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dL Operator

(" Operators of Differential Dynamic Logic (dL)

Meaning

e > ¢ greater or equals

—-P  negation/ not

PAQ conjunction / and
PV Q disjunction / or

P — Q implication / implies

true if value of e greater-or-equal to é
true if P is false

true if both P and Q are true

true if P is true or if Q is true

true if P is false or Q is true

P + Q bi-implication / equivalent true if P and Q are both true or both false

VxP  universal quantifier / for all true if P is true for all values of variable x
dxP existential quantifier / exist true if P is true for some value of variable x
[@]P [-] modality / box true if P is true after all runs of HP o

\ (a)P (-) modality / diamond true if P is true after some run of HP o

(" Statements and effects of Hybrid Programs (HPs) )

HP Notation Operation Effect

x:=e discrete assignment assigns current value of term e to variable x

Xi=x% nondet. assignment assigns any real value to variable x

X' = f(x) &Q continuous evolution follow differential equation x' = f(x) with-
in evolution domain Q for any duration

70 state test / check test first-order formula Q at current state
o; B seq. composition ~ HP f starts after HP « finishes
oaUp nondet. choice choice between alternatives HP o or HP 8
\a* nondet. repetition  repeats HP o any n € N times )
~

(" Semantics of dL formula P is the set of states [P] € .“in which it is true
[e>e] ={we.” : wle] > w[e]}

VAQ—VHHH

[Pvol= [[P]] [2]

[-P] =[P]° = #\[P]

[{x)P] =[a]o[P] ={® : v € [P] for some state v such that (@, V) € [a]}
[l@]P] =[—{(c)=P] ={w : v € [P] for all states v such that (®,V) € [o]}
[ZxP] ={w : v € [P] for some state v that agrees with @ except on x}
[[VxP]] ={® : v € [P] for all states v that agree with @ except on x}

J

(Semantics of HP « is relation [a] C . x .7 between initial and final states )

[x:=¢] ={(w,v) : v= o except that v[x] = o[e]}

I CL R

[x = ={(o ¢(0) = o except at X’ and @(r) = v for a solution
o: [0 r] — y of any duration r satisfying @ |=x' = f(x) AQ}

[cupl  =[o]U[B]

[o: Bl =[a] o [B] = {(@,V) : (0, 1) € [&], (1, V) < (81}

[o*] =[a]* = | [&"] with (x"“ = a"; o and o =rue

neN
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(" Axiomatization (dL) )
P—Q
[()] ()P > =[] =P M[] ol = [0]0
[:=]| [x:=e]p(x) <> p(e)
[?] [?Q]P ++ (@ — P)

X = f(x)|p(x) & Vi>0[:=y(t)p(x) ') = f(»)

P
G p

I p— [a]p (FV(p)NBV(a) = 0)

(" Differential equation axioms )

DW [x' = f(x) & QIP ¢ [ = f(x) & QI(Q — P)
(i =f(x) &QIP <> [7Q]P) < (@ — [¥' = f(x) & Q] (P)")

DA (¥ = f(x) &QJP > [¥' = f(x) & QACIP) + [¥ = f(x) &QIC
DE [’ = f(x) & QIP ¢ [¥' = f(x) & Q]I := f(x)]P
DGl [’ = f(x) & QIP > Jy[x' = f(x),)' = a(x) -y + b(x) & QIP
(e+k)" = (e)' + (k)
(e k) = (e) -k+e- (k)
[ (c()) (for numbers or constants c¢())
i (x) (for variable x € ¥)
\ _J
(" Differential equation proof rules / , h
e :ka(;& 0.4 FQ:[)L ;_J{(S;)ic(gzv

- =fx&QIC,A T't['=fx)&(QAC)PA

F =
g Ik =f(x)&QIP,A )
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(" Sequent calculus proof rules )
rP+A T'FPA THQA r'-PO,A
R —
R —pa R —Fr5r0a  “BFrpvoa
r'-PA r,PO-A IPH-A I,0FA
= 7 e = 0Togl &
-F,—|P|—A lml—',P/\Ql—A L I',PVQOFA
I',P-Q,A I'FA
I'-P—Q,A EH'F,PI—P,A I'PA
I'-PA F,Ql—AmFI—C,A I'.CckA I'FA
I'P—Q0FA I'FA I'P-A
I'tp(y),A I'tp(e),A .
VR ——————— (y&4T'.A _ bit: t
v ETON (y€I,ANxp(x) ER Fl—Epr(x),A (arbitrary term e)
T ple)-A ,p(y)FA
_ bit t - I A4
Fxp() F 4 (arbitrary term ¢) HLJ] I, Elx eI (y € I',A,3xp(x))
FI—C(Q),A FP< QO I''x=el pe),A
[~=5 TFCP).A Fx=eF oG4
FC(Q FA I—P<—>Q Ix=eple)k A
L FA lE_L‘F,x:e,p(x)l—A
J
(" Derived axioms and derived rules )
7 (PAQ) (P A(Q)
L (Pv Q) & (P) A(QY
A [el(PAQ) & [a]PAla]Q
[P < PA[o*][o]P
[] o 1P & [or]P
I'y=et p(y),A
[=]] 'k [x:=e]p(x),A (v new)
'k [y:=¢lp,A
—Fl—p,A (y new)
el ' = f(x),y =a(x)-y+b(x)&Q|P,A
I'- ¥ =f(x)&Q|P,A
g PO PG G =f()Y =al) y+b(x) &G
JE X =f(x)&Q)J
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