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Can you trust a computer to control physics?
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Hybrid Systems Analysis

Challenge (Hybrid Systems)

Fixed rule describing state
evolution with both

@ Discrete dynamics
(control decisions)

e Continuous dynamics
(differential equations)
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Hybrid Systems Analysis

Fixed rule describing state
evolution with both

@ Discrete dynamics
(control decisions)

e Continuous dynamics
(differential equations)
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Hybrid Systems Analysis

Challenge (Hybrid Systems) I h

Fixed rule describing state
evolution with both

@ Discrete dynamics
(control decisions)

e Continuous dynamics ~E 2
(differential equations)
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Hybrid Systems Analysis

Challenge (Hybrid Systems)

Fixed rule describing state
evolution with both

@ Discrete dynamics
(control decisions)

e Continuous dynamics
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Hybrid Systems Analysis

Challenge (Hybrid Systems) I h

Fixed rule describing state
evolution with both

@ Discrete dynamics
(control decisions)

P E———

------------------

e Continuous dynamics > 1 O
(differential equations)
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© Differential Dynamic Logic dC
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Complete Proof Theory of Hybrid Systems

Theorem (Complete Alignment) (JAR 2008, LICS'12)

hybrid = continuous = discrete (proof-theoretically)

Hybrid

Continuous Discrete
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Complete Proof Theory of Hybrid Systems

Theorem (Complete Alignment) (JAR 2008, LICS'12)

hybrid = continuous = discrete (proof-theoretically)

Continuous Discrete

Corollary (Hybridization recipe)
Every verification technique can be hybridized. (add enough logic)
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Logic for Hybrid Systems

differential dynamic logic
dC = FOLg
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Logic for Hybrid Systems

differential dynamic logic
dC = FOLg + DL + HP

C — [if(z>SB)a:=—b; 2/ =a]v? <2b

-~
hybrid program
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Logic for Hybrid Systems

differential dynamic logic
dC = FOLg + DL + HP

C— [if(z>SB)a:=—b; 2/ =a]v?> <2b

Post
condition

hybrid program

|t|aI System
condltlon dynamics
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Differential Dynamic Logic dZ: Syntax

Definition (Hybrid program «)
x=0|?H|xX' =f(x)&H |aUB| ;8] a*

Definition (d Formula ¢)

01202 | =p | pAP | Vx| 3Ixg | [a]g | ()¢
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Differential Dynamic Logic dZ: Syntax

Differential

Definition (Hybrid program «)

x=0|?H|xX' =f(x)&H |aUB| ;8] a*

Definition (d Formula ¢)
01> 0> | ¢ | oNY|Vx9|Ixg ][] | ()

All Some) [All Some
Reals Reals Runs Runs
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CPS Design & CPS Contracts in Programs

Reveal in layers @eli=ei Reason about CPS

@requires(v™2 < 2xbx(m—x))
@requires(v>0 A A>0 A b>0)
@ensures(x < m)

{

if (v'2 < 2xbx(m—x) — (A+b)x(A+2xv)) {
a = A;

} else {
a = —b;

}

t = 0;

{x'=v, v'=a, t'=1, v>0 A t<1}
}x@invariant(v"2 < 2xbx(m—x))

Simulate for intuition Design-by-invariant
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Outline

© Axiomatization
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Proofs for Hybrid Systems

x X =
[x:=0]¢
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Proofs for Hybrid Systems

x X =
[x:=0]¢

x' = f(x)
V>0 [x == yi(t)]o ®—’@
[x" = f(x)]¢
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http://symbolaris.com/

Proofs for Hybrid Systems

o % ;

x:=0
X =00 ®—’@
x' = f(X)
Vt>0[x := yu(t)]o ®—j@
X' = f(x)]o

X 1= yx(t)

VSTTE'13 11 /39
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Proofs for Hybrid Systems

compositional semantics = compositional rules!
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Proofs for Hybrid Systems

[a]é A [Bl¢
[aUBl¢

VSTTE'13 12 /39


http://symbolaris.com/

Proofs for Hybrid Systems

[a]é A [Bl¢
[aUBl¢

[a][Blo
[a; Blo a 3
[a](Bl¢ [Blo ¢
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Proofs for Hybrid Systems

[a]é A [Bl¢
[aUBl¢

[][B]¢

[a; Bl a 3
[e][5]¢ 816 ¢

¢ (¢—1[a]9)
[a*]¢
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o Differential Cuts, Differential Ghosts & Differential Invariants
o Differential Invariants
o Differential Cuts
o Differential Ghosts
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Differential Cuts,
Differential Ghosts &

Differential Invariants
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Air Traffic Control
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Air Traffic Control

Verification?
looks correct
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Air Traffic Control

N
\
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/

Verification?
looks correct NO!
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Air Traffic Control

S
Y2
0
w
T2 %ﬁ ¢
. d ‘
Ty Y1
X{ = —vitvpcos ¥ + wxo
Xy = vasind — wxy
9 = = —w

Verification?

looks correct NO!

André Platzer (CMU)
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Air Traffic Control

3
Y2
0
w
T2 %ﬁ €
1 d 1
T Y1
x| = —Vvi+vacost) + wxo
xé = Vo sin 1 — wxy
¥ = w—w

Example (“Solving” differential equations)

xi(t) = — (Xlww €os tw — Vow cos tw sin ¥ + vow cos tw cos tww sin ¥ — viwo sin tw
ww

+ XoWoT SN tw — Vaw €os 1Y €os oo sin tw — vowV 1 — sin Y2 sin tw
+ vow cos ¥ cos tw sin two + vow sin ¥ sin tw sin tw) ...
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Air Traffic Control

3
Y2
0
w
T2 %ﬁ €
1 d 1
T Y1
x| = —Vvi+vacost) + wxo
xé = Vo sin 1 — wxy
¥ = w—w

Example (“Solving” differential equations)

V>0 — (xlww €os tw — Vow €os tw sin ¥ + vow cos tw cos tw sin 1 — vy sin tw
ww

+ Xowwo Sin tw — Vaw €os Y cos tw sin tw — vwV 1 — sin 92 sin tw
+ vow cos ¥ cos tw sin two + vow sin ¥ sin tw sin tw) ...
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\forall R ts2.
(0 <= ts2 & ts2 <= t2_0
-> ¢ (om_1)"
* (omb_1)"-1
* ( om_1 * omb_1 * x1 * Cos(om_1 * ts2)

+ om_1 * v2 * Cos(om_1 * ts2) * (1 + -1 * (Cos(u))"2)"(1 / 2)
+ -1 % omb_1 * vi1 * Sin(om_1 * ts2)
+ om_1 * omb_1 * x2 * Sin(om_1 * ts2)
+ om_1 * v2 * Cos(u) * Sin(om_1 * ts2)
+ -1 % om_1 * v2 * Cos(omb_1 * ts2) * Cos(u) * Sin(om_1 * ts2)
+ om_1 * v2 * Cos(om_1 * ts2) #* Cos(u) * Sin(omb_1 * ts2)
+ om_1 * v2 * Cos(om_1 * ts2) * Cos(omb_1 * ts2) * Sin(u)
+om_1 * v2 * Sin(om_1 * ts2) * Sin(omb_1 * ts2) * Sin(u)))
“2
+  ( (om_1)"-1
* (omb_1)"-1

* (-1 % omb_1 * vl * Cos(om_1 * ts2)

om_1 * omb_1 * x2 * Cos(om_1 * ts2)

omb_1 * vl * (Cos(om_1 * ts2))°2

om_1 * v2 * Cos(om_1 * ts2) * Cos(u)

-1 * om_1 * v2 * Cos(om_1 * ts2) * Cos(omb_1 * ts2) * Cos(u)
-1 % om_1 * omb_1 * x1 * Sin(om_1 * ts2)

-1

om_1

v2

(1 + -1 % (Cos(w)"2)~(1 / 2)

Sin(om_1 * ts2)

omb_1 * v1 * (Sin(om_1 * ts2))"2

-1 % om_1 * v2 * Cos(u) * Sin(om_1 * ts2) * Sin(omb_1 * ts2)
-1 % om_1 * v2 * Cos(omb_1 * ts2) * Sin(om_1 * ts2) * Sin(u)
om_1 * v2 * Cos(om_1 * ts2) * Sin(omb_1 * ts2) * Sin(u)))

+ o+ o+ o+

*
*
*
*

+ + + +

“2
>= (p)"2),
t2_0 >= 0,
X172 + x2°2 >= (p)~2
==>
André Platzer (CM
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\forall R t7.

( t7>0
-> C (om_3)"-1
* ( om_3
* ( (om_1)"-1
* (omb_1)"-1
* ( om_1 * omb_1 * x1 * Cos(om_1 * t2_0)
+ om_1
* v2

* Cos(om_1 * t2_0)

* (1 + -1 % (Cos(w)"2)~(1 / 2)

+ -1 % omb_1 * v1 * Sin(om_1 * t2_0)
+ om_1 * omb_1 * x2 * Sin(om_1 * t2_0)
+ om_1 * v2 * Cos(u) * Sin(om_1 * t2_0)
+ -1

om_1

v2

Cos(omb_1 * £2_0)

Cos (u)

Sin(om_1 * t2_0)

+ om_1

v2

Cos(om_1 * t2_0)

Cos (u)

Sin(omb_1 * t2_0)

+ om_1

v2

Cos(om_1 * t2_0)

Cos(omb_1 * t2_0)

Sin(u)

+ om_1

v2

Sin(om_1 * t2_0)

Sin(omb_1 * t2_0)

Sin(u)))

* ok X % * kX ¥ * Ok X X X

* Ok X %

André Platzer (CM
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* Cos(om_3 * t5)
+  v2
* Cos(om_3 * t5)
* (1
+ -1
* (Cos(-1 * om_1 * t2_0 + omb_1 * t2_0 + u + Pi / 4))"2)
“1/2)
+ -1 % vl * Sin(om_3 * t5)
+ om_3
* ( (om_1)"-1
* (omb_1)"-1
* (-1 *x omb_1 * vl * Cos(om_1 * t2_0)

+ om_1 * omb_1 * x2 * Cos(om_1 * t2_0)
+ omb_1 * vi * (Cos(om_1 * t2_0))"2
+ om_1 * v2 * Cos(om_1 * t2_0) * Cos(u)
+ -1

* om_1

* v2

* Cos(om_1 * t2_0)

* Cos(omb_1 * t2_0)

* Cos(u)
+ -1 % om_1 * omb_1 * x1 * Sin(om_1 * t2_0)
+ -1

* om_1
* v2
* (1 + -1 % (Cos(u))~2)"(1 / 2)
* Sin(om_1 * t2_0)
omb_1 * vi * (Sin(om_1 * t2_0))"2
+ -1
* om_1
* v2
* Cos(u)
*
*

+

Sin(om_1 * t2_0)
Sin(omb_1 * t2_0)

André Platzer (CM
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+ -1

om_1

v2

Cos(omb_1 * t2_0)

Sin(om_1 * t2_0)

Sin(u)

+ om_1

v2

Cos(om_1 * t2_0)

Sin(omb_1 * t2_0)

Sin(u)))

Sin(om_3 * t5)

+ v2

Cos(-1 * om_1 * t2_0 + omb_1 * t2.0 + u + Pi / 4)
Sin(om_3 * t5)

+ V2

(Cos(om_3 * t5))"2

Sin(-1 * om_1 * t2.0 + omb_1 * t2.0 + u + Pi / 4)
+  v2

(Sin(om_3 * t5))"2

Sin(-1 * om_1 * t2_0 + omb_1 * t2_0 + u + Pi / 4)))

EEE

*
PR

* ¥

* *

* ¥

“2
+ ( (om_3)"-1
* (-1 *x vl * Cos(om_3 * t5)
+ om_3
* ( (om_1)"-1
* (omb_1)"-1
* (-1 *x omb_1 * vl * Cos(om_1 * t2_0)
+ om_1 * omb_1 * x2 * Cos(om_1 * t2_0)
+ omb_1 * v1 x (Cos(om_1 * t2_0))"2
+ om_1 *x v2 * Cos(om_1 * t2_0) * Cos(u)
+ -1
om_1
v2
Cos(om_1 * t2_0)
Cos(omb_1 * £2_0)

André Platzer (CM VSTTE'13 14 / 39



+

-1 % om_1 * omb_1 * x1 * Sin(om_1 * t2_0)
+ -1
om_1
v2
(1 + -1 % (Cos(u)"2)"(1 / 2)
Sin(om_1 * t2_0)
omb_1 * vi * (Sin(om_1 * £2_0))"2
+ -1
om_1
v2
Cos (u)
Sin(om_1 * t2_0)
Sin(omb_1 * t2_0)
+ -1
om_1
v2
Cos(omb_1 * t2_0)
Sin(om_1 * t2_0)
Sin(u)
+ om_1
v2
Cos(om_1 * t2_0)
Sin(omb_1 * t2_0)
Sin(u)))
* Cos(om_3 * t5)
+ vl * (Cos(om_3 * t5))"2
+  v2
Cos(om_3 * t5)
Cos(-1 * om_1 * t2_0 + omb_1 * t2_0 + u + Pi / 4)
+ -1
* v2
(Cos(om_3 * t5))"2
Cos(-1 * om_1 * t2_0 + omb_1 * t2_.0 + u + Pi / 4)

*
*
*
*

+
PRI EEE * K X X ¥

* ¥

* ¥
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+ -1
* om_3

* ( (om_1)"-1
* (omb_1)"-1

* (

+

+ o+ o+

om_1 * omb_1 * x1 * Cos(om_1 * t2_0)

*
*

* (1 + -1 % (Cos(u))~2)"(1 / 2)

-1 % omb_1 * vi * Sin(om_1 * t2_0)
om_1 * omb_1 * x2 * Sin(om_1 * t2_0)
om_1 * v2 * Cos(u) * Sin(om_1 * t2_0)

* ok X % PR

* K X ¥

*
*
*
*

om_1
v2
Cos(om_1 * t2_0)

-1

om_1

v2

Cos(omb_1 * t2_0)
Cos (u)

Sin(om_1 * t2_0)
om_1

v2

Cos(om_1 * t2_0)
Cos (u)

Sin(omb_1 * t2_0)
om_1

v2

Cos(om_1 * t2_0)
Cos(omb_1 * t2_0)
Sin(u)

om_1

v2

Sin(om_1 * t2_0)
Sin(omb_1 * t2_0)
Sin(u)))

* Sin(om_3 * t5)

André Platzer (CM
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+ -1
* (Cos(-1 * om_1 * t2_0 + omb_1 * t2_.0 + u + Pi / 4))°2)

“1/2)
* Sin(om_3 * t5)

+ vl * (Sin(om_3 * t5))"2

+ -1
* v2
* Cos(-1 * om_1 * t2_0 + omb_1 * t2_0 + u + Pi / 4)
* (Sin(om_3 * t5))"2))

"2
>= (p)~2)

This is just one branch to prove for aircraft ...

André Platzer (CMU) VSTTE'13 14 / 39



Differential Invariants for Differential Equations

“Definition” (Differential Invariant)

“Formula that remains true in the direction of the dynamics”
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Differential Invariants for Differential Equations

“Definition” (Differential Invariant)

“Formula that remains true in the direction of the dynamics”

S /T\\\\\\.\&K
A SV N B U N N O
PO R R TN
P L N U
O L T RN
[ T
- 4 A > > =
E Y U T S B
“ v v v o« o

~~~~~ »

- < - « +

-« <« <« « 4 ¥

VSTTE'13 15/ 39

André Platzer (CMU)


http://symbolaris.com/

Differential Invariants for Differential Equations

“Definition” (Differential Invariant)
“Formula that remains true in the direction of the dynamics”
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Differential Invariants: Local Dynamics w/o Solutions

Definition (Differential Invariant) (J.Log.Comput. 2010) »

F closed under total differentiation with respect to differential constraints

André Platzer (CMU) VSTTE'13 16 / 39
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Differential Invariants: Local Dynamics w/o Solutions

Definition (Differential Invariant) (J.Log.Comput. 2010) »

F closed under total differentiation with respect to differential constraints

(x — F')

X = F=[xX'=0&x]F

F — [o]F
o T

André Platzer (CMU) VSTTE'13 16 / 39
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Differential Invariants: Local Dynamics w/o Solutions

Definition (Differential Invariant) (J.Log.Comput. 2010) »

F closed under total differentiation with respect to differential constraints

(x = F)
X = F=[xX'=0&x]F

André Platzer (CMU) VSTTE'13 16 / 39
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Differential Invariants: Local Dynamics w/o Solutions

Definition (Differential Invariant) (J.Log.Comput. 2010) »

F closed under total differentiation with respect to differential constraints

(x = F) (~FAx— FY)
X = F=[xX'=0&x]F [X =0&—Flx—(xX'=0& x)F

André Platzer (CMU) VSTTE'13 16 / 39
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Differential Invariants: Local Dynamics w/o Solutions

Definition (Differential Invariant) (J.Log.Comput. 2010) »

F closed under total differentiation with respect to differential constraints

[Total differential F’ of formulas?]

André Platzer (CMU) VSTTE'13 16 / 39
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» Differential Invariants for Aircraft Roundabouts

[Xi = d17 di = - Wd2axé = d27 dé = Wdla “](Xl - }/1)2 + (X2 - }/2)2 > p2

André Platzer (CMU) VSTTE'13 17 / 39


http://symbolaris.com/
http://symbolaris.com/info/ex/KeYmaera--TRM-essentials2.jnlp

» Differential Invariants for Aircraft Roundabouts

—vlI2 2 02
T Ay TPy T e =y
[Xi = d17 dl Wd2ax2 = d27 d2 - Wdla ]( ) + (X2 - }/2)2 > p2
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» Differential Invariants for Aircraft Roundabouts

—vlI2 2 02
Gl =T N T VY T e =y
[Xi = d17 d1 Wd2>X2 = d27 d2 - Wdla ]( ) + (X2 - }/2)2 > p2
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» Differential Invariants for Aircraft Roundabouts

2 2 2 —_vl2 2
T g, I, I g, Tl e, > 0P,
[Xl - d17 dl Wd2ax2 - d27 d2 - Wdla “](Xl - Y1)2 + (X2 - }/2)2 > P2
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» Differential Invariants for Aircraft Roundabouts

2(x1 —y1)(di —e1) +2(x2 — y2)(dr — &) > 0

2 2 2 —_vl2 2
A gy T gy Ty, | T e > 0 g,
[Xl - d17 dl Wd2ax2 - d27 d2 - Wdla “](Xl - Y1)2 + (X2 - }/2)2 > P2

André Platzer (CMU) VSTTE'13 17 / 39
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Differential Invariants for Aircraft Roundabouts

2(x1 —y1)(di —e1) + 20 — y2)(d2 — &) >0

6||X y||2 3||X I 3||X y||2 Allx=yll op?
d+ 1 e + d+ Oyo 622?0'1 , ,
[Xl - d17 dl Wd2ax2 - d27 d2 - Wdlv -‘](Xl - }’1) + (X2 - }/2) > 1%
Yy
e |
Q
’ d
~c oy
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Differential Invariants for Aircraft Roundabouts

2(x1 —y1)(di —e1) + 20 — y2)(d2 — &) >0
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Differential Invariants for Aircraft Roundabouts

2(x1 — y1)(

—wix — y2)) + 200 — y2)w(xa —

2(x1 —y1)(dh —e1) +2(x — yz)(dz —e)>0

GIE=Tn

3|IX yII2

[X1 = dl, d1

wdz,x2 = d2, dy = wdl, ] (a

—y1)? + (e — y2)* = p?

d(dl—el)d/ d(di—e1) e —
Ody 1 1 -

_Owle—ya) 1

— Owlxe—y2) s
2
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2(x1 —y1)(—wlxe — y2)) + 202 — y2)w(x1 —y1) > 0
200 —y1)(di —e1) +2(x2 — y2)(d2 — €2) = 0
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Differential Invariants for Aircraft Roundabouts

2(x1 —y1)(—wlxe — y2)) + 202 — y2)w(x1 —y1) > 0
2(x1 — y1)(di —e1) + 202 — yo)(d2 — €2) > 0

6||X yll2 3|IX yl? 3|IX yII2 Alx—ylP? op°
ch+ =5 e+ b+ =5, ezza—'jldl---
[ d17d1 Wd2,X2 d27d2 (.(.)dl,..](X]_ —Y1)2+(X2 —}/2)2 > P2
Y
e |
Q
’ d
ey
—wdy) +wey = —w(dx — &)
o(d1— o(d1— 0 0 —
ANdi—e1) 81d1e1)(—wd2) 4+ Ha—e) 316161)(—44162) w(gfq yQ)d w(gi,z y2)€2
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» Differential Invariants & Differential Cuts

2(x1 —y1)(—wlxe — y2)) + 202 — y2)w(x1 —y1) > 0
2(x1 —y1)(dh —e1) + 20 — y2)(d2 — &) > 0

2 2 2 —_vl2 2
S eI A T P T LN g
[X]_ - d17 dl Wd2ax2 - d27 d2 - Wdla “](Xl - Y1)2 + (X2 - }/2)2 > P2

Proposition (Differential cut saturation)

C differential invariant of [x' = 0 & H]¢, then
X =0&H]p iff [xX=0&HAC]p

—wdy + wey = —w(dr — &)

A= A= 3 T (a—
( 81d1e1) (_wd2) + ( 56161) (_wez) W(gi(g y2) d W(gi/z y2) €2
. —=d] = —wdr, 6] = —wex, xh = db,ds = wdi,.]Jdi — e = —w(x2 — y2)
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» Differential Invariants & Differential Cuts

2(x1 —y1)(~wlx — y2)) + 20 — y2)w(xs —y1) 20
20 —y1)(di —e1) + 202 — yo)(d> — &) > 0

3||X y||2 3||X yl? 3||X y||2 Alx—ylP? op°
i+ =5 e+ b+ =5, ezza—';ldl...
[ d17d1 Wd2ax2 d27d2 (.(.)dl,..](X]_ —Y1)2+(X2 _y2)2 > P2

[refine dynamics] [by differential cut]

—wdh + wey = —w(dr — &)

a(di— I(di— — 3 O, —
o) (—wdp) + NG (—wey) = — 20l gy — Pla-re)
.. —>[d{ = — wdz, e{ = — weg,xé = d2, d2 = wdl, ..]d1 — €61 = —’w(Xg — y2)
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The Structure of Differential Invariants

Theorem (Closure properties of differential invariants) (LMCS 2012)

Closed under conjunction, differentiation, and propositional equivalences.

Theorem (Differential Invariance Chart) (LMCS 2012)
DIZ ¢ DIZ,/\,V — ’DIZ’:,/\’\/
DI: — DI:,/\’\/ G § § DT
DI DIspny ——>DIs-pv

Theorem (Structure of invariant equations / differential cuts)(ITP'12)

Differential invariants and invariants form chain of differential ideals.

André Platzer (CMU) VSTTE'13 18 /39
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Differential Cuts: Change Dynamics, Not System

Fox =0&H|C  Fo[x =0&(HAC)F
Fox = 0& HJF
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Differential Cuts: Change Dynamics, Not System

Fox =0&H|C  Fo[x =0&(HAC)F
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Differential Cuts: Change Dynamics, Not System

Fox =0&H|C  Fo[x =0&(HAC)F
Fox = 0& HJF

Theorem (Gentzen's Cut Elimination)

A—-BVvVC AANC—B

cut can be eliminated
A—B
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Differential Cuts: Change Dynamics, Not System

Fox =0&H|C  Fo[x =0&(HAC)F
Fox = 0& HJF

Theorem (Gentzen's Cut Elimination)

A—-BVvC ANC—B L
cut can be eliminated

A—B
Theorem (No Differential Cut Elimination) (LMCS 2012)
Deductive power with differential cut exceeds deductive power without.
DCI > DI

André Platzer (CMU) VSTTE'13 20/ 39
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Differential Auxiliaries: Prove in Extra Dimensions

g WY Yo =0,y =I&HY

p—[x' = 0& H]¢
if y' = ¥ has solution y : [0,00) — R"

Theorem (Auxiliary Differential Variables) (LMCS 2012)

Deductive power with differential auxiliaries exceeds power without.
DCI + DA > DCI

André Platzer (CMU) VSTTE'13 21 /39
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© Survey
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Family of Differential Dynamic Logics
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Family of Differential Dynamic Logics

differential dynamic logic
dC = DL + HP

differential game logic
dGL = GL + HG

J

=
I
2
9
S
©

() smg

\3¢

nondet

quantified differential DL
QdL = FOL + DL + QHP

André Platzer (CMU)
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© Applications
@ Ground Robots
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Hybrid Systems Analysis

Challenge (Hybrid Systems)

Fixed rule describing state
evolution with both

@ Discrete dynamics
(control decisions)

e Continuous dynamics
(differential equations)

a v p
0.
25 o]
0.1
2.0p
0.6
2 4 s 70 L 15
-0.1 0.4
L p
)
=02 0.2 05F
=31 t
2 4 6 8 10 2 4 6 8 10
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Hybrid Systems Analysis

Challenge (Hybrid Systems)

Fixed rule describing state
evolution with both

@ Discrete dynamics
(control decisions)

e Continuous dynamics
(differential equations)

a

1.0

02
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Challenge (Hybrid Systems)

Fixed rule describing state
evolution with both

@ Discrete dynamics
(control decisions)

e Continuous dynamics
(differential equations)
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Hybrid Systems Analysis

Fixed rule describing state
evolution with both

@ Discrete dynamics
(control decisions)

e Continuous dynamics
(differential equations)

Challenge (Hybrid Systems) 3 h

André Platzer (CMU)
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Hybrid Systems Analysis

Challenge (Hybrid Systems) I h

Fixed rule describing state
evolution with both

@ Discrete dynamics
(control decisions)

e Continuous dynamics ~E 2
(differential equations)

a w
2 4 3 8 70t
-1
2 ul_l 2 4 6 8

André Platzer (CMU) VSTTE'13 27 /39


http://symbolaris.com/

Hybrid Systems Analysis

Challenge (Hybrid Systems)

Fixed rule describing state
evolution with both

@ Discrete dynamics
(control decisions)

e Continuous dynamics
(differential equations)

a v P
12 7
04
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08
4
F] 4 8 10°, ¢ or
-0.2 3
04
-04 2
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Hybrid Systems Analysis

Challenge (Hybrid Systems) I h

Fixed rule describing state
evolution with both

@ Discrete dynamics
(control decisions)

P E———

------------------

e Continuous dynamics > 1 O
(differential equations)
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Hybrid Systems Analysis

Challenge (Hybrid Systems)
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Hybrid Systems Analysis

Challenge (Hybrid Systems)
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Hybrid Systems Analysis

Challenge (Hybrid Systems)

ar=—>b

U (ar:=%7—b<a <A
wri=%7—-Q < w, <Q;
?SafeCtrl)

U (?v, =0;a, :==0;w, :=0)
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L0y
02 s
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Challenge (Hybrid Systems)
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Robot: Motion Dynamics

translational ODE p, = v.d, v, = a,
rotational DAE willpr — pell = ar ,
d = —w,d! d =w,d*

B
Example (Differential invariants)
@ Move on circle: Pr— Pc = oud,l
@ Stay in the box: ller — Polloo < vit + %t2
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Hybrid Systems Analysis

Challenge (Hybrid Systems) I h

Moving obstacles: distance
on current curve not enough

@ Dynamic obstacles
(other agents)

@ Avoid collisions
(define safety)

t . . , , |
2 4 G g 10 3 2 % 3 o
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Hybrid Systems Analysis

Challenge (Hybrid Systems) I h

Moving obstacles: distance
on current curve not enough

@ Dynamic obstacles
(other agents)

________________

@ Avoid collisions
(define safety)

a w
2 4 6 § 7 ¢
-1
5 ul_l 2 4 3 8
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Passive safety: no active
collision while moving
@ Dynamic obstacles
(other agents)
@ Avoid collisions
(passive safety)

Hybrid Systems Analysis

Challenge (Hybrid Systems) I h

André Platzer (CMU)
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Challenge (Hybrid Systems) I h

Passive safety: no active
collision while moving

@ Dynamic obstacles
(other agents)

@ Avoid collisions
(passive safety)
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Hybrid Systems Analysis

Challenge (Hybrid Systems) I h

Passive friendly safety: don't
cause unavoidable collision

@ Dynamic obstacles
(other agents)

________________

@ Avoid collisions - %< i .
(friendly safety)

a % p
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2 4 6 § 70 ¢ 9 Px
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Hybrid Systems Analysis

Passive friendly safety: don't
cause unavoidable collision

@ Dynamic obstacles
(other agents)

@ Avoid collisions
(friendly safety)

a w
2 4 3 8 7 1
-0.2
-04 3
-0.6]
-0.8] 2

Challenge (Hybrid Systems) I h

________________
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Sensor failure: Uncertainty of

fallback to dead reckoning

Hybrid Systems Analysis

Challenge (Hybrid Systems) I h

2 4 6 8 7o b
a 1%
1.0 1
05 08
0.6
2 4 3 8 70 L
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Hybrid Systems Analysis

Sensor failure: Uncertainty of
fallback to dead reckoning

Challenge (Hybrid Systems) I h
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Robot Invariants and Constraints

Invariant + Safe Control

2
static llpr — polloo > 2—2)
V2
passive vr =0V ||pr — Pol|oo > j
V2
-+ sensor 1Br — Polloo > b 4F VE
V2
i r — oo V
+ disturb llpr — pol| 2bU 4 bU,,,
2
+ failure 1Br — polloo > 2b + VF
. v,2 V2
friendly ||pr — polloo > T b, I V( )
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@ Summary
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How to Explain Cyber-Physical Systems to Your Verifier

differential dynamic logic
dC =DL + HP

KeY
Logic for hybrid systems eYmaera

(179> stare £ {1 Prone proof | B Reuse | || [ TBRTE] 800 proofclosed

Property proved:

Inner Node

Logic + distributed hybrid systems = [Cms wmasa e o VL0 2y

o
o
Proof : [ ‘Branches: 4
H . . lrroof Trec] (=)
@ Logic + stochastic hybrid systems o i i+ oo
EER
o ué"lcﬁlz;minate Universal Quantifiers
o
o
o

Compositional proofs = 4 g

& 40Eliminate Universal Quantifiers

© @ Case 2

Sound & com pIete / ODE e st L
—— ok

D | f Fe ren t| a I | nva ri an ts KR Strategy: Applied 53 rules (1.4 se0), closed 4 goals, 0 remaining ]
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Differential Dynamic Logic: Axiomatization

[=] D:=0l[()]ox < [(x)]¢d
(71 [PH]¢ < (H — )
[T X' =F(x)]¢ < Vt=0[x:=y(t)]¢ (v'(t) = £(y))
Ul [aUpB]g < [alo A[Ble
[1 [a:Ble < [a][Blo
[1 [0"]¢ < ¢ Ala]la’]e
K [el(¢ = ¢) = ([a]¢ — [a]y)
I [a](¢ = [e9) = (¢ — [a7]9)
C [a]vv>0(p(v) = (a)p(v — 1)) = Vv (¢(v) = (@) Iv<0p(v))
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