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dL Design: The Logic of Hybrid Systems

differential dynamic logic

dL =

FOLR +

DL + HP
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dL Design: Regions in First-Order Logic

differential dynamic logic

dL = FOLR

+ + HP

∀MA∃SB . . .

∀t≥0 . . .

z

v

MA

v2 ≤ 2b(MA− z)

v ≤ 1 ∧ v2 ≤ 2b(MA− z)

v ≤ 1 ∨ v2 ≤ 2b(MA− z)
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differential dynamic logic

dL = FOLR

+ + HP

∀MA∃SB . . .

∀t≥0 . . .

z

v

MA

v ≤ 1
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André Platzer (CMU) LAHS/15: Differential Dynamic Logic Proving 2 / 52

http://symbolaris.com/meta/andre.html
http://symbolaris.com/meta/andre.html
http://symbolaris.com/lahs/


dL Design: Regions in First-Order Logic

differential dynamic logic

dL = FOLR

+ + HP

∀MA∃SB . . .

∀t≥0 . . .

z

v

MA

v ≤ 1 ∧ v2 ≤ 2b(MA− z)

v ≤ 1 ∨ v2 ≤ 2b(MA− z)
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dL Design: State Transitions in Dynamic Logic

differential dynamic logic

dL = FOLR +

+ HP

v2 ≤ 2b
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dL Design: State Transitions in Dynamic Logic

differential dynamic logic

dL = FOLR + ML

+ HP

v2 ≤ 2b

v2 ≤ 2b

v2 ≤ 2b

� v2 ≤ 2b
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dL Design: State Transitions in Dynamic Logic

differential dynamic logic

dL = FOLR + DL

+ HP

v2 ≤ 2b

v2 ≤ 2b

v2 ≤ 2b

[ ] v2 ≤ 2b
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Differential Dynamic Logic dL: Syntax

Definition (dL Signature Σ)

Countable set of predicate or function symbols along with natural numbers
as arities containing 0, 1,+, ·, /,=,≤, >,≥, < for reals
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Differential Dynamic Logic dL: Syntax

Definition (dL Signature Σ)

Countable set of predicate or function symbols along with natural numbers
as arities containing 0, 1,+, ·, /,=,≤, >,≥, < for reals

Definition (dL Term t)

t ::=
x for variable x ∈ V
f (t1, . . . , tn) for function f /n ∈ Σ of arity n ≥ 0
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Differential Dynamic Logic dL: Syntax

Definition (dL Signature Σ)

Countable set of predicate or function symbols along with natural numbers
as arities containing 0, 1,+, ·, /,=,≤, >,≥, < for reals

Definition (dL Formula φ, ψ)

φ ::=
[α]φ “all α reachables”
〈α〉φ “some α reachable”
p(t1, . . . , tn) for predicate p/n ∈ Σ of arity n ≥ 0
¬φ “not”
(φ ∧ ψ) “and”
(φ ∨ ψ) “or”
(φ→ ψ) “implies”
∀x φ “universal quantifier/forall” for x ∈ V
∃x φ “existential quantifier/exists” for x ∈ V
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Differential Dynamic Logic dL: Syntax

Definition (dL Formulas φ)

¬,∧,∨,→, ∀x ,∃x , =,≤, +, · (R-first-order part)
[α]φ, 〈α〉φ (dynamic part)

SB ≥ . . . → [(ctrl ; drive)∗] z ≤ MA

All trains respect MA
RBC partitions MA
⇒ system collision free
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Differential Dynamic Logic dL: Ex. Moving Point

/∗ i n i t i a l s t a t e c h a r a c t e r i z a t i o n ∗/
x ˆ2 < (4∗ c )ˆ2 −>

[ (
i f ( x>0) then

a := −4 /∗ move l e f t ∗/
e l s e

a := 4 /∗ move r i g h t ∗/
f i ;
t := 0 ; /∗ r e s e t c l o c k v a r i a b l e t ∗/
{x ’=a , t ’=1 , t<=c} /∗ c o n t i n u o u s e v o l u t i o n ∗/

)∗ /∗ r e p e a t t h e s e t r a n s i t i o n s ∗/
] ( x ˆ2 <= (4∗ c ) ˆ 2 ) /∗ s a f e t y / p o s t c o n d i t i o n ∗/
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Differential Dynamic Logic dL: Ex. Bouncing Ball

/∗ i n i t i a l s t a t e c h a r a c t e r i z a t i o n ∗/
g>0 & h>=0&t>=0 & vˆ2<=2∗g ∗(H−h ) & H>=0 −>

[ (
{h’=v , v’=−g , t ’=1 , h>=0}; /∗ f a l l i n g / jumping ∗/
i f ( t>0 & h=0) then /∗ i f on ground ∗/

v := −c∗v ; /∗ bounce back ∗/
t := 0

f i
)∗ /∗ r e p e a t t h e s e t r a n s i t i o n s ∗/
] (0<=h & h<=H) /∗ s a f e t y / p o s t c o n d i t i o n ∗/

André Platzer (CMU) LAHS/15: Differential Dynamic Logic Proving 6 / 52

http://symbolaris.com/meta/andre.html
http://symbolaris.com/meta/andre.html
http://symbolaris.com/lahs/


Differential Dynamic Logic dL: Semantics

Definition (Formulas φ)

v

[α]φ

φ

φ

φ

α-span

[α]φ

〈β〉φ

β-span

〈β
〉[α

]-
sp

an

Details

compositional semantics ⇒ compositional proofs!
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Differential Dynamic Logic dL: Formal Semantics

Definition (Formulas φ)

I , η, v |= θ1 ≥ θ2 :⇐⇒ [[θ1]]I ,v ,η ≥ [[θ2]]I ,v ,η
I , η, v |= φ ∧ ψ :⇐⇒ I , η, v |= φ and I , η, v |= ψ
I , η, v |= ¬φ :⇐⇒ I , η, v |= φ does not hold
I , η, v |= ∀x φ :⇐⇒ I , η,w |= φ for all w that agree with v

except for the value of x
I , η, v |= ∃x φ :⇐⇒ I , η,w |= φ for some w that agrees with v

except for the value of x
I , η, v |= [α]φ :⇐⇒ I , η,w |= φ for all w with (v ,w) ∈ ρI (α)
I , η, v |= 〈α〉φ :⇐⇒ I , η,w |= φ for some w with (v ,w) ∈ ρI (α)

André Platzer (CMU) LAHS/15: Differential Dynamic Logic Proving 8 / 52

http://symbolaris.com/meta/andre.html
http://symbolaris.com/meta/andre.html
http://symbolaris.com/lahs/


Differential Dynamic Logic dL: Semantics

Definition (Formulas φ)

v α-span

[α]φ

〈β〉φ

β-span

〈β
〉[α

]-
sp

an

Details

compositional semantics ⇒ compositional proofs!
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Nested Modalities

[RBC]partitioned → ∃SB 〈Train〉[RBC]safe

([Train]safe)↔ v2

2b ≤ m − z . . .

[rbc](M → [spd]〈SB := ∗〉[atp; drive]safe)

[aircraft1]〈aircraft2〉separate
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André Platzer (CMU) LAHS/15: Differential Dynamic Logic Proving 10 / 52

http://symbolaris.com/meta/andre.html
http://symbolaris.com/meta/andre.html
http://symbolaris.com/lahs/


Nested Modalities

[RBC]partitioned → ∃SB 〈Train〉[RBC]safe

([Train]safe)↔ v2

2b ≤ m − z . . .

[rbc](M → [spd]〈SB := ∗〉[atp; drive]safe)

[aircraft1]〈aircraft2〉separate
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dL Design: State Transitions in Dynamic Logic

differential dynamic logic

dL = FOLR + DL

+ HP

v2 ≤ 2b

v2 ≤ 2b

v2 ≤ 2b

[ ] v2 ≤ 2b
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dL Design: Hybrid Programs as Uniform Model

differential dynamic logic

dL = FOLR + DL + HP

v2 ≤ 2b

v2 ≤ 2b

v2 ≤ 2b

[z ′′ = a] v2 ≤ 2b
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dL Design: Hybrid Programs as Uniform Model

differential dynamic logic

dL = FOLR + DL + HP

v2 ≤ 2b

v2 ≤ 2b

v2 ≤ 2b

[if(z > SB) a :=−b; z ′′ = a] v2 ≤ 2b
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dL Design: Hybrid Programs as Uniform Model

differential dynamic logic

dL = FOLR + DL + HP

v2 ≤ 2b

v2 ≤ 2b

v2 ≤ 2b

[ if(z > SB) a :=−b; z ′′ = a︸ ︷︷ ︸
hybrid program

] v2 ≤ 2b
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dL Design: What about Hybrid Automata?

differential dynamic logic

dL = FOLR + DL + HP

How about hybrid automata?

far

neg

cor

recfsa

not compositional
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dL Design: What about Hybrid Automata?

differential dynamic logic

dL = FOLR + DL + HP

far

neg

cor

recfsa

v2 ≤ 2b . .

not compositional
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dL Design: What about Hybrid Automata?

differential dynamic logic

dL = FOLR + DL + HP

far

neg

cor

recfsa

neg v2 ≤ 2b . .

not compositional
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Compositional Verification Approach for Hybrid Systems

[α]φ ∧ [β]φ

[α ∪ β]φ
v

w1

w2

α
φ

β
φ

α ∪ β
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Verification Calculus for Differential Dynamic Logic

φθx

[x := θ]φ v w
x := θ

φ

∃t≥0 〈x := yx(t)〉φ

〈x ′ = f (x)〉φ

v w
x ′ = f (x)

φ

x := yx(t)

∃t≥0 (χ̄ ∧ 〈x := yx(t)〉φ)

〈x ′ = f (x) ∧ χ〉φ

v w
x ′ = f (x) ∧ χ

φ

x := yx(t)

χ̄ ≡ ∀0≤s≤t 〈x := yx(s)〉χ

André Platzer (CMU) LAHS/15: Differential Dynamic Logic Proving 13 / 52

http://symbolaris.com/meta/andre.html
http://symbolaris.com/meta/andre.html
http://symbolaris.com/lahs/


Verification Calculus for Differential Dynamic Logic

φθx

[x := θ]φ v w

φθx
x := θ

φ

∃t≥0 〈x := yx(t)〉φ

〈x ′ = f (x)〉φ

v w
x ′ = f (x)

φ

x := yx(t)

∃t≥0 (χ̄ ∧ 〈x := yx(t)〉φ)

〈x ′ = f (x) ∧ χ〉φ

v w
x ′ = f (x) ∧ χ

φ

x := yx(t)

χ̄ ≡ ∀0≤s≤t 〈x := yx(s)〉χ
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Verification Calculus for Differential Dynamic Logic

compositional semantics ⇒ compositional rules!

[α]φ ∧ [β]φ

[α ∪ β]φ
v

w1

w2

α
φ

β
φ

α ∪ β

[α][β]φ

[α;β]φ
v s w

α;β

α β
φ

` φ ` ∀α(φ→ [α]φ)

` [α∗]φ v w

α∗

α α α

φ
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André Platzer (CMU) LAHS/15: Differential Dynamic Logic Proving 14 / 52

http://symbolaris.com/meta/andre.html
http://symbolaris.com/meta/andre.html
http://symbolaris.com/lahs/


Verification Calculus for Differential Dynamic Logic

[α]φ ∧ [β]φ

[α ∪ β]φ
v

w1

w2

α
φ

β
φ

α ∪ β

[α][β]φ

[α;β]φ
v s w

α;β

[α][β]φ
α

[β]φ
β

φ

` φ

` ∀α(φ→ [α]φ)

` [α∗]φ v w

α∗

φ

α

φ→ [α]φ

α α

φ
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