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Differential Dynamic Logic dL: Syntax

Definition (Hybrid program α)

x ′ = f (x) (continuous evolution)
x := f (x) (discrete jump)

}
jump & testif(χ)α elseβ (conditional execution)

α;β (seq. composition) }
Kleene algebraα ∪ β (nondet. choice)

α∗ (nondet. repetition)
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ETCS ≡ (ctrl ; drive)∗

ctrl ≡ if (MA− z < SB) then a :=−b
else a := . . .

drive ≡

τ := 0;

z ′′ = a

∧ v ≥ 0 ∧ τ ≤ ε
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States in Hybrid Systems

What is a state of a hybrid program?

Definition (Kripke state)

v : V → R with set of variables V
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Differential Dynamic Logic dL: Transition Semantics

Definition (Hybrid programs α: transition semantics)

v w
x := f (x)

x
.

= [[f (x)]]v

Details

t

x

0

v

w
if w(x) = [[θ]]v

and w(z) = v(z) for z 6= x
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Definition (Hybrid programs α: transition semantics)

v w
x ′ = f (x)

∧ χ

Details

t

x

χ

w

v

ϕ(t)

x ′ = f (x)
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Differential Dynamic Logic dL: Transition Semantics

Definition (Hybrid programs α: transition semantics)

v s1 s2 sn w

α∗

α α α

Details
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Differential Dynamic Logic dL: Transition Semantics

Definition (Hybrid programs α: transition semantics)

v

w1

w2

α

β

α ∪ β

Details
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Differential Dynamic Logic dL: Transition Semantics

Definition (Hybrid programs α: transition semantics)

v

w1

w2

α

β

α ∪ β

Details

t

x
v w1

w2
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Differential Dynamic Logic dL: Transition Semantics

Definition (Hybrid programs α: transition semantics)

v

?χ

if v |= χ

if v 6|= χ

Details

t

x

0

v no change if v |= χ
otherwise no transition
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Hybrid Programs: Formal Semantics

Definition (Hybrid programs α)

ρ(x ′ = f (x)) = {(ϕ(0), ϕ(r)) : ϕ |= x ′ = f (x) for duration r}
(v ,w) ∈ ρ(x := θ) :⇐⇒ w = v [x 7→ [[θ]]v ]

ρ(?χ) = {(v , v) : v |= χ}
ρ(α ∪ β) = ρ(α) ∪ ρ(β)
ρ(α;β) = ρ(α) ◦ ρ(β)

(v ,w) ∈ ρ(α∗) :⇐⇒ there is v v1 v2 w
ρ(α) ρ(α) ρ(α)
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Hybrid Programs: Formal Semantics

Definition (Hybrid programs α)

ρ(x ′ = f (x)) = {(ϕ(0), ϕ(r)) : ϕ |= x ′ = f (x) for duration r}
with [[x ′]]ϕ(ζ) = dϕ(t)(x)

dt (ζ)

there is ϕ : [0, r ]→ States “with ϕ(0) = v , ϕ(r) = w”

[[x ]]ϕ(ζ) is continuous in ζ on [0, r ]

d [[x]]ϕ(t)

dt (ζ) = [[f (x)]]ϕ(ζ) for ζ ∈ (0, r)

[[y ]]ϕ(ζ) = [[y ]]v otherwise

t

x

w

v

ϕ(t)

0 r
x ′ = f (x)
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Branching Transitions in Hybrid Programs: ETCS

system ≡ (cor ; drive)∗

cor ≡ (?MA− z ≤ SB; a :=−b) ∪ (?MA− z ≥ SB; a := A)

drive ≡ τ := 0; (z ′ = v , v ′ = a, τ ′ = 1 ∧ v ≥ 0 ∧ τ ≤ ε)

∪

?MA−z≤SB

?MA−z≥SB

a :=−b

a :=
A

τ := 0 z ′′ = a

τ ′ = 1
∧ τ≤ε
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André Platzer (CMU) LAHS/12: Hybrid Program Semantics 6 / 8

http://symbolaris.com/meta/andre.html
http://symbolaris.com/meta/andre.html
http://symbolaris.com/lahs/


Branching Transitions in Hybrid Programs: ETCS

system ≡ (cor ; drive)∗

cor ≡ (?MA− z ≤ SB; a :=−b) ∪ (?MA− z ≥ SB; a := A)

drive ≡ τ := 0; (z ′ = v , v ′ = a, τ ′ = 1 ∧ v ≥ 0 ∧ τ ≤ ε)

∪

?MA−z≤SB

?MA−z≥SB

a :=−b

a :=
A

τ := 0 z ′′ = a

τ ′ = 1
∧ τ≤ε
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ETCS Control

spec : τ.v2 −m.d2 ≤ 2b(m.e − τ.p) ∧ τ.v ≥ 0 ∧m.d ≥ 0 ∧ b > 0
→ [ETCS](τ.p ≥ m.e → τ.v ≤ m.d)

ETCS: (train ∪ rbc)∗

train : spd; atp; move
spd : (?τ.v ≤ m.r ; τ.a := ∗; ?− b ≤ τ.a ≤ A)

∪(?τ.v ≥ m.r ; τ.a := ∗; ?0 > τ.a ≥ −b)

atp : SB := τ.v2−m.d2

2b +
(
A
b + 1

)(
A
2 ε

2 + ε τ.v
)
;

(?(m.e − τ.p ≤ SB ∨ rbc.message = emergency); τ.a := −b)
∪(?m.e − τ.p ≥ SB ∧ rbc.message 6= emergency)

move : t := 0; (τ.p′ = τ.v , τ.v ′ = τ.a, t ′ = 1 ∧ τ.v ≥ 0 ∧ t ≤ ε)
rbc : (rbc.message := emergency)

∪
(
m0 := m;m := ∗;

?m.r ≥ 0 ∧m.d ≥ 0 ∧m0.d
2 −m.d2 ≤ 2b(m.e −m0.e)

)
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ETCS Control Transition Structure

?τ.v ≤ m.r

?τ.v ≥ m.r

τ.a := ∗

τ.a := ∗

?− b ≤ τ.a ≤ A

?0 > τ.a ≥ −b

?(m.e − τ.p ≤ SB∨
rbc.message = emergency)

?m.e − τ.p ≥ SB∧
rbc.message 6= emergency)

τ.a := −b

t := 0

τ.p′ = τ.v ,
τ.v ′ = τ.a, t ′ = 1
τ.v ≥ 0 ∧ t ≤ ε

m0 := m m := ∗

rbc.message := emergency
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