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@ Leaming Objectives

e Sequent Calculus
@ Propositional Proof Rules
@ Soundness of Proof Rules
@ Proofs with Dynamics
@ Contextual Equivalence
@ Quantifier Proof Rules
@ A Sequent Proof for Single-hop Bouncing Balls

© Real Arithmetic
@ Real Quantifier Elimination
@ Instantiating Real-Arithmetic Quantifiers
@ Weakening by Removing Assumptions
@ Abbreviating Terms to Reduce Complexity
@ Substituting Equations into Formulas
@ Creatively Cutting to Transform Questions

° Summary
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@ Learning Objectives
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Learning Objectives

Truth & Proof

systematic reasoning for CPS

verifying CPS models at scale

pragmatics: how to use axiomatics to justify truth
structure of proofs and their arithmetic

discrete+continuous relation analytic skills for CPS
with evolution domains
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Logical Trinity with Extra Leg

Axiomatics

Pragmatics

Syntax Semantics
Syntax defines the notation
What problems are we allowed to write down?

Semantics what carries meaning.
What real or mathematical objects does the syntax stand for?

Axiomatics internalizes semantic relations into universal syntactic
transformations.

Pragmatics how to use axiomatics to justify syntactic rendition of
semantical concepts. How to do a proof?
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9 Sequent Calculus
@ Propositional Proof Rules
@ Soundness of Proof Rules
@ Proofs with Dynamics
@ Contextual Equivalence
@ Quantifier Proof Rules
@ A Sequent Proof for Single-hop Bouncing Balls
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Sequent Calculus
Definition (Sequent)

N=A

has the same meaning as Apcr P — Vaen Q.
The antecedent I and succedent A are finite sets of dL formulas.

Definition (Soundness of sequent calculus proof rules)

MEAy ... ThFA,
MN=A

is sound iff validity of all premises implies validity of conclusion:

If £E(FyFAy)and ... and F (Fh - Ap) then E (T A)
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Sequent Calculus
Definition (Sequent)

N=A

has the same meaning as Apcr P — Vaen Q.
The antecedent I and succedent A are finite sets of dL formulas.

Definition (Soundness of sequent calculus proof rules)

construct proofs up MEAy ... ThEA,
r=A

is sound iff validity of all premises implies validity of conclusion:

If £E(FyFAy)and ... and F (Fh - Ap) then E (T A)
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Sequent Calculus
Definition (Sequent)

N=A

has the same meaning as Apcr P — Vaen Q.
The antecedent I and succedent A are finite sets of dL formulas.

Definition (Soundness of sequent calculus proof rules)

construct proofs up MEAy ... ThFEA, | validity transfers down
Mr=A

is sound iff validity of all premises implies validity of conclusion:

If E(TyFAy)and ... and F (Fh - Ap) then E (T A)
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Propositional Proof Rules of Sequent Calculus

L—
" rErara

André Platzer (KIT || CMU) LFCPS/06 6/23


http://lfcps.org/andre.html
http://lfcps.org/andre.html
https://doi.org/10.1007/978-3-319-63588-0_6
http://lfcps.org/lfcps/

Propositional Proof Rules of Sequent Calculus

rP.QF A
LPAQF A
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Propositional Proof Rules of Sequent Calculus

rP.QF A
LPAQF A

AL: assume conjuncts separately
It successively handles all top-level A in assumptions but not nested in
AV (BA C)t C which needs rules for other propositional operators
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Propositional Proof Rules of Sequent Calculus

AR

N=°PAQA

rP.QF A
LPAQF A
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Propositional Proof Rules of Sequent Calculus

N-prP,A THQA
N=°PAQA

rP.QF A
LPAQF A
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Propositional Proof Rules of Sequent Calculus

N-prP,A THQA
N=°PAQA

rP.QF A
LPAQF A

AR: prove conjuncts separately
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Propositional Proof Rules of Sequent Calculus

N-prP,A THQA VR
N=°PAQA N=pPvaA

rP.QF A
LPAQF A
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Propositional Proof Rules of Sequent Calculus

r-PA TFQA TEPQA
[-PAQ,A r-PVQ,A
rP.QF A
LPAQF A
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Propositional Proof Rules of Sequent Calculus

r-PA TFQA TEPQA
[-PAQ,A [-PvVQ,A
rP.QF A
LPAQF A

VR: split disjunctions in succedent where comma has a disjunctive meaning
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Propositional Proof Rules of Sequent Calculus

rkPA THQA - THPQA
[-PAQA rFPVQ,A

rP.QFA "

rLPAQF A rLPVQF A
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Propositional Proof Rules of Sequent Calculus

rkPA THQA - THPQA
[-PAQA r-PvQ,A

r.P.QFA L PEA TarA

rLPAQF A rLPVQF A
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Propositional Proof Rules of Sequent Calculus

rkPA THQA - THPQA
[-PAQA r-PvQ,A

r.P.QFA L PEA TarA

rLPAQF A rLPVQF A

VL: handle disjunctive assumption by one proof for each assumed disjunct
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Propositional Proof Rules of Sequent Calculus

rkPA THQA - THPQA
[-PAQA r-PvQ,A

r.P.QFA L PEA TarA

rLPAQF A rLPVQF A

RrrrSaa
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Propositional Proof Rules of Sequent Calculus

rkPA THQA - THPQA
rFPAQA rFPvVQ,A
rP.QFA L PEA TarA
rLPAQFA rLPVQFA
rPEQA

U TFPS QA
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Propositional Proof Rules of Sequent Calculus

rkPA THQA - THPQA
rFPAQA rFPvVQ,A
rP.QFA L PEA TarA
rLPAQFA rLPVQFA
rPEQA

U TFPS QA

—R: prove implication by assuming LHS when proving RHS
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Propositional Proof Rules of Sequent Calculus

r-PA THQA THP.QA
[FPAQA FPVQA
r,P.QFA L TPEA TOFA
rLPAQFA rPvQrA
rP-QA
U TFPS QA
L —Troara
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Propositional Proof Rules of Sequent Calculus

r-PA THQA THP.QA
TFPAQA r-PVQ,A
rp.QrA L TPEA Tara
rPAQFA rPVaQr A
rPEQA

U TFPS QA
FP,A T,QFA

—L

NP—QkFA
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Propositional Proof Rules of Sequent Calculus

rkPA THQA - THPQA
rFPAQA rFPvVQ,A
rP.QFA L PEA TarA
rLPAQFA rLPVQFA
rPEQA

U TFPS QA

r-P,A T,QFA

LT rSara

—L: assume RHS of an assumed implication after proving its LHS
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Propositional Proof Rules of Sequent Calculus

rkPA THQA - THPQA o
rFPAQ,A rFPvVQ,A U TF=P,A
rP.QFA L PEA TarA
rPAQF A L PVQF A
rPFQA
CTFPS QA
TFPA T,QFA
—L

NP—QFA
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Propositional Proof Rules of Sequent Calculus

rkPA THQA - THPQA o TPEA
rFPAQ,A rFPvVQ,A U TF=P,A
rP.QFA L PEA TarA
rPAQF A L PVQF A
rPFQA
CTFPS QA
TFPA T,QFA
—L

NP—QFA
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Propositional Proof Rules of Sequent Calculus

rkPA THQA - THPQA n TPEA
rFPAQ,A rFPvVQ,A U TF=P,A

rP.QFA L PEA TarA

rPAQF A L PVQF A

rPFQA

CTFPS QA

r-P,A T,QFA

LT rSara

—=R: prove =P by proving contradiction (or A options) from assumption P
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Propositional Proof Rules of Sequent Calculus

rkPA THQA - THPQA o TPEA
rFPAQ,A rFPvVQ,A U TF=P,A
rPQFA L PEA TarA )
FPAQF A L PVQF A T T,-PFA
rPFQA

CTFPS QA
TFPA T,QFA

—L

NP—QFA
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Propositional Proof Rules of Sequent Calculus

rkPA THQA - THPQA o TPEA
rFPAQA r-PVQA U TF=PA
rPQFA L PEA TQEA TEPA
FPAQF A L PVQF A T T,-PFA
rPFQA

CTFPS QA
TFPA T,QFA

—L

NP—QFA
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Propositional Proof Rules of Sequent Calculus

rkPA THQA - THPQA n TPEA
rFPAQ,A rFPvVQ,A U TF=PA
rPQFA L PEA TarA  TEPA
FPAQF A L PVQF A T T,-PFA
rPFQA

CTFPS QA

r-P,A T,QFA

L TrSara

—L: assume —P by proving its opposite P
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Propositional Proof Rules of Sequent Calculus

rkPA THQA - THPQA o TPEA
rFPAQA r-PVQA U TF=PA
rPQFA L PEA TOFA  TEPA
FPAQF A L PVQF A T T,-PFA
o TPEQA y
"TFP=aA ‘T PrpA

r-P,A T,QFA

L TrSara
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Propositional Proof Rules of Sequent Calculus

rkPA THQA - THPQA o TPEA
rFPAQA r-PVQA U TF=P,A
rPQFA L PEA TOFA  TEPA
FPAQF A L PVQF A T T,-PFA
rPFQA y
"TFP=aA ‘T PrpA

r-P,A T,QFA

L TrSara

id: proof done (marked *) when succedent to prove is in antecedent
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Propositional Proof Rules of Sequent Calculus

rkPA THQA - THPQA o TPEA
rFPAQA r-PVQA U TF=P,A
rPQFA L PEA TOFA  TEPA
FPAQF A L PVQF A T T,-PFA
rPFQA y
"TFP=aA ‘T PrpA

r-P,A T,QFA

L TrSara

id: only way to finish a proof (in propositional logic!)
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Propositional Proof Rules of Sequent Calculus

rkPA THQA - THPQA o TPEA
rFPAQA r-PVQA U TF=PA
rPQFA L PEA TOFA  TEPA
FPAQF A L PVQF A T T,-PFA
o TPEQA y
"TFP=aA ‘T PrpA

TrPA TOFA
ST TPSaQra cu A
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Propositional Proof Rules of Sequent Calculus

r-PA TFQA TEPQA o TPEA
rFPAQ,A rFPvVQ,A U TF=PA

rPQFA L PEA TarA  TEPA
FPAQF A L PVQF A T T,-PFA
o TPEQA y

"TFP=aA ‘T PrpA

 THP.A T.QFA froa reea

ST TPSaQra cu A
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Propositional Proof Rules of Sequent Calculus

r-PA TFQA TEPQA o TPEA
rFPAQ,A rFPvVQ,A U TF=P,A
rPQFA L PEA TarA  TEPA
FPAQF A L PVQF A T T,-PFA
rPFQA y
"TFP=aA ‘T PrpA
 THP.A T.QFA froa reea
ST TPSaQra cu A

cut: Show lemma C and then assume lemma C
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Propositional Proof Rules of Sequent Calculus

r-PA THQA THP.QA L [LPEA
rFPAQA r-PVQA U TF=PA

rP.QrA L LPEA T.QEA  TEPA
FPAQF A L PVQF A T T,-PFA
L rPraa y .

NTEPSaA T PrP.A M- true, A
[ TEPA TQFA  THCA T.CHA

ST TPSaQra v r-a
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Propositional Proof Rules of Sequent Calculus

r-PA THQA THP.QA o LPEA
rFPAQ,A rFPvVQ,A U TF=P,A
rP.QFA L PEA TQEA  TEPA
FPAQF A L PVQF A T T,-PFA
rP-QA y .
NTEPSaA T PrP.A M- true, A
 TEPA T.QFA rrca rera
ST TPSaQra cu A

TR: proof done (marked x) when proving trivial true (used rarely)
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Propositional Proof Rules of Sequent Calculus

r-PA THQA THP.QA o LPEA
rFPAQ,A rFPvVQ,A U TF=P,A
rP.QFA L PEA TQEA  TEPA
FPAQF A L PVQF A T T,-PFA
rP-QA y .
NTEPSaA T PrP.A M- true, A
 TEPA T.QFA rrca rera
ST TPSaQra cu A

TR: what rule to use when true in antecedent?
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Propositional Proof Rules of Sequent Calculus

r-PA THQA THP.QA L [LPEA
[FPAQ,A r-PvQ,A U TF=PA

rP.QF A L LPEA T.QEA  TEPA
rLPAQFA rPvarA T TL-PEA
L rPraa y .

NTEPSaA T PrP.A M- true, A
TEPA T.QFA  THCA TCFA

- "TtPoara ™ rFA [ false - A
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Propositional Proof Rules of Sequent Calculus

r-PA THQA THP.QA L [LPEA
[FPAQ,A r-PvQ,A U TE=P,A
rP.QF A L LPEA T.QEA  TEPA
LPAQEA r,PvarA T T,SPFA
rLPFQA y .
NTEPSaA T PrP.A M- true, A
TEPA T.QFA  THCA TCFA
- "TtPoara ™ rFA [ false - A

L L: proof done (marked ) when assuming trivial false (used rarely)
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Propositional Proof Rules of Sequent Calculus

r-PA THQA THP.QA L [LPEA
[FPAQ,A r-PvQ,A UTF-P,A
rP.QF A L LPEA T.QEA  TEPA
rLPAQFA rPvarA T TL-PEA
rPHQA y .
NTEPSaA T PrP.A M- true, A
TEPA T.QFA  THCA TCFA
- "TtPoara ™ rFA [ false - A

1 L: what rule to use when false in succedent?
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Sequent Proof Example (Simple)

Fv2<10Ab>0 — b>0 A (—(v>0) V v2<10)
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Sequent Proof Example (Simple)

v2<10A b>0F+ b>0A (—=(v>0) Vv v2<10)
Fv2<10Ab>0 — b>0 A (—(v>0) Vv v2<10)

—R
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Sequent Proof Example (Simple)

- v2<10Ab>0F b>0  v2<10Ab>0F —(v>0)V v2<10
v2<10A b>0F+ b>0 A (—=(v>0) Vv v2<10)
Fv2<10Ab>0 — b>0 A (—(v>0) Vv v2<10)

—R
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Sequent Proof Example (Simple)

|| V#<10,6>0F b>0
" v2<10 A b>0F+ b>0 v2<10A b>0F —(v>0) VvV v2<10
v2<10A b>0F+ b>0A (—=(v>0) Vv v2<10)
Fv2<10Ab>0 — b>0 A (—(v>0) Vv v2<10)

—R
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Sequent Proof Example (Simple)

*
AL'd v2<10,6>0 F b>0
. v2<10Ab>0F b>0  v2<10Ab>0F —(v>0)V v2<10
v2<10A b>0F+ b>0A (—=(v>0) Vv v2<10)
Fv2<10Ab>0 — b>0 A (—(v>0) Vv v2<10)

—R
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Sequent Proof Example (Simple)

.
AL'd V<10,b>0F b>0  VP<10Ab>0F ~(v=0),*<10
| VPS10Ab>01b>0 | V<10/b>0F ~(v20)V?<10
v2<10Ab>0+ b>0A (=(v>0) VvV v2<10)
Fv2<10Ab>0 — b>0 A (—(v>0) vV v2<10)

—R
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Sequent Proof Example (Simple)

’ * o v2<10,b>0F —(v>0),v2<10
n v2<10,b>0+ b>0 o~ v2<10 A b>0F+ —(v>0),v2<10
" v2<10A b>0F+ b>0 v2<10A b>0F —(v>0) VvV v2<10

v2<10Ab>0F+ b>0A (—=(v>0) Vv v2<10)
Fv2<10Ab>0 — b>0 A (—(v>0) Vv v2<10)

—R
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Sequent Proof Example (Simple)

*

) " Ale V2<10,b>0 - —(v=>0), 2<10
n v2<10,b>0+ b>0 o~ v2<10A b>0F+ —(v>0),v2<10
- 2<10Ab>0F b>0  v2<10Ab>0F —(v>0)V v2<10

v2<10A b>0F+ b>0A (—=(v>0) Vv v2<10)
Fv2<10Ab>0 — b>0 A (—(v>0) V v2<10)

—R
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Soundness of Proof Rules

r=prP,A THQA

is sound

[FPAQA
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Soundness of Proof Rules

r-P,A THQA

- PAQA is sound: conclusion valid if all premises valid.
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Soundness of Proof Rules

r=prP,A THQA

is sound: conclusion valid if all premises valid.

[FPAQA
Proof using [PA Q] = [P] N[Q].
WLOG: we[G]foralGeTand w & [D] forall De A (why?)
By premise: @€ [ P,Aland w € [T+ Q,A]
By WLOG: w € [P]and w € [Q] O

By semantics: o € [PA Q]
By definition: @ € [T+ PAQ,A]
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Soundness of dL

dL sequent calculus is sound: every dL formula with a proof is valid. '
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Soundness of dL

dL sequent calculus is sound: every dL sequent with a proof is valid. I

Proof (by induction on structure of sequent calculus proof).
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Soundness of dL

dL sequent calculus is sound: every dL sequent with a proof is valid. l

Proof (by induction on structure of sequent calculus proof).

© Proofs without rule uses only prove dL axioms, which are sound.
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Soundness of dL

dL sequent calculus is sound: every dL sequent with a proof is valid. I

Proof (by induction on structure of sequent calculus proof).

© Proofs without rule uses only prove dL axioms, which are sound.
@ Sequent proof ends with some proof step:
MEA, ... ThFA,
Nr=A

The subproof of each premise [, = A; is smaller, so = ;= A; by IH.
All dL proof rules are proved sound, also the one used above, i.e.:

If £(TyFAq)and ... and F (T, Ap) then E (T A)
Thus, £ (T F A). -
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Soundness of dL

dL sequent calculus is sound: every dL sequent with a proof is valid. I

Proof (by induction on structure of sequent calculus proof).

© Proofs without rule uses only prove dL axioms, which are sound.
@ Sequent proof ends with some proof step:
MEA, ... ThFA,
Nr=A

The subproof of each premise [, = A; is smaller, so = ;= A; by IH.
All dL proof rules are proved sound, also the one used above, i.e.:

If = (T Ay)and ... and & (T, A,) then k(T F A)
Thus, £ (T F A). -

Always make sure every axiom and proof rule we adopt is sound!
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Dynamics Proof Rules of Sequent Calculus

Have: Left and right proof rule for all propositional connectives
Need: Left and right proof rule for all top-level operators in all modalities?

André Platzer (KIT || CMU) LFCPS/06 10/23


http://lfcps.org/andre.html
http://lfcps.org/andre.html
https://doi.org/10.1007/978-3-319-63588-0_6
http://lfcps.org/lfcps/

Dynamics Proof Rules of Sequent Calculus

Have: Left and right proof rule for all propositional connectives
Need: Left and right proof rule for all top-level operators in all modalities?

IR aupIp A

(UL

MaUuBlPA
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Dynamics Proof Rules of Sequent Calculus

Have: Left and right proof rule for all propositional connectives

Need: Left and right proof rule for all top-level operators in all modalities?
IE[a]PAB]P, A

[ M-lauplpP,A

(UL

MaUuBlPA
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Dynamics Proof Rules of Sequent Calculus

Have: Left and right proof rule for all propositional connectives

Need: Left and right proof rule for all top-level operators in all modalities?
IE[a]PAB]P, A

[ M-lauplpP,A

M a]PABIPE A
L] MoaUuBlPA
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Dynamics Proof Rules of Sequent Calculus

Have: Left and right proof rule for all propositional connectives
Need: Left and right proof rule for all top-level operators in all modalities?

M= [a]PA[B]P,A  Boring! Already follow from the axiom
[ M-lauplpP,A [U] [ UB]P « [a]PA[B]P

M a]PABIPE A
L] MoaUuBlPA
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Dynamics Proof Rules of Sequent Calculus

Have: Left and right proof rule for all propositional connectives
Need: Left and right proof rule for all top-level operators in all modalities?

M= [a]PA[B]P,A  Boring! Already follow from the axiom
[ M-lauplpP,A [U] [ UB]P « [a]PA[B]P

Rules [U]R,[U]L would only apply top-level,

[U] M laPAIBIPE A not in any other logical context such as
M [oeuBlPE A [X'=-g]_

o At [x"=—g|[?x =0;v:=—cvU?x > 0]B(x, V)
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Dynamics Proof Rules of Sequent Calculus

Have: Left and right proof rule for all propositional connectives
Need: Left and right proof rule for all top-level operators in all modalities?

M= [a]PA[B]P,A  Boring! Already follow from the axiom
[ M-lauplpP,A [U] [ UB]P « [a]PA[B]P

Rules [U]R,[U]L would only apply top-level,
not in any other logical context such as

M a]PABIPE A

L] MoaUuBlPA X' =—g]_
Contextual Equivalence: substituting equals for equals
N-CcQ,A FP&Q CQFA FP&Q
EL
CER = CP),A c CPF A
U]

At [x"=—g|[?x =0;v:=—cvU?x > 0]B(x, V)
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Dynamics Proof Rules of Sequent Calculus

Have: Left and right proof rule for all propositional connectives
Need: Left and right proof rule for all top-level operators in all modalities?

Boring! Already follow from the axiom
(U] [ UB]P < [@]PAIB]P

Rules [U]R,[U]L would only apply top-level,
not in any other logical context such as

[x"=—gl_
Contextual Equivalence: substituting equals for equals
r-c@,A FP LcQrAa FP
CER (@), ~ Q CEL C(Q) ~Q
r-CP),A r,C(P)F A

[?7x=0;v:=—cvU7?x>0]B(x, V) <> [7x=0; v:=—cv|B(x, v)A[?x>0]B(x, v)

o At [x"=—g|[?x =0;v:=—cvU?x > 0]B(x, V)
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Dynamics Proof Rules of Sequent Calculus

Have: Left and right proof rule for all propositional connectives
Need: Left and right proof rule for all top-level operators in all modalities?

Boring! Already follow from the axiom
(U] [ UB]P < [@]PAIB]P

Rules [U]R,[U]L would only apply top-level,
not in any other logical context such as

[x"=—gl_
Contextual Equivalence: substituting equals for equals
r-c@,A FP LcQrAa FP
CER (@), ~ Q CEL C(Q) ~Q
r-CP),A r,C(P)F A

[?7x=0;v:=—cvU7?x>0]B(x, V) <> [7x=0; v:=—cv|B(x, v)A[?x>0]B(x, v)
AF [x" = —g]([?x = 0; v:i=—cv]B(x,v) A[?x = 0]B(x, V))
Al [x"=—g|[?x =0;v:=—cvU?x > 0]B(x, V)
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Simple Example Proof Dynamics in Sequent Calculus

U F [a:=—b;c:=10](V2<10 A —a>0 — b>0 A (—(v>0) V v2<c))
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Simple Example Proof Dynamics in Sequent Calculus

[a:=—b;c:=10](VA<10A —a>0 — b>0 A (=(v=0) V v3<c)) «»
[a:=—b][c:=10] (V<10 A —a>0 — b>0 A (—(v>0) V v3<c)) by [;]

T [a:=—b][c:=10] (v2<10 A —a>0 — b>0 A (—(v>0) V v2<c))
U F [a:=—b;c:=10](V2<10 A —a>0 — b>0 A (=(v>0) V v2<c))
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Simple Example Proof Dynamics in Sequent Calculus

[a:=—b][c:=10](V®P<10A —a>0 — b>0 A (—(v>0) V v2<c)) +
[c:=10] (V<10 A —(—b)>0 — b>0 A (—(v>0) V v3<c)) by [:=]

TE [e:=10] (V<10 A —(— b)>0 — b>0 A (—(v>0) V v2<c))
T [a:=—b][c=10] (v2<10 A—a>0 — b>0 A (—(v>0) V v2<c))
U F [a:=—b;c:=10](V2<10 A —a>0 — b>0 A (—(v>0) V v2<c))
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Simple Example Proof Dynamics in Sequent Calculus

[c:=10](v2<10A —(—b)>0 — b>0 A (=(v=0) V v3<c))
v2<10A —(—b)>0 — b>0A (—=(v>0) vV v2<10) by [:=]

FVv2<10A — (=b)>0 — b>0 A (=(v>0) v v2<10)
TE [e:=10) (V<10 A —(— b)>0 — b>0 A (—(v>0) V v2<c))
TE Ja:i=—b][c:=10] (vA<10 A —a>0 — b>0 A (—(v>0) V v2<c))
U F [a:=—b;c:=10](V2<10 A —a>0 — b>0 A (—(v>0) V v2<c))
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Simple Example Proof Dynamics in Sequent Calculus

*

% 4 v2<10,b>0 - —(v>0), v2<10
4 v2<10,b>0F b>0  ""VvA<10Ab>0 F —(v>0),v2<10
"2<10Ab>0F b>0  TVE<10Ab>0 F =(v>0) Vv vA<10
v2<10Ab>0 F b>0 A (—(v>0) V v2<10)
A F v2<10 A b>0 — b>0 A (=(v>0) V v2<10)
FVv2<10A — (=b)>0 — b>0 A (=(v>0) vV v2<10)

TE [e:=10) (V2<10 A —(— b)>0 — b>0 A (—(v>0) V v2<c))

TE Jai=—b][c:=10] (vA<10 A —a>0 — b>0 A (—(v>0) V v2<c))

Uk Jai=—bic:=10] (V<10 A —a>0 — b>0 A (~(v0) V v2<c))

AR
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Simple Example Proof Dynamics in Sequent Calculus

*

% 4 v2<10,b>0 - —(v>0), v2<10
4 V2<10,b>0F b>0  "v2<10Ab>0 - =(v>0),v2<10
"2<10Ab>0F b>0 V<10 Ab>0 F —(v>0) V v3<10
v2<10Ab>0 F b>0 A (—(v>0) V v2<10)
R Fv2<10Ab>0 — b>0 A (=(v>0) V v2<10)
Fv2<10A — (—b)>0 — b>0 A (—(v>0) Vv v2<10)

TE [e:=10) (V2<10 A —(— b)>0 — b>0 A (—(v>0) V v2<c))

TE Jai=—b][c:=10] (vA<10 A —a>0 — b>0 A (—(v>0) V v2<c))

Uk Jai=—bic:=10] (V<10 A —a>0 — b>0 A (~(v0) V v2<c))

AR

Need to reason about real arithmetic
Here: to glue previous propositional proof with this dynamic proof
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Quantifier Proof Rules

R——
v I vxp(x),A
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Quantifier Proof Rules

M= A
R P(y);
I vxp(x),A
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Quantifier Proof Rules

r-py),A
VR T vxp(x). A (v €T, AVxp(x))

VR: show for fresh variable y about which we can’t know anything
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Quantifier Proof Rules

r-py),A
VR T vxp(x). A (v €T, AVxp(x))

R —————
I 3Ixp(x),A
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Quantifier Proof Rules

r-py),A
VR T vxp(x). A (v €T, AVxp(x))

M- p(e),A
I 3Ixp(x),A
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Quantifier Proof Rules

r-py),A
VR T vxp(x). A (v €T, AVxp(x))

M+ ple), A

T xp(). (arbitrary term e)

3R: enough to show for any witness term e
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Quantifier Proof Rules

r-py),A
VR T vxp(x). A (v €T, AVxp(x))

L —
v MVxp(x)F A

M+ ple), A

T xp(). B (arbitrary term e)
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Quantifier Proof Rules

r-py),A
VR T vxp(x). A (v €T, AVxp(x))
Mp(e)-A

L —
v MVxp(x)F A

M+ ple), A

T xp(). B (arbitrary term e)
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Quantifier Proof Rules

r-py),A
VR T vxp(x). A (v €T, AVxp(x))
Mp(e)-A

L —
v MVxp(x)F A

(arbitrary term e)

M+ ple), A

T xp(). B (arbitrary term e)

VL: even holds for arbitrary term e
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Quantifier Proof Rules

r-py),A
VR T vxp(x). A (v €T, AVxp(x))
Mp(e)-A

L —
v MVxp(x)F A

(arbitrary term e)

M+ ple), A

T xp(). B (arbitrary term e)

A —
I 3xp(x)F A
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Quantifier Proof Rules

r-py),A
VR T vxp(x). A (v €T, AVxp(x))
Mp(e)-A

L —
v MVxp(x)F A

(arbitrary term e)

M+ ple), A

T xp(). B (arbitrary term e)

Mply)FA
I 3xp(x)F A
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Quantifier Proof Rules

r-py),A
VR T vxp(x). A (v €T, AVxp(x))
Mp(e)-A

P —
v MVxp(x)F A

(arbitrary term e)

M+ ple), A

T xp(). B (arbitrary term e)

Fo(y)FA

W (y¢r7A’E|Xp(X))

dL: assume for fresh variable y about which we can’t know anything
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Quantifier Proof Rules

r-py),A
VR T vxp(x). A (v €T, AVxp(x))
Mp(e)-A

P —
v MVxp(x)F A

(arbitrary term e)

M+ ple), A

T xp(). B (arbitrary term e)

Fo(y)FA

W (y¢r7A’E|Xp(X))

Important: soundness means that conclusion valid if all premises valid.
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A Sequent Proof of a Single-hop Bouncing Ball »

R A X =—g;(2x=0;v:=—cvU?x > 0)]B(x, )
AL 0<x Ax=HAV=0Ag>0A1>c>0
B(x,v)dzefogx/\xg H
K==} E{X = v,V = ~g}
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A Sequent Proof of a Single-hop Bouncing Ball »

Ak X' =—9;(?x=0;v:=—cvU?x > 0)]B(x,v)
R A X =—g;(2x=0;v:=—cvU?x > 0)]B(x, V)
AL 0<x AX=HAV=0Ag>0A1>c>0
B(x,v)dzefogx/\xg H
K==} €X' = v,V = ~g}

André Platzer (KIT || CMU) LFCPS/06 14/23


http://lfcps.org/andre.html
http://lfcps.org/andre.html
https://doi.org/10.1007/978-3-319-63588-0_6
http://lfcps.org/lfcps/

A Sequent Proof of a Single-hop Bouncing Ball »

A V>0 ((H—22=0—B(H— 22, —c(—gt))) A (H—2t2>0—B(H— 212, —g
A V0 [x = H— 22 (x=0—B(x, —c(—gt))) A (x>0—B(x, —gt)))
AR V0 x = H—gtz][v = —gt]((x=0—B(x,—cv)) A (x>0—B(x,V)))
AR V0 [x = H—9¢2;v:= —gt] (x=0—B(x, —cv)) A (x>0—B(x,v)))
DA X = —g]((x =0 B(x,—cv)) A(x > 0 — B(x,V)))
AR [ = —g] ((x=0— [v:i=—cv]B(x,v)) A (x > 0 — B(x,V)))
TAF X" = —g]([7x = 0][v:= —cv]B(x, v) A[?x > 0] B(x, v))
D AF ¥ = —g]([2x = 0;v:i= —cv]B(x,v) A [?2x > 0]B(x, v))

Ak [x"=—g][?x=0;v:=—cvU?x > 0]B(x, V)
[]Al—[x”— g;(?x=0;v:i=—cvU?x >0)]|B(x,v)
A [x” =—g;(?x=0;v:=—cvU7?x >0)]|B(x, V)

AL 0<x AX=HAV=0Ag>0A1>c>0
B(x,v)dzefogx/\xgH
X"=—-g} & X =v,vV=-g}
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A Sequent Proof of a Single-hop Bouncing Ball »

[xX"=—=g;(?x=0;v:i=—cvU7x > 0)]B(x,Vv) <>
[x" = —g|[?x=0;v:=—cvU7?x > 0]B(x,v) by [;]

Ak [x"=—g][?x=0;v:=—cvU?x > 0]B(x, v)
[]Al—[x”— 9;(?x=0;v:=—cvU?x > 0)]B(x,Vv)
A [x” =—g;(?x=0;v:=—cvU7?x >0)]B(x,v)

AL 0<x AX=HAV=0Ag>0A1>c>0
B(x,v)dzefogx/\xgH
X"=—-g} & X =v,vV=-g}
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A Sequent Proof of a Single-hop Bouncing Ball »

[?x=0;v:=—cvU7?x > 0]B(x,Vv) <
([?x =0;vi=—cv]B(x,v) A[?x > 0]B(x,v)) by [U]

DAk " = —g]([7x = 0;v:= —cv]B(x,v) A[?x > 0]B(x, v))

A+ [x"=—g][?x=0;v:=—cvU7?x > 0]B(x,v)
Ak X" =—-9;(?x=0;v:=—cvU7?x > 0)]B(x,V)
R A X' =—g;(?x=0;v:=—cvU?x > 0)]B(x, )

AL 0<x Ax=HAV=0Ag>0A1>c>0
B(x,v)dzefogx/\xgH
X"=—-g} & X =v,vV=-g}

André Platzer (KIT || CMU) LFCPS/06 15/23
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A Sequent Proof of a Single-hop Bouncing Ball »

[?x =0;v:=—cv]|B(x,V) <
[?x =0][v:=—cv]B(x,v) by [;]

TAF X" = —g]([7x = 0][v:= —cv]B(x, v) A[?x > 0] B(x, v))
Ry [x" = —g]([?x = 0;v:=—cv]B(x,v) A[?x > 0] B(x, v))

A+ X" =—g][?x=0;v:=—cvU?x > 0]B(x,v)
Ak X" =—-9;(?x=0;v:=—cvU7?x > 0)]B(x,V)
R A X' =—g;(?x=0;v:=—cvU?x > 0)]B(x, )

AL 0<x Ax=HAV=0Ag>0A1>c>0
B(x,v)dzefogx/\xgH
X"=—-g} & X =v,vV=-g}
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A Sequent Proof of a Single-hop Bouncing Ball »

[?7x =0][v:=—cVv]B(x,V) <
x=0—[v:i=—cv]|B(x,v) by [?]

lAE [ = —g)((x =0 = [v:=—cv]B(x,v)) A (x > 0 = B(x,V)))
TAF X" = —g]([7x = 0][v:= —cv]B(x,v) A[?x > 0]B(x, v))
DAk " = —g]([7x = 0;v:= —cv]B(x,v) A[2x > 0]B(x, v))

A+ X" =—g][?x=0;v:=—cvU?x > 0]B(x,v)
Ak X" =—-9;(?x=0;v:=—cvU7?x > 0)]B(x,V)
R A X' =—g;(?x=0;v:=—cvU?x > 0)]B(x, )

AL 0<x Ax=HAV=0Ag>0A1>c>0
B(x,v)dzefogx/\xgH
X"=—-g} & X =v,vV=-g}

André Platzer (KIT || CMU) LFCPS/06 15/23


http://lfcps.org/andre.html
http://lfcps.org/andre.html
https://doi.org/10.1007/978-3-319-63588-0_6
http://lfcps.org/lfcps/

A Sequent Proof of a Single-hop Bouncing Ball »

[v:=—cVv]B(x,V) <
x=0— B(x,—cv) by [:=]

DA X" = —g]((x=0— B(x,—cv)) A(x > 0 = B(x,V)))

['?: A X' = —g]((x=0— [v:=—cv]B(x,V)) A (x > 0 — B(x,v)))
TAF [ = —g] ([7x = 0][v:=—cv]B(x,v) A [?x > 0] B(x, v))
DAk " = —g]([7x = 0;v:= —cv]B(x,v) A[2x > 0]B(x, v))

Ak [x"=—g][?x=0;v:=—cvU?x > 0]B(x,v)
[]Al—[x”— g;(?x=0;v:i=—cvU?x >0)]|B(x,v)
A [x” =—g;(?x=0;v:=—cvU?x >0)]|B(x, V)

AL 0<x Ax=HAV=0Ag>0A1>c>0
B(x,v)dzefogx/\xgH
X"=—-g} & X =v,vV=-g}
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A Sequent Proof of a Single-hop Bouncing Ball »

] ¥ = f()lp(x) € V20 [x:= y(1)]o(x)

AR w0 [x = H—9¢2;v:= —gt] (x=0—B(x,—cv)) A (x>0—B(x,v)))
DA X" = —g]((x =0 B(x,—cv)) A(x > 0 — B(x,V)))

AR [ = —g] ((x=0— [v:i=—cv]B(x,v)) A (x > 0 — B(x,V)))
TAF X" = —g]([7x = 0][v:= —cv]B(x, v) A[?x > 0] B(x, v))

DAk " = —g]([7x = 0;v:= —cv]B(x,v) A[?x > 0]B(x, V))

Ak [x"=—g][?x=0;v:=—cvU?x > 0]B(x, V)
Ak X" =—-9;(?x=0;v:=—cvU7?x > 0)]B(x,v)
A [x” =—g;(?x=0;v:=—cvU7?x >0)]|B(x, V)

AL 0<x Ax=HAV=0Ag>0A1>c>0
B(x,v)dzefogx/\xgH
X"=—-g} & X =v,vV=-g}
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A Sequent Proof of a Single-hop Bouncing Ball »

A viz0[x = H—2£][v:= —gt] ((x=0—B(x, —cv)) A (x>0—B(x, v)))
AR w0 [x = H— 9% v:= —gt] (x=0—B(x, —cv)) A (x>0—B(x, v)))
DA X" = —g]((x =0— B(x,—cv)) A (x > 0 — B(x,V)))

AR [ = —g] (x=0— [v:i=—cv]B(x,v)) A (x > 0 — B(x,V)))

TAF X" = —g]([7x = 0][v:= —cv]B(x, v) A[?x > 0] B(x, v))

DAk "= —g]([7x = 0;v:= —cv]B(x,v) A[?x > 0]B(x, v))

Ak [x"=—g][?x=0;v:=—cvU?x > 0]B(x, v)
[]Al—[x”— g;(?x=0;v:i=—cvU?x >0)]|B(x,v)
A [x” =—g;(?x=0;v:=—cvU7?x > 0)]|B(x, V)

AL 0<x Ax=HAV=0Ag>0A1>c>0
B(x,v)dzefogx/\xgH
X"=—-g} & X =v,vV=-g}
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A Sequent Proof of a Single-hop Bouncing Ball »

A V0 [x = H— 22 (x=0—B(x, —c(—gt))) A (x>0—B(x, —gt)))
Ak viz0[x:= H—22][v .= — gi] (x=0—B(x, —cv)) A (x>0—B(x, v)))
AR V0 [x = H—9¢2;v:= —gt] (x=0—B(x, —cv)) A (x>0—B(x,v)))
DA X" = —g]((x=0— B(x,—cv)) A (x > 0 = B(x,v)))

AR [ = —g] (x=0— [v:i=—cv]B(x,v)) A (x > 0 — B(x,V)))

TAF X" = —g]([7x = 0][v:= —cv]B(x, v) A[?x > 0] B(x, v))

DA ¥ = —g]([7x = 0;v:i= —cv]B(x,v) A [?2x > 0]B(x, v))

Ak [x"=—g][?x=0;v:=—cvU?x > 0]B(x, v)
Ak X" =—-9;(?x=0;v:=—cvU7?x > 0)]B(x,V)
A [x” =—g;(?x=0;v:=—cvU7?x > 0)]|B(x, V)

AL 0<x AX=HAV=0Ag>0A1>c>0
B(x,v)dzefogx/\xgH
X"=—-g} & X =v,vV=-g}
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A Sequent Proof of a Single-hop Bouncing Ball »

A V>0 ((H—22=0—B(H— 22, —c(—gt))) A (H—2t2>0—B(H— 212, —g

AR V0 [x = H— 2] (x=0—B(x, —c(—gt))) A (x>0—B(x, —gt)))

A viz0[x:= H—2£][v:= —gt] (x=0—B(x, —cv)) A (x>0—B(x, v)))
AR V0 [x = H—9¢2;v:= —gt] (x=0—B(x, —cv)) A (x>0—B(x,v)))
DA X = —g]((x =0 B(x,—cv)) A(x > 0 — B(x,V)))

AR [ = —g] ((x=0— [v:i=—cv]B(x,v)) A (x > 0 — B(x,V)))

TAF X" = —g]([7x = 0][v:= —cv]B(x, v) A[?x > 0] B(x, v))

D AF ¥ = —g]([2x = 0;v:i= —cv]B(x,v) A [?2x > 0]B(x, v))

Ak [x"=—g][?x=0;v:=—cvU?x > 0]B(x, V)
[]Al—[x”— g;(?x=0;v:i=—cvU?x >0)]|B(x,v)
A [x” =—g;(?x=0;v:=—cvU7?x >0)]|B(x, V)

def
AZ 0<x Ax=HAV=0Ag>0A1>c>0
B(x,v) dzefongxg H
def
X"=—-g} = X =v,vV=-g}
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A Sequent Proof of a Single-hop Bouncing Ball »

A V>0 ((H—22=0—B(H— 22, —c(—gt))) A (H—2t2>0—B(H— 212, —g
A V0 [x = H— 22 (x=0—B(x, —c(—gt))) A (x>0—B(x, —gt)))
AR V0 x = H—gtz][v = —gt]((x=0—B(x,—cv)) A (x>0—B(x,V)))
AR V0 [x = H—9¢2;v:= —gt] (x=0—B(x, —cv)) A (x>0—B(x,v)))
DA X = —g]((x =0 B(x,—cv)) A(x > 0 — B(x,V)))
AR [ = —g] ((x=0— [v:i=—cv]B(x,v)) A (x > 0 — B(x,V)))
TAF X" = —g]([7x = 0][v:= —cv]B(x, v) A[?x > 0] B(x, v))
D AF ¥ = —g]([2x = 0;v:i= —cv]B(x,v) A [?2x > 0]B(x, v))

Ak [x"=—g][?x=0;v:=—cvU?x > 0]B(x, V)
[]Al—[x”— g;(?x=0;v:i=—cvU?x >0)]|B(x,v)
A [x” =—g;(?x=0;v:=—cvU7?x >0)]|B(x, V)

AL 0<x AX=HAV=0Ag>0A1>c>0
B(x,v)dzefogx/\xgH
X"=—-g} & X =v,vV=-g}

André Platzer (KIT || CMU) LFCPS/06 15/23


http://lfcps.org/andre.html
http://lfcps.org/andre.html
https://doi.org/10.1007/978-3-319-63588-0_6
http://lfcps.org/lfcps/

© Real Arithmetic
@ Real Quantifier Elimination
@ Instantiating Real-Arithmetic Quantifiers
@ Weakening by Removing Assumptions
@ Abbreviating Terms to Reduce Complexity
@ Substituting Equations into Formulas
@ Creatively Cutting to Transform Questions
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Real Arithmetic

Lemma ( real arithmetic)

FOLR decidable, so side condition implementable:

(if \ P— \/ Qis valid in FOLg)
per QeA

“TEa

Ra>0,b>0Fy>0—ax®+by>0 Bx2>0Fx>0
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Real Arithmetic

Lemma ( real arithmetic)

FOLR decidable, so side condition implementable:

(if \ P— \/ Qis valid in FOLg)
per QeA

“TEa

*
Ra>0,b>0Fy>0—ax®+by>0 Bx2>0F x>0
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Real Arithmetic

Lemma ( real arithmetic)

FOLR decidable, so side condition implementable:

(if \ P— \/ Qis valid in FOLg)
per QeA

“TEa

* false
Ra>0,b>0Fy>0—ax®+by>0 Bx2>0Fx>0
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Real Arithmetic

Lemma ( real arithmetic)

FOLR decidable, so side condition implementable:

R (if A\P— \/ QisvalidinFOLg)
Pel QeA
* false
Ra>0,b>0Fy>0—ax®+by>0 Bx2>0Fx>0

Theorem (Tarski’s quantifier elimination)

FOLr admits quantifier elimination: there is an algorithm that computes a
quantifier-free formula QE(P), for each first-order real arithmetic formula P,
that is equivalent, i.e., P <> QE(P) is valid.
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Real Arithmetic

Lemma ( real arithmetic)

FOLR decidable, so side condition implementable:

R (if A\P— \/ QisvalidinFOLg)
Pel QeA
* false
Ra>0,b>0Fy>0—ax®+by>0 Bx2>0Fx>0

Theorem (Tarski’s quantifier elimination)

FOLr admits quantifier elimination: there is an algorithm that computes a
quantifier-free formula QE(P), for each first-order real arithmetic formula P,
that is equivalent, i.e., P <> QE(P) is valid.

What if there are no quantifiers?

André Platzer (KIT || CMU) LFCPS/06 17/23


http://lfcps.org/andre.html
http://lfcps.org/andre.html
https://doi.org/10.1007/978-3-319-63588-0_6
http://lfcps.org/lfcps/

Real Arithmetic

Lemma ( real arithmetic)

FOLR decidable, so side condition implementable:

R (if A\P— \/ QisvalidinFOLg)
Pelr QeA
* false
Ra>0,b>0Fy>0—ax®+by>0 Bx2>0Fx>0

Theorem (Tarski’s quantifier elimination)

FOLr admits quantifier elimination: there is an algorithm that computes a
quantifier-free formula QE(P), for each first-order real arithmetic formula P,
that is equivalent, i.e., P <> QE(P) is valid.

M=VxP,A

What if th ifiers? i I cl ith iV
at if there are no quantifiers? Universal closure with i FEpA
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Quantifier Elimination After Universal Closure

" FVd(d>—x— [x:=0Ux:=x+d]x >0)
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Quantifier Elimination After Universal Closure

" FVd(d>—x— [x:=0Ux:=x+d]x >0)

Not a FOLR formula so Tarski’s quantifier elimination not applicable.
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Quantifier Elimination After Universal Closure

Uea> —x— [x:=0Ux:=x+d]x>0
" FVd(d>—x— [x:=0Ux:=x+d]x >0)
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Quantifier Elimination After Universal Closure

[::JI—dz—x—>[x:=0]x20/\[x:=x+d]x20
] Fd>—x—[x:=0Ux:=x+d]x>0
" FVd(d>—x— [x:=0Ux:=x+d]x >0)
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Quantifier Elimination After Universal Closure

T d> x5 0> 0A[xi=x+d]x>0
[::JI—dz—x—>[x:=0]x20/\[x:=x+d]x20
] Fd>—x—[x:=0Ux:=x+d]x>0

" FVd(d>—x— [x:=0Ux:=x+d]x >0)
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Quantifier Elimination After Universal Closure

"Fd>-x—>0>0Ax+d>0

T d> x5 0> 0A[x=x+d]x>0
[::JI—dz—x—>[x:=0]x20/\[x:=x+d]x20
] Fd>—x—[x:=0Ux:=x+d]x>0

" FVd(d>—x— [x:=0Ux:=x+d]x >0)
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Quantifier Elimination After Universal Closure

" FVd(d>-x—=0>0Ax+d>0)
"Fd>-x—>0>0Ax+d>0

T d> x5 0> 0A[xi=x+d]x>0
[::JI—dz—x—>[x::0]x20/\[x:=x+d]x20
] Fd>—x—[x:=0Ux:=x+d]x>0

" FVd(d>—x— [x:=0Ux:=x+d]x >0)
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Quantifier Elimination After Universal Closure

R FVxVd(d>-x—0>0Ax+d>0)

" Fvd(d>-x—=0>0Ax+d>0)
"Fd>-x—>0>0Ax+d>0

T d> x5 0> 0A[xi=x+d]x>0
[::JI—dz—x—>[x::0]x20/\[x:=x+d]x20
] Fd>—x—[x:=0Ux:=x+d]x>0

" FVd(d>—x— [x:=0Ux:=x+d]x >0)
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Quantifier Elimination After Universal Closure

*
R FVxVd(d>-x—0>0Ax+d>0)
" Fvd(d>-x—0>0Ax+d>0)
"Fd>-x—0>0Ax+d>0
T d> x5 0> 0A[x:i=x+d]x>0
[::JI—dz—x—>[x::0]x20/\[x:=x+d]x20
] Fd>—x—[x:=0Ux:=x+d]x>0
" FVd(d>—x— [x:=0Ux:=x+d]x >0)
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Quantifier Elimination After Universal Closure

*
R FVxVd(d>-x—0>0Ax+d>0)

" Fvd(d>-x—0>0Ax+d>0)

" Fd>-x—>0>0Ax+d>0
[::]I—dZ—x—>020/\[x::x+d]x20
[::]I—dz—x—>[x::0]x20/\[x:=x+d]x20
] Fd>—x—[x:=0Ux:=x+d]x>0

R I—Vd(dz—x—>[x::0Ux::x+d]x20)

We could also leave Vd alone and use axioms in the middle of the formula.
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Quantifier Elimination After Universal Closure

*
R FVxVd(d>-x—0>0Ax+d>0)

" Fvd(d>-x—0>0Ax+d>0)

" Fd>-x—>0>0Ax+d>0
[::]I—dZ—x—>020/\[x::x+d]x20
[::]I—dz—x—>[x::0]x20/\[x:=x+d]x20
] Fd>—x—[x:=0Ux:=x+d]x>0

R I—Vd(dz—x—>[x::0Ux::x+d]x20)

Already use rule Rk for valid FOLR formulas with free variables before iV
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Instantiating Real-Arithmetic Quantifiers

M=ply),A M p(e),A

VR W(...) HR m(...)
M.p(e) A Mp(y)FA
VL W ...) HL W(...)

ME[x' =f(x)&q(x)]P
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Instantiating Real-Arithmetic Quantifiers

M=ply),A M p(e),A
R I'I—pr(x),A("') R M 3xp(x),A )
r.ple)-A Fp(y)FA
T Ly N I N

[ ve>0 ((Yo<s<tq(y(s)))—[x:=y(1)]P)
M= [x' = f(x)&q(x)]P
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Instantiating Real-Arithmetic Quantifiers

M=ply),A M p(e),A
R I'I—pr(x),A("') R M 3xp(x),A )
Fple)-A FLpy)FA
VLW...) HL W(...)

M- >0 ((vo<s<tQ(y(s)))—[x:=y()]P)
[ vi=0 ((Vo<s<tq(y(s)))—[x:=y(1)]P)
ME X =f(x)&q(x)]P
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Instantiating Real-Arithmetic Quantifiers

M=ply),A M p(e),A

R xp(). At N T aep.at )
rp(e)- A ro(y)- A

[l R £ IV Rl VE P e IV N

[ t>0F (V0<s<tq(y(s)))—[x:=y(t)]P
[ t>0—((V0<s<tQ(y(s)))—[x:=y(1)]P)
[ Vi>0((Vo<s<tq(y(s)))—[x:=y(t)]P)
ME[x' =f(x)&q(x)]P
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Instantiating Real-Arithmetic Quantifiers

r=p(y),A Iep(e),A

R I'I—pr(x),A("') IR M 3xp(x),A )
Mp(e)F A Mp(y)FA

L rvxp(x)- A o) A F,Elxp(x)l—A("')

M,t>0,V0<s<tq(y(s))F [x:=y(t)]P
[ t>0+ (Vo<s<tq(y(s)))—[x:=y(t)]P
M t>0—((V0<s<tQ(y(s)))—[x:=y(1)]P)
M Vi>0 ((VO<s<tq(y(s)))—[x:=y(1)]P)
ME[x' =f(x)&q(x)]P
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Instantiating Real-Arithmetic Quantifiers
Mp(y),A M+ p(e),A
PY) ( )HRL(...)

VR ——F——(. ..
I v¥Yxp(x),A I 3xp(x),A

Mp(e)F A Mp(y)FA
VL W'”) L F,Elxp(x)l—A("')

I, t>0,0<t<t—q(y(t)) F [x: —y(t)]P
" [,t>0,v0<s<tq(y(s)) F [x .= y(D)]P
o F 150 (Y0<s<tq(y(s)))—x =y (D]P
TR 20 ((Vo<s<tQ(y(s)))—x = y(1)]P)
- [ V=0 ((vo<s<tq(y(s)))—x = y(1)]P)
. MF [ = () & q(x)]P

LFCPS/06 19/23
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Instantiating Real-Arithmetic Quantifiers
Mp(y),A M+ p(e),A
py) (.) 3R ple) ()

VR ——F——(. .. .
I v¥Yxp(x),A I 3xp(x),A

Mp(e) A Fp(y)FA
v F,pr(x)l—A"') - F,Elxp(x)l—A("')

] t>0F 0<t<t,[x:=y(t)]P T,t>0,q(y(t))F [x:=y(t)]P

I,t>0,0<t<t—q(y(t)) F [x:=y(t)]P
" [,t>0,v0<s<tq(y(s)) F [x .= y(D)]P
- L0 (Y0<s<tq(y(s))) X :=y(1)]P
TR 20 ((Vo<s<tQ(y(s)))— x = y(1)]P)
- [ V=0 ((Vo<s<tq(y(s)))—x = y(1)]P)
Fl MF X = 1(x) & g(x)]P

LFCPS/06 19/23
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Instantiating Real-Arithmetic Quantifiers
Mp(y),A M+ p(e),A
py) (.) 3R ple) ()

VR ——F——(. .. .
I v¥Yxp(x),A I 3xp(x),A

Mp(e) A Fp(y)FA
v F,pr(x)l—A"') - F,Elxp(x)l—A("')

“ftzo Fo<i<t,x:=y(O)]P T,t>0,q(y(D)F [x:=y(D]P

I,t>0,0<t<t—q(y(t)) - [x:=y(t)]P
" [,t>0,v0<s<tq(y(s)) F [x .= y(D)]P
- L0 F (Y0<s<tq(y(s)))~x:=y(1)]P
TR 20 ((Vo<s<tQ(y(s)))— x = y(1)]P)
- [ V=0 ((V0<s<tq(y(s)))—x = y(1)]P)
Fl MF X = (x) & g(x)]P

LFCPS/06 19/23
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Instantiating Real-Arithmetic Quantifiers
Mp(y),A M+ p(e),A
py) (.) 3R ple) ()

VR ——F——(. .. .
I v¥Yxp(x),A I 3xp(x),A

Mp(e) A Fp(y)FA
v F,pr(x)l—A"') - F,Elxp(x)l—A("')

HftZO Fo<t<t[x:=y(t)]P T,t>0, q(y(t))l— [x:=y(t)P

I,t>0,0<t<t—q(y(t)) - [x:=y(t)]P
" [,t>0,v0<s<tq(y(s)) F [x .= y(D)]P
- L0 F (Y0<s<tq(y(s)))~x:=y(1)]P
TR 20 ((Vo<s<tQ(y(s)))— x = y(1)]P)
- [ V=0 ((V0<s<tq(y(s)))—x = y(1)]P)
Fl MF X = (x) & g(x)]P

LFCPS/06 19/23
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Instantiating Real-Arithmetic Quantifiers

I, >0, Fx:= p
e L)

RtZO Fo<t<t[x:=y(t)]P T,t>0, q(y(t))l— [x:=y(t)P
s [, t>0,0<t<t—q(y(D) F [x =y (D)]P

L I t>0,%0<s<tq(y(s)) - [x:=y(0)]P
. I, £=01 (V0<s<tq(y(s))~[x:=y(1)]P
T 20 ((Y0=s<tQp ()~ =y(0]P)

[ Ve>0 ((Yo<s<tq(y(s)))—[x:=y(t)]P)
ME[x' =f(x)&q(x)]P
Derived rule: rule that can be proved using other proof rules.

(1
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Weakening by Removing Assumptions
reA

WR ———
rFP,A
MeA

TN

r>0F0<r<r
WLA, r>0F0<r<r

Throw big arithmetic distraction A away by weakening since the proof is
independent of formula A.

Occam’s assumption razor

Think how hard it would be to prove a theorem with all the facts in all books

of mathematics as assumptions.
Compared to a proof from just the two facts that matter.
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Abbreviating Terms to Reduce Complexity

a a a
a>0,t>0,0 < §t2+vt+x7§t2+vt+x§ d,d<8t 5t"‘+v1r+x§8

~ A\ vz
~~ ~ — N
z z z

Abbreviate fancy term gtz + vt + x by new variable z makes it easy:

a>0,t>00<zz<dd<8+z<8

André Platzer (KIT || CMU) LFCPS/06 21/23


http://lfcps.org/andre.html
https://doi.org/10.1007/978-3-319-63588-0_12
http://lfcps.org/andre.html
https://doi.org/10.1007/978-3-319-63588-0_6
http://lfcps.org/lfcps/

Abbreviating Terms to Reduce Complexity

a a a
a>0,t>0,0 < §t2+vt+x7§t2+vt+x§ d,d<8t 5t2+v1r+x§8

~ A\ vz
~~ ~ — N
z z z

Abbreviate fancy term gtz + vt + x by new variable z makes it easy:
a>0,t>00<z,z<d,d<8+z<8

Proof rules introducing such new variables will be studied in
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Abbreviating Terms to Reduce Complexity

a a a
a>0,t>0,0 < §t2+vt+x,§t2+vt+x§ d,d<8t 5t2+v1r+x§8
~ ~~ < ~~ - S—

z z z

Abbreviate fancy term gtz + vt + x by new variable z makes it easy:
a>0,t>00<z,z<d,d<8+z<8

Proof rules introducing such new variables will be studied in
Inverse of a derived rule that turns assignments into equations:

L Ty=eFpy).A
[=]= I+ [x:=¢€]p(x),A
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Abbreviating Terms to Reduce Complexity

a a a
a>0,t>0,0 < §t2+vt+x,§t2+vt+x§ d,d<8t 5t2+v1r+x§8
~ ~~ < ~~ - S—

z z z

Abbreviate fancy term gtz + vt + x by new variable z makes it easy:
a>0,t>00<z,z<d,d<8+z<8

Proof rules introducing such new variables will be studied in
Inverse of a derived rule that turns assignments into equations:

L Ty=eFpy).A
[=]= I+ [x:=¢€]p(x),A

(¥ new)
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Creatively Cutting to Transform Questions
Mx=ek p(e),A

- Mx=ek p(x),A
MNx=eple)r A
T Tx=ep(x)FA

cut (x=¥)?<0,p(y) - p(x)
AL (x=y)2<0Ap(y) - p(x)
n - (-yP<0plY) — p(¥)
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Creatively Cutting to Transform Questions
Mx=ek p(e),A

- Mx=ek p(x),A
MNx=eple)r A
T Tx=ep(x)FA

M (x—y2<0,p(y) F x=y,p(x) "(x—y)2<0,p(y),x =y F p(x)

cut (x=¥)?<0,p(y) - p(x)
AL (x=y)2<0Ap(y) - p(x)
- = (x=yPP<07p(y) = pX)
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Creatively Cutting to Transform Questions
Mx=ek p(e),A

- x=ekp(x),A
MNx=eple)r A
T Tx=ep(x)FA

ES
o (x—y)P<0kx=y
W (x—y)2<0F x = y,p(x)
" x—y2<0,p(y) F x=y,p(x) ""(x—y)?<0,p(y).x =y I p(x)

cut (x=¥)?<0,p(y) - p(x)
AL (x=y)2<0Ap(y) - p(x)
n - (-yP<0plY) — p(¥)
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Creatively Cutting to Transform Questions
Mx=ek p(e),A

- x=ekp(x),A
MNx=eple)r A
T Tx=ep(x)FA

o (x—yP<0Fx=y
W (x—y)2<0 F x = y,p(x) p(y),x =y F p(x)
M (x—y)2<0,p(y) F x=y,p(x) "(x—y)2<0,p(y),x =y F p(x)

=R

cut (x=¥)?<0,p(y) - p(x)
AL (x=y)2<0Ap(y) - p(x)
n - (-yP<0p0Y) — p(¥)
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Creatively Cutting to Transform Questions
Mx=ek p(e),A

Mx=ek p(x),A
MNx=eple)r A
Mx=epx)FA

Y (y)P<obx=y p(y),x =y p(y)
T (x—y)?<0F x = y,p(x) p(y),x =y F p(x)
(x—y)2<0,p(y) F x =y.p(x) ""(x—y)?<0.p(y),x = y I p(x)
. (x—y)?<0,p(y) - p(x)
" (x—y)?<0Ap(y) + p(x)
o - (x—y)2<0 A p(y) — p(x)

id

=R
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Creatively Cutting to Transform Questions
Mx=ek p(e),A

Mx=ek p(x),A
MNx=eple)r A
Mx=epx)FA

Y (y)P<obx=y h p(y),x =y p(y)
T (x—y)?<0F x = y,p(x) p(y),x =y F p(x)
(x—y)2<0,p(y) F x=y.p(x) ""(x—y)?<0.p(y),x = y I p(x)
o (x—y)2<0,p(y) I- p(x)
" (x—y)?<0Ap(y) + p(x)
o - (x—y)2<0 A p(y) — p(x)

=R
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° Summary
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Summary: Proof Rules of Sequent Calculus

R PHA /\RI_I—P,A M- Q,A y r-rP.QA
M- —P.A [-PAQ,A -PVQ,A
F-P,.A rP,QFA LPFA T,QFA
r—Pra “T.PrarA ST Pvara
PHQA .

U TFPoQA 4P PA R e n
r-pPA T,QFA [-CcA ICHA

—L FPSarA cut A 1L m
L By ¢ T Axp(x) TR ey e o
Mpe)- A Coly)F A

(arbitrary term e) L (v € T,A,3xp(x))

Mvxp(x)- A M3axp(x)F A
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Summary: Proof Rules of Sequent Calculus

o PEA  TEPA THQA  TFPOQA
" TF-P,A [FPAQA FPVQA
r-pA  TPOFA L [PEA TaFA
r,—|P|—A m r,P\/Ql—A
rPFQA . .
(TFPA TQFA THCA TCEA
Tt T Poara @ rFA sl B
M-p(y),A M- ple), A
ey A LA R —— """ (arbi
I'I—pr(x),A(yg A NVxp(x)) I.FHXP(X)’A(arbltraryterm e)
Fple)F A ro(y) kA
2 (arbitrary t JL 22 2 (T A3
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