pq)p <> (g/Ap) (7) (Pw)9 < (v 9)
(aub)(c)T < (a)(c) TV (b)(c)T (L) (aUB)d < ()¢ V (B)¢
(a:b)(c) T + (a)(b){c) T () (e B)g < (a)(B)¢
(@)(e)T < (c)TVv(a)(a)(c)T () ()9 < ¢ V(o) ()¢

(@) ()T & ~(a)=(c)T () (a%)¢ « —(a)-9

CADE’19 TOCL15
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Uniform Substitution for Differential Hybrid Games

avoid obstacles
changing wind
local turbulence

7
7 X = f(x,y,2)
7
4

TOCL17

André Platzer (CMU) CADE'19 22/23
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Uniform Substitution for Differential Hybrid Games

| avoid obstacles
1 changing wind
f local turbulence

| X' =1f(x,y,2)

T B I L L f -

L L L L L L L
-4 -2 0 2 4 6 8
TOCL17
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© summary

André Platzer (CMU) CADE'19 22/23


http://www.cs.cmu.edu/~aplatzer/andre.html
http://lfcps.org/

Uniform Substitution At One Fell Swoop

differential game logic \>D<3
() <
dGL=GL+HG =dL+¢ e
0=

@ Faster sound uniform substitution

@ Replace all at once, check all at once
@ Modular: Logic || Prover

@ |sabelle/HOL formalization 3,500 lines
@ Sound & rel. complete axiomatization
@ Sound for differential hybrid games

°

Future: Benefit from USubst elsewhere

André Platzer (CMU) CADE'19 23/23
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Foundation for Verification

ST | FOL Functional Language Imperative Language

5 Formula Functional program Imperative program/game
© . ;

e Predicate calculus  Function calculus Program calculus

=}

L Subst + rename o, B,n-conversion USubst + rename

Imperative
a-conversion | for bound variables Uniform substitution replaces
B-reduction capture-avoiding subst. predicate/function/program sym.
n-conversion | versus free variables mindful of free/bound variables

Substitution is fundamental but subtle. Henkin wants it banished! |

Now: Make USubst even more subtle, but faster, and still sound.

Beware: Imperative free and bound variables may overlap!
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° Appendix
@ ODE Schema
@ Static Semantics
@ Operational Semantics
@ Completeness
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Axiom Schemata Need Side Conditions: Solving ODEs

() (X'=6)¢ < 3=0(x:=y(1))¢

Axiom schema with side conditions:
@ Occurs check: t fresh

@ Solution check: y(-) solves the ODE y'(t) = 6
with x(-) plugged in for x in term 6

© Initial value check: y(-) solves the symbolic IVP y(0) = x
@ x(-) covers all solutions parametrically
@ x’ cannot occur free in ¢

Quite nontrivial soundness-critical algorithms . ..
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Static Semantics

FV(8) = {x € V: 3w, such that @ = & on {x}* and 0[6] # &[6]}
FV(9) = {x€V:3w,dsuchthatw = @ on {x}* and ® € [¢] # &}
FV(a) = {x€V:3w,d X with o =& on {x}°, ® € [a] (X1{x}*) # &}
BV(at) = {x € V: 3w, X such that [a] (X) > o & [a] (Xlo(x) }
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Differential Game Logic: Operational Semantics

Definition (Hybrid game o: operational semantics)

W= (7

(0
S
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Differential Game Logic: Operational Semantics
Definition (Hybrid game o: operational semantics)
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Differential Game Logic: Operational Semantics

Definition (Hybrid game o: operational semantics)

’q
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Differential Game Logic: Operational Semantics

Definition (Hybrid game o: operational semantics)
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Differential Game Logic: Operational Semantics
Definition (Hybrid game o: operational semantics)

André Platzer (CMU) CADE'19 28/23


http://www.cs.cmu.edu/~aplatzer/andre.html
http://lfcps.org/

CADE'19 28/23

—
(9]
(&]

=
[
©
E
(0}
(%)
©
=

.9

—
©
—
(0
Q.
o

(9}
0
-—

e

©

=

O
0p)
©

e
9
-—

©

S

(¢}

[oF
O

(@)

(o]
—l

(O}

£

(1Y)
Q)
8
—

C

o

S

(O]
=
()]

André Platzer (CMU)

Definition (Hybrid game o:



http://www.cs.cmu.edu/~aplatzer/andre.html
http://lfcps.org/

Differential Game Logic: Operational Semantics
Definition (Hybrid game o: operational semantics)
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Soundness & Completeness

Theorem (Completeness)

dGL calculus is a sound & complete axiomatization relative to any

(differentially) expressive' logic L.
Fo iff Taut - ¢

WpedGL I’ e L o« ¢
(X' = 0)G « ((xX' = 6)G)’ provable for G€ L TOCL15
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