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Constructive Proofs for Synthesis (CdGL)
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Game Syntax Example: Tailgating
_Time: 1=t<2

Speed -3sas<3 dist Speed d £{-1, 1}

actrl=a:=%; ?(-3<a<3)
detrl = {d:=1Ud := —1}¢
phys = {t :=0;{t' = 1,dist' =d — a&t < 2};?(t > 1)}9

game = {actrl; dctrl; phys}* or {actrl; dctrl; phys}*
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Game Syntax Example: Tailgating
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actrl=a:=x%; ?(-3<a<23)
detrl = {d:=1Ud := —1}¢
phys = {t :=0;{t' = 1,dist' =d — a&t < 2};?(t > 1)}9

game = {actrl; dctrl; phys}* or {actrl; dctrl; phys}*

/10



Game Syntax Example: Tailgating
_Time: 1=t<2

Speed -3sas<3 dist Speed d £{-1, 1}

[Pick speed ) (Within limits J [Demon player ]
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Game Syntax Example: Tailgating

(=) Time: 1<t<2
\y‘-‘? ;’\‘é{} SpEERFces SR Sttt T D

) )
Speed |-3sas3 dist Speed d Ie{-l, 1}
[Pick speed | (Within limits ) (Demon player |

actrl=a:=x%; ?(-3<a<23)
detrl = {d:=1Ud := —1}¢
phys = {t :=0;{t' = 1,dist' =d — a&t < 2};?(t > 1)}9

\
(Time constraint | (Lower bound |

game = {actrl; dctrl; phys}* or {actrl; dctrl; phys}*




Game Syntax Example: Tailgating

(=) Time: 1<t<2
\y‘-‘? ;’\‘é{} SpEERFces SR Sttt T D

) )
Speed |-3sas3 dist Speed d Ie{-l, 1}
[Pick speed | (Within limits ) (Demon player |

actrl=a:=x%; ?(-3<a<23)
detrl = {d:=1Ud := —1}¢
phys = {t :=0;{t' = 1,dist' =d — a&t < 2};?(t > 1)}9

\
(Time constraint | (Lower bound |
game = {actrl; detrl; phys}]k or {actrl; dctrl; phys}*

|Angel or Demon Loop |




“Correct” Tailgating

e Formula P,Q ::=--- | ()P | [a]P

e Angel or Demon achieves P after game «

safety = dist > 0 — (game*) dist¢>—9J Don't exceed goal |
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“Correct” Tailgating

e Formula P,Q ::=--- | ()P | [a]P
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Figure: Animation of Safe Car
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“Correct” Tailgating

e Formula P,Q ::=--- | ()P | [a]P

e Angel or Demon achieves P after game «

safety = dist > 0 — (game*) dist¢>ﬂJ Don't exceed goal |
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“Correct” Tailgating

e Formula P,Q ::=--- | ()P | [a]P

e Angel or Demon achieves P after game «

safety = dist > 0 — (game*) dist¢>ﬂJ Don't exceed goal |

liveness = dist > 0 — (game*) dist < Reach goal

reachAvoid = dist > 0 — ({game; ?dist > 0}")dist < €

Reach safely
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Constructive Foundations: What's New?

e What do constructive modalities («)P and [«]P mean?
e Challenge: Strategies must be constructive ~» Types

e Challenge: Games both stronger and weaker
(quantifier alternation, subnormal)
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Constructive Foundations: What's New?

What do constructive modalities ()P and [o]P mean?
Challenge: Strategies must be constructive ~~ Types
Challenge: Games both stronger and weaker
(quantifier alternation, subnormal)

K [o)(P— Q) — ([¢]P — [a]Q) vs. PrQ

How do other proof rules change? ~~ Most don't!
Real arithmetic ~~ Constructive real arithmetic

Excluded middle ~~ Compare-with-epsilon

cnp e>0—=(fF>gVfi<g+e)

[@]P F [o]@Q
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Angel and Demon are Dual (Examples)

-

P’ : (state = type)

(PQP's ="Qs*P's _ (Brovetest]

[(QIP's = Q@ s=P's
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Angel and Demon are Dual (Examples)

-

P' : (state = type)

-

(x:=#)P s =Xv:R. P (setsxv)

I_[?Q]P—IS :rQ—IS:>|'P7$
[x:=#]P's =IIv:R."P (setsxv)

QP s = Q sx P s

Assume test
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Angel and Demon are Dual (Examples)

-

P' : (state = type)

(TQP s = Q sx P s

(x:*>P s =Xv:R. P (setsxv)
(aUB)P = (P s+ (B)P s —{Choose branch |
QP s = Q's= P's

[x:=+P's =IIv:R."P (setsx v)
leUBP s =[] s*[5]P s



Angel and Demon are Dual (Examples)
P' : (state = type)

QP s =TQ s+ P s
(x:=+)P s =Xv:R. P (setsxv)
<arU @Pj s = ()P s+ (BYP s ——{Choose branch |

(@YP s = [a]P s (Switch ]

[(QIP s = Q s= Ps

[x:=%]P s =TIv:R. P (setsx v)
[aUBIP s = la]P s * [P s

[alP s = ()P s (Switch



Angel and Demon are Dual (Examples)
P' : (state = type)

QPs =Q'se s

(x:=x)P s =Xv:R. P (setsxv)

<0‘rU5>Pj5 = ()P s+ (B)P s —_ (Choose branch )
(@YP s = [a]P s (Switch

CPQP s =Qs=Ps

=P s =Iv:RP (set s xv)

[aUBP s = [o]P sx [B]P s
[@f]P s = (a)P s (Switch )

Lemma (Existential Property)
If (T'+ 3x p(x)) is valid, there exist term f such that (I - p(f)) is valid.
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Natural Deduction Proofs (Selected)

e Want Curry-Howard ~~ Natural Deduction
e Implemented as Scala prototype
ME 8P
M [o; 8P

M+ p(f)
I [x:=f]p(x)
4 r-J Jkla]d JEP

e [o*]P

HL

[-=]I
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Differential Equation Proofs (Selected)

= Vt:Rso Vr:[0,t] q(sol(r)) — p(sol(t)) "‘

ME [X'=f&q(x)]p(x)
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Differential Equation Proofs (Selected)

X

d FF = & a()]p(x)
oI r=P I V¥x(Q— [xX :=f](P))
MF X=f&Q|P
e TFIX=f&QIR T+ [X=f&QARJP

M X=f&Q|P

Theorem (Soundness)
If T = P is provable, then sequent (I' - P) is valid.
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Operational Semantics

e Ultimate Goal: Compile proofs to control + monitor

e First Step: Interpret Angel proof against Demon environment

play,,

play-g
play, .
P|a}’au5
playaUB
playqq

" (a)P s= [0]Q s= St :state. P t*xQ t

(
(
(.
(r-A
A

~
>

~—

A, B)
f,A)

)

(Ap:(R's). C) s=(s,(B,CL))
(Av:R. B) s:(setsxf,(A,BC))
(B, C) s=play, sAB
(B,C) s=playgsAC
B s=play, s BA

Theorem (Consistency)

Formulas (a)P" s and [o]=P s are not both inhabited.

10



Hybrid Systems
Theorem Proving

MN-[alP

CdGL

M-<a)P

Curry-Howard:

Conclusion

Proof = Strategy = Monitor + Control

[a]P

Invariants

N <axP.

Constructive Analysis

Monitor Synthesis

Synthesis

Type Theory

Modeling

Operational Semantics Natural Deduction

Constructive Algebra

Cyber Physical System

10



