Playing Hybrid Games with KeYmaera

Jan-David Quesel!  André Platzer?

1. University of Oldenburg, Department of Computing Science, Germany

2. Carnegie Mellon University, Computer Science Department, Pittsburgh, PA, USA

The 6th International Joint Conference on Automated Reasoning
26th June 2012

L UNIVERSITAT

Q§ALBERT LUDWIGS- Al .
UNIVERSITAT mmmc’ Shanvoss Carnegie Mellon

Jan-David Quesel, André Platzer Playing Hybrid Games with KeYmaera 1JCAR 2012



@ Motivation

© Differential Dynamic Game Logic (dDGL)
© Proof Calculus

Q@ Case Study

© Conclusion

Jan-David Quesel, André Platzer Playing Hybrid Games with KeYmaera 1JCAR 2012



@ Motivation
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xutomatea !actory &

(rx; 1y)

Primary objectives of the robot

@ (x,y): coordinates of o Leave C:=
the robot

within e time units.
@ Do not leave |:|

4

@ (v, vy): velocities

@ conveyor belts Challenges

instantaneously @ Distributed, physical environment
increase the velocity

of the robot

@ Possibly conflicting secondary objectives
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(rx; 1y)

LD
LD,
(e, Iy) -

Xb

eX X

[Is there a strategy for the robot to stay safe?J
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Differential equations for robot movement
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‘Modelling Language )

Differential equations for robot movement

L <x<ry, v < 2A(rx — fx)
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odelling Language

Differential equations for robot movement
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odelling Language

Hybrid Program | Effect
«a; B sequential composition
a U g nondeterministic choice
a* nondeterministic repetition
x:=0 discrete assignment (jump)
X 1= % nondeterministic assignment
(x{ = 61,...,x}, = 6,&F) | continuous evolution of x;
F assert that formula F holds

[§ Platzer, André
Differential dynamic logic for hybrid systems.
J. Autom. Reasoning 41(2) (2008) 143-189
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© Differential Dynamic Game Logic (dDGL)

id Quesel, André Platzer Playing Hybrid Games with KeYmaera 1JCAR 2012



Bi#erentia' Bynamic Eame Eogic !BE! &

Hybrid Program \ Effect
«a; B sequential composition
a U g nondeterministic choice
o* nondeterministic repetition
x:=0 discrete assignment (jump)
X = % nondeterministic assignment
(x{ = 61,...,x}, = 6,&F) | continuous evolution of x;
7F assert that formula F holds

[§ Platzer, André
Differential dynamic logic for hybrid systems.
J. Autom. Reasoning 41(2) (2008) 143-189
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Differential Dynamic Game Logic dDGL @

Hybrid Program | Effect
«a; B sequential composition
a U g nondeterministic choice
o* nondeterministic repetition
x:=0 discrete assignment (jump)
X = % nondeterministic assignment
(x{ = 61,...,x}, = 6,&F) | continuous evolution of x;
7F assert that formula F holds

Definition (Hybrid Game)

G:=[a] | (@) [ (GiNG) [ (GLUG)|(GiG)]| (G) | (6)

Falsifier vs. Verifier
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ame Rules

Hybrid Game (informal) Rules

[a] Falsifier plays o

(G1 N Gy) | Falsifier decides whether to play Gy or G,

(G)] Repeat G n times, where n is chosen in advance by Falsifier
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ame Rules

Hybrid Game (informal) Rules

[a] Falsifier plays

(a) Verifier plays «

(G1 N Gy) | Falsifier decides whether to play Gy or G,

(G1 U Gp) | Verifier decides whether to play G; or Gy

(G)] Repeat G n times, where n is chosen in advance by Falsifier
(G)™* Repeat G n times, where n is chosen in advance by Verifier
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ame Rules

Hybrid Game (informal) Rules

[a] Falsifier plays

(a) Verifier plays «

(G1 N Gy) | Falsifier decides whether to play Gy or G,

(G1 U Gp) | Verifier decides whether to play G; or Gy

(G)] Repeat G n times, where n is chosen in advance by Falsifier
(G)™* Repeat G n times, where n is chosen in advance by Verifier
(Gl Gg) Play G1 followed by G2
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ame lllustration

Example (Repetition with advance notice semantics)

@)®)
=T o] Tid] Tel] - -

ﬁ [iv] [iv]

v

© Countably infinite branching
@ Every path has finite depth

§
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ame llustration

Example (Explicit branching)
([al(8) U (8) [}

- ~
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ame lllustration

Example (State)

(o] (B)U (B [alov] Statev:V >R

pe ~a

[o] (8) @v (8) [a]ov
— ] S
(B) @vg S (Bev,] |[a)ew S [a]@v,
A PN ZON PN
(v, vi) € p(a) V(v,vi) € p(B)

@ Uncountably infinite branching
@ Every path has finite depth

.

N,
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Differential Dynamic Game Logic dDGL @

Hybrid Program | Effect
«a; B sequential composition
a U g nondeterministic choice
o* nondeterministic repetition
x:=0 discrete assignment (jump)
X = % nondeterministic assignment
(x{ = 61,...,x}, = 6,&F) | continuous evolution of x;
7F assert that formula F holds

Definition (Hybrid Game)

G:=[a] | (@) [ (GiNG) [ (GLUG)|(GiG)]| (G) | (6)

Falsifier vs. Verifier

Jan-David Quesel, André Platzer Playing Hybrid Games with KeYmaera 1JCAR 2012



Differential Dynamic Game Logic dDGL m

«a; B sequential composition

a U p nondeterministic choice

o* nondeterministic repetition
x:=0 discrete assignment (jump)
X = % nondeterministic assignment
(x{ = 61,...,x}, = 6,&F) | continuous evolution of x;
7F assert that formula F holds

v

Definition (Hybrid Game)

G u=[a] | {e) | (61N G) | (61U &) | (G1G2) | (6) | (6)™

v

Definition (dDGL Formula)

pu=b1~0[ ¢ |dNY Vx| G
~>» FOLg + Hybrid Games

v
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rategy, riay, an Inning

Example (Strategy)

(o] (8) U (8) la]ev]

[o] (B) @v N (B) [o]@v

]~ e
<ﬁ> @VO T ((,B> @l/rJ [Oz]@VO 500 [a]@yr
A-//¢\\4 A-//I\\A A

(v, vi) € p(e)
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rategy, riay, an Inning

Example (Strategy)

([a] 48 U () lalev]

] (Byev| " (8) [a]ev

Bew] - T[Bew) [mee]’ - Telew

~
20 R
2R o f/l\
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gtrategy, Play, and Winning Bﬂ

Example (Strategy)

(148 U ¢8) o]0
[a] () ev| * B [alow
« l \fL 'v! >
(8) g S TBey) | lelew [a]@,

¥ v

NV
V(v,v) € pla) © 7N

N

(v, vi) € p(B)

Definition (Strategy)
© Strategy s : G x Sta(V) — (GU{e, L, T}) x Sta(V) maps game
positions to followup positions.
@ s is compatible with G if ((g@v) — s(g@v)) € [G] f.a. g € cl(G)
and f.a. v € Sta(V).

cl(G): closure under subgame
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!trategy, play, an! Wlnnlng @

Definition (Play)
G e g, ve Sta(V), two strategies (f for Falsifier and v for
Verifier), a play pry(GQv) is defined by:

while G & {e, L, T} do
Match form of G:

od
return GQv

1JCAR 2012 10 / 19
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!trategy, play, an! Wlnnlng @

Definition (Play)
G e g, ve Sta(V), two strategies (f for Falsifier and v for
Verifier), a play pry(GQv) is defined by:

while G & {e, L, T} do
Match form of G:
Case [a], G N Gy, or (Gl = GOv := f(G@v) //Falsifier chooses

od
return GQv

1JCAR 2012 10 / 19
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gtrategy, Blay, an! Wlnnlng &

Definition (Play)
G e g, ve Sta(V), two strategies (f for Falsifier and v for
Verifier), a play pry(GQv) is defined by:

while G & {e, L, T} do
Match form of G:
Case [a], G N Gy, or (Gl = GOv := f(G@v) //Falsifier chooses
Case (a), GL U Gy, or (G1)*"'= GQv := v(GQ@v) //Verifier chooses

od
return GQv

1JCAR 2012 10 / 19
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gtrategy, Blay, an! Wlnnlng @

Definition (Play)
G e g, ve Sta(V), two strategies (f for Falsifier and v for
Verifier), a play pry(GQv) is defined by:

while G & {e, L, T} do
Match form of G:
Case [a], G N Gy, or (Gl = GOv := f(G@v) //Falsifier chooses
Case (a), GL U Gy, or (G1)*"'= GQv := v(GQ@v) //Verifier chooses
Case G1 Gy = do
GOv := pry(G1Ov) //play G
If G = e then G := G fi //if Gy terminated with e move to G,

od

od
return GQv

1JCAR 2012 10 / 19
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rategy, riay, an Inning

Example (Winning)

([a] 48 U () lalev]

] (Byev| " (8) [a]ev

Brew] - T[Bew) [wee]’ - Telew

~
20 R
2R o f/l\
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rategy, Play, an Inning

Example (Winning)

([a] (8) U () [n]ov ]

-

Y

Y

[a] (8) @v
a

f Qv,

wE ¢
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gtrategy, Blay, ana Winning Bﬂ

Example (Winning)

[a] (B) @v

Definition (Winning)
@ Winning condition: dDGL formula ¢

@ Initial state v

@ G is won by Verifier iff G ends in a position HOw where

o H=eandw ¢
eor H=T.
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© Proof Calculus
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Ex!ensmn 5

dDGL is a conservative extension of d, i.e.
for a dC formula ¢ holds:

Fdapcc ¢ iff Fac ¢
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roo alculus T1or

10 propositional rules

ey 2 ey 2E e S
(P2) fi (P5) Fjwff (P8) :;wa
R G G
(P10) ~2°
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roo alculus 1or

13 dynamic rules

(01) %Z (D5) —¢V<fli;>z*>¢ (Do) ho(&f:;xg;y;(t»@
(D2) % (Dg) 2L A[Lof]z*]‘b(Dlo) Vtzo(fize[z;]ﬁ(t)]@
on 5300 1
o ety 2
O G2 SR T s
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roo alculus T1or

6 quantifier rules

F o(s(Xu, .., Xn)) F ¢(X)
(F1) F Vx ¢(x) (F4) F Ix ¢(x)
o(s(Xq,..,Xn)) F o(X) +
(F2) Ix o(x) F (F5) Vx o(x)
= F QE(VX (®(X) — V(X)) p FQEEX A;(®i — V)))
(F3) d(s(X1, .., Xn)) F Y(s(X1,..,Xn))" ) OV L. DR,
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roo alculus T1or

Calculus (dDGL specific rules)

G1oV G G1o N Gogp G1(G20)
&) @uae P @ner'™ Gew

= Ve — 1)
) Tesrer

@ G _
G5 FTEO2GH) o YOI 00(n) = 6 (9ln—1))
P F (G)Hg 3ng(n) F (G)*3n(n < 0 A ¢(n))

V& universal closure over variables in G
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roo alculus f1or

Calculus (dDGL specific rules)

(G1)

(G4)

(G5)

VA

GioV Go ( 2) Giop N Goop Gl(GQO)
(Gl U G2)O (Gl N G2)C) (Gl Gz)q/)
GotF Gy
’ ' ¢) G d)) G ¢) G ib)
= Ve (¢ = Go) oy veVn > 0(¢(n) = G (¢(n —1)))
sF @ ) Tag(n)r (6)73n(n < 04 o(n)

universal closure over variables in G
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roo alculus T1or

Calculus (dDGL specific rules)

(G] (. (. (. (. (AN
(G)
Ve (¢ — Go) FVeVn > 0(¢(n) — G (¢p(n — 1))
) =@ ) S (6@ < 04 4(n)
VC: universal closure over variables in G )
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gound but Incomplete Bﬂ

Theorem (Soundness)

The sequent calculus for dDGL is sound.

Theorem (Incompleteness)

The sequent calculus for dDGL is incomplete.

Proof Sketch (incompleteness)

@ x is a natural number iff

(y =0(y:=y+1))y=x

@ FOLgr + natural numbers: incompletness of the calculus follows by
Godel’s incompletness theorem
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Hela!we !omple!eness 5

Propositional Dynamic Logic (PDL)

@ Game Logic: Game extension of PDL

@ Game Logic is strictly more express than PDL:
PDL cannot express the absence of an infinite g-branch

(((g9)*) false).

[4 Parikh, R.:
The logic of games and its applications.
In: Annals of Discrete Mathematics. pp. 111-140. Elsevier (1985)

Jan-David Quesel, André Platzer
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Relative Completeness m

Propositional Dynamic Logic (PDL)

@ Game Logic: Game extension of PDL

@ Game Logic is strictly more express than PDL:
PDL cannot express the absence of an infinite g-branch

(((g?)*) false).

dC encoding of ([a])™ false

IneN:VZ:0<i<neN: =200z 200D

where Z is interpreted as a sequence of real numbers.

Implicit quantification over states in games
~» completeness modulo dZ unclear.

v
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Q@ Case Study
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xutomatea !actory &

(rx,ry)

(b fy)

Xb

@ (x,y): coordinates of o Leave within e time units.

the robot @ Do not leave D

@ (v, vy): velocities
@ conveyor belts Challenges

instantaneously @ Distributed, physical environment
increase the velocity

of the robot

@ Possibly conflicting secondary objectives

4
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Hogotlc Factory xutomatlon l!ll-’ 5

Example ( vs. )

([?true UQ(x <ec Ay <e Nefff =1); vy i= vy + ¢; effy :==0)

U((ex <xAy < f, ANeff, =1); v, :==v, +¢,; eff, :=0)]

)[*]
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Hogotlc Factory xutomatlon l!ll-’ 5

Example ( vs. )

([7trueU (P(x < ex Ay < ey, Neffy =1); v = v + &; effy :=0)
U((ex <xAy < f, ANeff, =1); v, :==v, +¢,; eff, :=0)]
<aX** 7( _X<A);
=x N(-A<a, <A);
ts :0)

)[*]
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Hogotlc Factory xutomatlon l!ll-’ 5

Example ( vs. )
([7trueU (P(x < ex Ay < ey, Neffy =1); v = v + &; effy :=0)
U (?(ex <X/\y<f/\efF2:1) vy == v, +¢y; eff; :==0)]
<3>< =% (=A< a < A)
=% 1(-A<a, <A)
tS =0)

[X' = v,y = v, vy =aq, vy, = ay,t' =1, ] = 1&t, < €]

)[*]

1JCAR 2012
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HOBO!IC !ac!ory xu!omaglon lHI.' ’ 5

Example ( vs. )

([7true u(?

(x <exNy<e Neff; =1); vy := v + ¢; effy :=0)
U((ex <xAy < f, ANeff, =1); v, :==v, +¢,; eff, :=0)]

<ax.7* N(-A<a, <A);
(=A< a <A);
ts.—0>
([X:vx,y—vy, =a,,V —ay,t/zl,tézl&tsgs]

U((?axv <0Aayv, <0;
if vi, =0 then a, :=0 fi;
if v, =0 then a, :=0 fi )

/ / /
X = v,y = vy,x—ax7 r=a,,t' =1t =1

[+]
&ts <eMayvy <0Aayy, < 0])))

Jan-David Quesel, André Platzer
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Results

Proposition (Robot stays in )

E(x=y=0Avw=yv,=0A )
— (RF)(x € [k, rd Ay € [ly, r])

Note: KeYmaera proof has 2471 proof steps on 742 branches (159
interactive steps)

Proposition (Stays in  + leaves shaded region in time)

RF|x: RF projected to the x-axis

= (x=0Av,=0A )
— (RF|x)(x € [ley ] At > — (x> xp)))

Note: KeYmaera proof has 375079 proof steps on 10641 branches (1673
interactive steps)

v
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© Conclusion

Playing Hybrid Games with KeYmaera



defined a logic for hybrid games (dDGL).
proved that dDGL is a conservative
extension of d_.

presented a proof calculus for the logic.
implemented the calculus in KeYmaera.

showed a factory automation case study.

proved the existence of a survival strategy
for an robot in an hostile environment.

Jan-David Quesel, André Platzer

Playing Hybrid Games with KeYmaera

1JCAR 2012
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© Related Work
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@ Hybrid Games
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!!ruc!ural Upera!lonal !eman!lcs m

Falsifier rules

(v,w) € p(a) pla) =10 GOy — G'@w
(F1) —-—0s. () =o——=a- (F3) ;
[¢]@r — eQw [2]@r — TQv GNHOY — G'0w
= GNHOr — G'Ow - neN
(F4) HN GOr — G'Cuw (F5)

(G)Her — Grev
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gtructural Bperatlonal gemantlcs @

Falsifier rules

(F2)

(v,w) € p(a)
(F1) [@]Or — eQw

GNHOY — G'Ow
(F4)

HN GOr — G'Ow

Verifier rules

(v,w) € p(a) pla) =0 GOv — G'Ow
V) ovsew P Gesie V¥ cone oo
(va) GUHOr — G'0w (V5) neN

HUGOr — G'Quw

pla) =10 (F3) GOy — G'Ow
[¢]@v — TOv GNHOY — G'0w
neN
(F5)

(G)Her — Grev

(G)*0@r — G"ev

A,

Jan-David Quesel, André Platzer
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gtructural Bperational gemantics @

Falsifier rules

w) € = G@ G'@

Fry we)eel@) gy p)=0 v = Gl
[¢]Or — oQw [¢]Or — TOv GNHOr — G'Qw

- GNHOY — G'@w - neN

(F4) HN GOr — G'Ow (F5)

(G)Her — Grev

Verifier rules

(v,w) € p(a) pa) =10 GOv — G'0w
(V1) m( ) oot ) Gore oo
GUHOr — G'0w neN

V4
(vV4) HUGOv — G'0w (V5) (G)®er — Grev

Sequential rules

GOy — e0w p GOy — 10w GOy — TOw

(
(G H)Ov — HOwW" 2) (G H)ov — J_@w\S3) (G H)Ov — TOw

(S1)

v
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© Details

Playing Hybrid Games with KeYmaera



Results (detailed

1
xp < EAg2 A x> 0N (cx + 4Ac)? < 2A(r — £) (1)

o >0ACc <2A(r, — 1) (2)

e =l = QAR = 7y = 10A G = 2AG, = AT = 8Al, = (3)

Proposition

Ex=y=0Avw=v,=0A(1)A(2)A(3))
= (RF)(x € [k, id Ay €[ly,r])

Proposition

= (x=0Av, =0A(1)A(3)) = (RFL)(x € [h rd A(E> € = (x > xp)))

RF projected to the x-axis (denoted RF|y)

v

Jan-David Quesel, André Platzer Playing Hybrid Games with KeYmaera 1JCAR 2012 21 /19



nvarian

Invariant

efff € {0, 1} Ax> L Avy >0A(t>€— x> xp)
/\(vX+chfF1)2 < 2A(ry — x)

1 1
/\<x<xb—>t§€/\(xb—x§§A52—§At2
A(effi =1 = vy = At) A (effy =0 — vy = At + ¢)

(VX I eff1 Cx)2

i — 50
L 2A

+ A(2e — t)? +2(2e — t)(vx + efflcx)))

v
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