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dC Motives: The Logic of Hybrid Systems

RBC

differential dynamic logic /&
dc = DL + HP — —

L L I s
far ST neg SB  cor MA
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dC Motives: Regions in First-order Logic

differential dynamic logic
dC = FOLg

1

T

André Platzer (CMU)

far ST  neg
v

SB  cor

MA

v2 < 2b(MA — 2)

MA
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dC Motives: Regions in First-order Logic

differential dynamic logic

d = FOL
" e r ;
far ST neg SB cor MA
YMA3ISB ... ! v2 < 2b(MA — z)
V>0 ... N4
MA

André Platzer (CMU)

2/

32


http://symbolaris.com/meta/andre.html
http://symbolaris.com/meta/andre.html
http://symbolaris.com/lahs/

dC Motives: State Transitions in Dynamic Logic

differential dynamic logic /B
dt = FOLR + et N

Il T =
far ST neg SB cor MA
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dC Motives: State Transitions in Dynamic Logic

differential dynamic logic
df = FOLg + ML

André Platzer (CMU)
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dC Motives: State Transitions in Dynamic Logic

differential dynamic logic
df = FOLg + DL
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dL Motives: Hybrid Programs as Uniform Model

differential dynamic logic
dC = FOLg + DL + HP
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dL Motives: Hybrid Programs as Uniform Model

differential dynamic logic
dC = FOLg + DL + HP —

[if(z > SB)a:=—b; 2/ =a]v? < 2b

-
hybrid program
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Verification Calculus for Differential Dynamic Logic

Propositional Rules

F¢
-6 F

¢ F
- ¢

o

10 propositional rules

¢+ o Yk Fo oF
PNYE oVY -
Fo FH9 Fo 9

FoNnY Fovey

Fo ot

Fo—

o=k o9
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Verification Calculus for Differential Dynamic Logic

Dynamic Rules

(@) (B)9 OV (a){a")¢ B

(a; BYop (a*) ¢ (x1:=01,..,xp:=0n)0

[O‘][B](Zs ¢/\[a][a*]¢ <X1 :=917~'7Xn:=0n>¢

[ov; Bl [a*]¢ [x1:=01,..,xp:=0p]0

(Vv (B xAY >0 ((YO<E<t (S(1))x) A (S(t))9)
(U B)o (M) (xx="01,...,.x, =0, AX)0

[l A[Ble  x— V>0 ((V0<i<t (S(%))x) — (S(1))9)

[ U Blo [?x]v [x{ =01,..,x, =0, AX]9
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Verification Calculus for Differential Dynamic Logic

First-Order Rules

= (s(Xa, .., Xn)) E ¢(X)
F Vx ¢(x) F Ix ¢(x)

o(s(X1,.., Xn) F o(X) +
Ix p(x) F Vx ¢(x)

s new, {X1,..,Xp} = FV(3x ¢(x)) X new variable

F QE(VX (¢(X) F ¥(X))) FQE(EX A;(®i - V)
O(s(X1,..,Xn)) F W(s(X1,..,Xpn)) ORI ST O S U8
X new variable X only in branches ¢; - WV;

QE needs to be defined in premiss

André Platzer (CMU) 5/32
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Verification Calculus for Differential Dynamic Logic
Global Dynamic Rules

Fve(¢ =) Fv(¢ = ) Fv(¢ = [a]9)
[a]é F [a]y (@) F (a)y A [

FVYv>0(p(v) = ()e(v — 1))

v p(v) F (a*)Iv<0¢p(v)
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© Soundness
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Soundness

Theorem (Soundness)

dC calculus is sound, i.e.,

Fo = FEé

André Platzer (CMU)
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Soundness

Theorem (Soundness)

dC calculus is sound, i.e.,
Fo = Eo¢

Challenges (Soundness Proof)
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Soundness

Theorem (Soundness)

dC calculus is sound, i.e.,
Fo = Eo¢

Challenges (Soundness Proof)

o x' = f(x)
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Soundness

Theorem (Soundness)

dC calculus is sound, i.e.,
Fo = Eo¢

Challenges (Soundness Proof)
o x' = f(x)

@ Side deductions
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Soundness

Theorem (Soundness)

dC calculus is sound, i.e.,
Fo = Eo¢

Challenges (Soundness Proof)
o x' = f(x)

@ Side deductions

@ Free variables & Skolemization
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© Completeness
@ Incompleteness
e Completeness
@ Expressibility and Rendition of Hybrid Programs
@ Relative Completeness of First-Order Assertions
@ Relative Completeness of Differential Logic Calculus
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Completeness

Can we prove all valid formulas of d?

o = F o7

André Platzer (CMU)
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Incompleteness

Theorem (Incompleteness)

Both the discrete fragment and the continuous fragment of dC are not
effectively axiomatisable, i.e., they have no sound and complete effective
calculus, because natural numbers are definable in both fragments.

André Platzer (CMU) 8 /32
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Incompleteness

Theorem (Incompleteness)

Both the discrete fragment and the continuous fragment of dC are not
effectively axiomatisable, i.e., they have no sound and complete effective
calculus, because natural numbers are definable in both fragments.

Theorem (Godels's Incompleteness'31)

First-order logic with (non-linear) arithmetic of natural numbers has no
sound and complete effective calculus.

André Platzer (CMU) 8 /32
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Incompleteness

Proof (Incompleteness).

Discrete fragment:
(x:=x4+1)")x=n
+1 41 41 +1 41

s, s, s, S, S
7 7 7 7 7

André Platzer (CMU) 9 /32
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Incompleteness

Proof (Incompleteness).

Discrete fragment:

(x:==x+1)*) x=n

+1 +1 +1 +1 +1

s, s, s, S, S
7 7 7 7 7

Continuous fragment:

(" =—s, 7 =1)(s=0AT=n) ~ § = sin

anvan vanlll
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Incompleteness

Proof (Incompleteness).

Discrete fragment:

(x:==x+1)*) x=n

+1 +1 +1 +1 +1

s, s, s, S, S
7 7 7 7 7

Continuous fragment:

(" =—s, 7 =1)(s=0AT=n) ~s 5 = sin

What's missing in characterization? O
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Incompleteness

Proof (Incompleteness).

Discrete fragment:

(x:==x+1)*) x=n

+1 +1 +1 +1 +1

s, s, s, S, S
7 7 7 7 7

Continuous fragment:

(" =—s, 7 =1)(s=0AT=n) ~s 5 = sin

What's missing in characterization? s # 0V s'(0) # 0 O
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Incomplete! But are we missing proof rules?

André Platzer (CMU)
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Incomplete! But are we missing proof rules?

hybrid-d( /datag ?7?

Cook,Harel:  discrete-DL /datay
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Sources of Incompleteness

SNl O
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Sources of Incompleteness

ST O

continuous
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Sources of Incompleteness

Sl O

continuous discrete
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Sources of Incompleteness

STl O

continuous discrete repeat
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Sources of Incompleteness

S\l O

continuous discrete repeat
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Relative Completeness

Sl O

continuous discrete repeat

André Platzer (CMU) 10 / 32


http://symbolaris.com/meta/andre.html
http://symbolaris.com/meta/andre.html
http://symbolaris.com/lahs/

Relative Completeness

SO

continuous discrete repeat

André Platzer (CMU)
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Relative Completeness

Theorem (Relative Completeness)

dL calculus is a sound & complete axiomatisation of hybrid systems
relative to differential equations.

continuous discrete repeat

André Platzer (CMU)


http://symbolaris.com/meta/andre.html
http://symbolaris.com/meta/andre.html
http://symbolaris.com/lahs/

Relative Completeness

Theorem (Relative Completeness)

dL calculus is a sound & complete axiomatisation of hybrid systems
relative to differential equations.

continuous discrete repeat

4

Cook,Harel:  discrete-DL /data P..  hybrid-dC/differential equations
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First-Order Logic of Differential Equations FOD

Definition (First-Order Logic of Differential Equations)

FOD = FOLg + [x{ = b1,...,x}, = 0n]F

FOD ¢ =01 >0 | ~p | 1 A2 | Vx| Ixo | [} =01,...,x, =0,]0
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First-Order Logic of Differential Equations FOD

Definition (First-Order Logic of Differential Equations)

FOD = FOLg + [x{ = b1,...,x}, = 0n]F

FOD ¢ =01 >0 | ~p | 1 A2 | Vx| Ixo | [} =01,...,x, =0,]0

FOD ¢ =01 >0 | = | p1 Ao | Vx| Ixo | [X{ =01,...,x, = 0,]F
with FOLg-formula F
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First-Order Logic of Differential Equations FOD

Definition (First-Order Logic of Differential Equations)

FOD = FOLg + [x{ = b1,...,x}, = 0n]F

FOD ¢ =01 >0 | ~p | 1 A2 | Vx| Ixo | [} =01,...,x, =0,]0

FOD ¢ =01 >0 | = | p1 Ao | Vx| Ixo | [X{ =01,...,x, = 0,]F

with FOLg-formula F
both will do
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Relative Completeness

Theorem (Relative Completeness)

dl calculus is complete relative to first-order logic of differential equations.
Eo¢ iff Tautropt ¢

where FOD = FOLg + [x] = 01,...,x, = 0,]F
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Relative Completeness

Theorem (Relative Completeness)

dl calculus is complete relative to first-order logic of differential equations.
Eo¢ iff Tautropt ¢

where FOD = FOLg + [x] = 01,...,x, = 0,]F

Corollary (Proof-theoretical Alignment)

verification of hybrid systems = verification of dynamical systems!
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Relative Completeness Proof

Eo¢ iff Tautpop b ¢
where FOD = FOLg + [x] = 01,...,x), = 0,]F

Proof (Relative Completeness, 15 pages).

@ Strong enough invariants and variants expressible in d_

@ dL expressible in FOD

@ valid dL formulas d£-derivable from corresponding FOD axioms
@ finite FOD formula characterising unbounded hybrid repetition
© FOD characterises R-Godel encoding

O First-order expressible & program rendition:
for each ¢ thereis F € FOD F ¢ +» F

@ Propositionally & first-order complete
@ Relative complete for first-order safety F — [o]G

@ Relative complete for first-order liveness F — (a)G

André Platzer (CMU)
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Relative Completeness Proof

where FOD = FOLg + [x| = 01,...,x), = 0,]F

Proof (R-Godel encoding).

FOD characterises constructive bijection R — R?

O
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Relative Completeness Proof

where FOD = FOLg + [x] = 01,...,x, = 0,]F

Proof (R-Godel encoding).

FOD characterises constructive bijection R — R? not differentiable!

O
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Relative Completeness Proof

where FOD = FOLg + [x| = 01,...,x), = 0,]F

Proof (R-Godel encoding).

FOD characterises constructive bijection R — R?

- = dp.d142 ...

.M8
POljiny

aj b,'
22i

I
|M8
7 N
]

|

) = aobo.31b132b2 cen
L= po.byby... O

.Mg
N| &

Il
o
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Relative Completeness Proof

where FOD = FOLg + [x] = 01,...,x, = 0,]F

Proof (R-Godel encoding).

FOD characterises constructive bijection R — R?

>3

- = dp.d142 ...

Il
o

> aj b,'
. Z F—i—ﬁ :aobo.alblazbz...
' — bg.biby. .. =0

.Mg
N| &

Il
o

1
at(Z,n,j,z) + Vi:Z digit(z, i) = digit(Z,n(i — 1)+ j)An>0An,j € N
digit(a, /) = intpart(2frac(2/~1a))
intpart(a) = a — frac(a)
frac(a) =z« Ji:Zz=a—-iN-1<zANz<1Aaz>0 ‘“keep sign"
O
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Relative Completeness Proof

where FOD = FOLg + [x] = 01,...,x, = 0,]F

Proof (R-Godel encoding).

FOD characterises constructive bijection R — R?

[e's} a;

E — = dp.4d14d2.

et i > aj b;

= > > (gt ) ~mombinte..
> 5 = bo-bibo . =0

Il
o

]

=z i>0A{xi=1t:=0;x =xIn2,t/ =1)(t =i Ax=2z)
Vi<OA(x:=1t:=0;x=—xn2,t/ =-1)(t=iAx=2)

mM2=z« (x:=1Lt:=0x=x,t/ =1)(x=2At=2)
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Relative Completeness Proof

E¢ iff Tautroph ¢
where FOD = FOLg + [x] = 01,...,x,, = 0,]F

Proof (Relative Completeness, 15 pages).

© Strong enough invariants and variants expressible in dC

@ dL expressible in FOD

© valid dL formulas d£-derivable from corresponding FOD axioms
@ finite FOD formula characterising unbounded hybrid repetition
© FOD characterises R-Godel encoding

@ First-order expressible & program rendition:
for each ¢ thereis F € FOD F ¢ «» F

@ Propositionally & first-order complete
@ Relative complete for first-order safety F — [a]G
© Relative complete for first-order liveness F — ()G
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Relative Completeness Proof

E¢ iff Tautroph ¢
where FOD = FOLg + [x] = 01,...,x,, = 0,]F

Proof (Relative Completeness, 15 pages).

© Strong enough invariants and variants expressible in dC

@ dL expressible in FOD

© valid dL formulas d£-derivable from corresponding FOD axioms
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© valid dL formulas d£-derivable from corresponding FOD axioms
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© FOD characterises R-Godel encoding
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@ Propositionally & first-order complete
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Program Rendition in FOD

Lemma (Program rendition)

For every HP « with variables among X = x1, ..., xx there is a
FOD-formula S.(X, V) with variables among the 2k distinct variables
X =Xx1,...,X¢ and V.= vy, ..., vy such that

ESu(X,V) < ()X =V
or, equivalently, for every I,n, v,

I, v = Sa(X, V) iff (v, vIX = [V]),,]) € pryla) -

André Platzer (CMU) 16 / 32
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Program Rendition Proof

k

le::01,..,xk::6k()?a ‘7) = /\(Vi = 91)

Sx=t1,.x=0, (%, V) = (g = 01,..,x, = Ok) V=X
Sug=01,..x|=0rx (X, V) = (t:=0; x1=01,..,x=0k, t'=1)(V =%
A[x{=—=01,..,x = =0k, t' = =1](t > 0— %)
Sn(X, V) =vV=XAx
Spuy (X, V) = Sp(X, V) vV 5,(%, V)
Spiy(X, V) = 3Z(Sp(X, 2) A S4(Z, V)
Sp-(%,v)=323n:N (ZI" =z n 2" = v
AVIEN (L<i<n— 8327, Z50))

André Platzer (CMU) 17 / 32
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Program Rendition Proof

k
le::01,..,xk::6k()?a ‘7) = /\(Vi = 91)
i=1
8X{=91,..,X,’(=9k()?? \7) = <X{ = 017 o
Sx{:éﬁ,..,x{(:@;(/\x()?v ‘7) = <t =0; X{:617 .
A\ [X{ —01,..

Sn(X, V) =vV=XAx

Sguy(%, V) = Sa(X,
Sp4(%,V) = 32 (Sp(%

Sg-(%,v) =3z3n:N (Z{"

,XI/(ZHk)V:?

Xll(:tgk, t/=1> (

- _eka

V)V S, (X, V)
,Z) N8y(2,V))
—xnzZli" =7

—

V=

—

X

=-1](t >0—x)

AVIEN (L<i<n— 8327, Z50))

André Platzer (CMU)
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Program Rendition Proof

Proof.
Sxg=ty,..x=nx(Xs V) = (t:= 0, x1=01, .., =0k, t'=1) (V = X
ADq =01, x4 = =0kt = —1](t >0 = )

w revert flow and time
check x backwards

André Platzer (CMU) 17 / 32
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Expressibility

Lemma (Expressibility)

dC expressible in FOD: for all dC formulas ¢ € Fml there is a
FOD-formula ¢7 € Fmlgop that is equivalent, i.e., E ¢ <> ¢7.

Proof.

The proof follows an induction on the structure of formula ¢.
@ ¢ first-order, then ¢# := ¢ already is a FOD-formula.

André Platzer (CMU) 18 / 3
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Expressibility

Lemma (Expressibility)

dC expressible in FOD: for all dC formulas ¢ € Fml there is a
FOD-formula ¢7 € Fmlgop that is equivalent, i.e., E ¢ <> ¢7.

Proof.

The proof follows an induction on the structure of formula ¢.
@ ¢ first-order, then ¢# := ¢ already is a FOD-formula.

@ ¢ = ¢ V1, then by IH there are FOD-formulas ©#,¢# such that
E @ < o™ and 1) < 7. Thus by congruence
E (o V) & (o7 VT) giving E ¢ < o7 for ¢7 = o7 v 7.

André Platzer (CMU)
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Expressibility

Lemma (Expressibility)

dC expressible in FOD: for all dC formulas ¢ € Fml there is a
FOD-formula ¢7 € Fmlgop that is equivalent, i.e., E ¢ <> ¢7.

Proof.

The proof follows an induction on the structure of formula ¢.
@ ¢ first-order, then ¢# := ¢ already is a FOD-formula.

@ ¢ = ¢ V1, then by IH there are FOD-formulas ©#,¢# such that
E @ < o™ and 1) < 7. Thus by congruence
E (o V) & (o7 VT) giving E ¢ < o7 for ¢7 = o7 v 7.

E (o) 37 (Sa(%, V) A 9#])

André Platzer (CMU)
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Expressibility

Lemma (Expressibility)

dC expressible in FOD: for all dC formulas ¢ € Fml there is a
FOD-formula ¢7 € Fmlgop that is equivalent, i.e., E ¢ <> ¢7.

Proof.

The proof follows an induction on the structure of formula ¢.
@ ¢ first-order, then ¢# := ¢ already is a FOD-formula.

@ ¢ = ¢ V1, then by IH there are FOD-formulas ©#,¢# such that
E @ < o™ and 1) < 7. Thus by congruence
E (o V) & (o7 VT) giving E ¢ < o7 for ¢7 = o7 v 7.

E (o) 37 (Sa(%, V) A 9#])
E o]y V7 (Sa(%, ¥) = vH0)
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Sequent Derivability

Lemma (Derivability of sequents)
Fp ¢ — 1 iff the sequent ¢ - 1) is derivable from D, denoted by ¢ Fp .

André Platzer (CMU)
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Sequent Derivability

Lemma (Derivability of sequents)
Fp ¢ — 1 iff the sequent ¢ - 1) is derivable from D, denoted by ¢ Fp .

O
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Sequent Derivability

Lemma (Derivability of sequents)
Fp ¢ — 1 iff the sequent ¢ - 1) is derivable from D, denoted by ¢ Fp .

@ When sequents are abbreviations for formulas, both sides are identical.

O
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Sequent Derivability

Lemma (Derivability of sequents)
Fp ¢ — 1 iff the sequent ¢ & 1) is derivable from D, denoted by ¢ Fp .

Proof.

@ When sequents are abbreviations for formulas, both sides are identical.
@ Otherwise, let Fp ¢ — 1 be derivable from D.

O

André Platzer (CMU) 19 / 32
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Sequent Derivability

Lemma (Derivability of sequents)
Fp ¢ — 1 iff the sequent ¢ & 1) is derivable from D, denoted by ¢ Fp .

Proof.

@ When sequents are abbreviations for formulas, both sides are identical.
@ Otherwise, let Fp ¢ — 1 be derivable from D.

@ Using cut (and weakening), derivation can be extended to ¢ Fp :

* *
x Mok Mo
i N Y e A
cut ¢|_¢
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Sequent Derivability

Lemma (Derivability of sequents)
Fp ¢ — 1 iff the sequent ¢ & 1) is derivable from D, denoted by ¢ Fp .

Proof.

@ When sequents are abbreviations for formulas, both sides are identical.
@ Otherwise, let Fp ¢ — 1 be derivable from D.

@ Using cut (and weakening), derivation can be extended to ¢ Fp :

* *
x Mok Mo
i N Y e A
cut ¢|_¢

@ The converse direction is by an application of —r.

André Platzer (CMU) 19 / 32
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Generalization

Lemma (Generalization)

If =p ¢ is provable without free logical variables, then so are Fp Vx ¢
and bp (x1:=01,...xp:=0,)0.

André Platzer (CMU)


http://symbolaris.com/meta/andre.html
http://symbolaris.com/meta/andre.html
http://symbolaris.com/lahs/

Generalization

Lemma (Generalization)

If =p ¢ is provable without free logical variables, then so are Fp Vx ¢
and bp (x1:=01,...xp:=0,)0.

Proof Sketch.

André Platzer (CMU) 20 / 32
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Generalization

Lemma (Generalization)

If =p ¢ is provable without free logical variables, then so are Fp Vx ¢
and bp (x1:=01,...xp:=0,)0.

Proof Sketch.

@ Second part: Induction on the structure of proofs with inductive jump
prefix transformation (1page proof).
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Lemma (Generalization)

If =p ¢ is provable without free logical variables, then so are Fp Vx ¢
and bp (x1:=01,...xp:=0,)0.

Proof Sketch.

@ Second part: Induction on the structure of proofs with inductive jump
prefix transformation (1page proof).

@ For reducing the first part of this lemma to the second, let s be a
Skolem constant for state variable x.
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Generalization

Lemma (Generalization)

If =p ¢ is provable without free logical variables, then so are Fp Vx ¢
and bp (x1:=01,...xp:=0,)0.

Proof Sketch.

@ Second part: Induction on the structure of proofs with inductive jump
prefix transformation (1page proof).

@ For reducing the first part of this lemma to the second, let s be a
Skolem constant for state variable x.

@ By first proof, derive Fp (x :=s)¢.
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Generalization

Lemma (Generalization)

If =p ¢ is provable without free logical variables, then so are Fp Vx ¢
and bp (x1:=01,...xp:=0,)0.

Proof Sketch.

@ Second part: Induction on the structure of proofs with inductive jump
prefix transformation (1page proof).

@ For reducing the first part of this lemma to the second, let s be a
Skolem constant for state variable x.

@ By first proof, derive Fp (x :=s)¢.
@ Using Vr, continue derivation to a proof of VX (x := X)¢, which we
abbreviate as Vx ¢.

André Platzer (CMU) 20 / 32
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Generalization

Lemma (Generalization)

If =p ¢ is provable without free logical variables, then so are Fp Vx ¢
and bp (x1:=01,...xp:=0,)0.

Proof Sketch.

@ Second part: Induction on the structure of proofs with inductive jump
prefix transformation (1page proof).

@ For reducing the first part of this lemma to the second, let s be a
Skolem constant for state variable x.

@ By first proof, derive Fp (x :=s)¢.

@ Using Vr, continue derivation to a proof of VX (x := X)¢, which we
abbreviate as Vx ¢.

@ Rule Vr is applicable for Skolem constant s as no free logical variables
occur in the proof.

]
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Relative Completeness on First-Order Safety Assertions

Proposition (Relative completeness of first-order safety)

For every a € HP(X) and each F, G € FmlgoL

F F — [a]G implies Fp F — [a]G  (thus F bp [a]G)

André Platzer (CMU)
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Relative Completeness on First-Order Safety Assertions

Proof (« of the form xy :=01,...,x,:=0,, 7x, BU~, or B;7).

@ This follows from soundness of symmetric rules (equivalent
transformations):

André Platzer (CMU) 22 /32


http://symbolaris.com/meta/andre.html
http://symbolaris.com/meta/andre.html
http://symbolaris.com/lahs/
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Proof (« of the form xy :=01,...,x,:=0,, 7x, BU~, or B;7).

@ This follows from soundness of symmetric rules (equivalent
transformations):

@ Premiss is valid iff conclusion valid.
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Relative Completeness on First-Order Safety Assertions

Proof (« of the form xy :=01,...,x,:=0,, 7x, BU~, or B;7).

@ This follows from soundness of symmetric rules (equivalent
transformations):

@ Premiss is valid iff conclusion valid.

@ Premiss is valid and of smaller complexity (HP get simpler), hence
derivable by IH.
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Relative Completeness on First-Order Safety Assertions

Proof (« of the form xy :=01,...,x,:=0,, 7x, BU~, or B;7).

@ This follows from soundness of symmetric rules (equivalent
transformations):

@ Premiss is valid iff conclusion valid.

@ Premiss is valid and of smaller complexity (HP get simpler), hence
derivable by IH.

@ Thus, we can derive F — [a]G by applying the respective rule.
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Relative Completeness on First-Order Safety Assertions

Proof (« of the form xy :=01,...,x,:=0,, 7x, BU~, or B;7).

@ This follows from soundness of symmetric rules (equivalent
transformations):

@ Premiss is valid iff conclusion valid.

@ Premiss is valid and of smaller complexity (HP get simpler), hence
derivable by IH.

@ Thus, we can derive F — [a]G by applying the respective rule.

o FF —[x{=f(x1)1,...,%, = f(xn)n] G is a FOD-formula and hence
derivable as a D axiom.

O
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Relative Completeness on First-Order Safety Assertions

Proof (a of the form ;7).
e F F — [B;7]G, which implies F F — [5][7]G.
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Relative Completeness on First-Order Safety Assertions

Proof (a of the form ;7).
e F F — [B;7]G, which implies F F — [5][7]G.
o By Expr, there is a FOD-formula G* such that = G# < [1]G.
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Relative Completeness on First-Order Safety Assertions

Proof (a of the form ;7).
e F F — [B;7]G, which implies F F — [5][7]G.
o By Expr, there is a FOD-formula G* such that = G# < [1]G.
e From E F — [B]G#, IH implies F -p [B]G7 is derivable.
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Relative Completeness on First-Order Safety Assertions

Proof (a of the form ;7).
e F F — [B;7]G, which implies F F — [5][7]G.
o By Expr, there is a FOD-formula G* such that = G# < [1]G.
e From E F — [B]G*, IH implies F Fp [3]G7 is derivable.
e By F G* — [7]G, we conclude p G# — [y]G by IH.

André Platzer (CMU) 23 /32
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Relative Completeness on First-Order Safety Assertions

Proof (a of the form ;7).

F F — [B;7]G, which implies £ F — [5][7]G.

By Expr, there is a FOD-formula G* such that F G* < []G.
From E F — [3]G™, IH implies F p [B]G* is derivable.

By E G# — []G, we conclude Fp G# — [7]G by IH.

Using Gen, we conclude Fp Y?(G# — [1]G).

André Platzer (CMU) 23 /32
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Relative Completeness on First-Order Safety Assertions

Proof (a of the form ;7).

F F — [B;7]G, which implies £ F — [5][7]G.

By Expr, there is a FOD-formula G* such that F G* < []G.
From E F — [3]G™, IH implies F p [B]G* is derivable.

By E G# — []G, we conclude Fp G# — [7]G by IH.

Using Gen, we conclude Fp Y?(G# — [1]G).

Extends with [|gen to [3]G* Fp [B][1]G.
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Relative Completeness on First-Order Safety Assertions

Proof (a of the form ;7).

F F — [B;7]G, which implies £ F — [5][7]G.

By Expr, there is a FOD-formula G* such that F G* < []G.
From E F — [3]G™, IH implies F p [B]G* is derivable.

By E G# — []G, we conclude Fp G# — [7]G by IH.

Using Gen, we conclude Fp Y?(G# — [1]G).

Extends with [|gen to [3]G* Fp [B][1]G.

Combining propositionally by cut with [3]G#, derive F p [B][1]G,
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Relative Completeness on First-Order Safety Assertions

Proof (a of the form ;7).

F F — [B;7]G, which implies £ F — [5][7]G.

o By Expr, there is a FOD-formula G* such that = G# < [1]G.
e From E F — [B]G*, IH implies F Fp [3]G7 is derivable.

e By F G* — [7]G, we conclude p G# — [y]G by IH.

o Using Gen, we conclude p V3(G# — [1]G).
°
°
°

Extends with [|gen to [3]G* Fp [B][1]G.
Combining propositionally by cut with [3]G#, derive F p [B][1]G,
from which composition [;] yields F Fp [5;7]G.
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Relative Completeness on First-Order Safety Assertions

Proof (« of the form §*).
@ F F — [8*]G derivable by invariant induction:
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Relative Completeness on First-Order Safety Assertions

Proof (« of the form §*).

@ F F — [8*]G derivable by invariant induction:

@ Define invariant as FOD representation of [3*]G:

¢ = ([8*]G)* = Vi (Sp(R, 7) — GY) .
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Relative Completeness on First-Order Safety Assertions

Proof (« of the form §*).
@ F F — [8*]G derivable by invariant induction:

@ Define invariant as FOD representation of [3*]G:
¢ = ([8*16)" = V7 (S5-(%,¥) = Gf) .

@ F — ¢ and ¢ — G are valid FOD-formulas, thus derivable by D

André Platzer (CMU) 24 /32
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Relative Completeness on First-Order Safety Assertions

Proof (« of the form §*).
@ F F — [8*]G derivable by invariant induction:

@ Define invariant as FOD representation of [3*]G:
¢ = ([8*16)" = V7 (S5-(%,¥) = Gf) .

@ F — ¢ and ¢ — G are valid FOD-formulas, thus derivable by D
@ Hence F p ¢ derivable by lemma.

O
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Relative Completeness on First-Order Safety Assertions

Proof (« of the form §*).

@ F F — [8*]G derivable by invariant induction:
@ Define invariant as FOD representation of [3*]G:

¢ = ([8*]G)* = Vi (Sp(R, 7) — GY) .

@ F — ¢ and ¢ — G are valid FOD-formulas, thus derivable by D
@ Hence F Fp ¢ derivable by lemma.
e By Gen and []gen, [8*]¢ Fp [8*]G is derivable.
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Relative Completeness on First-Order Safety Assertions

Proof (« of the form §*).

@ F F — [8*]G derivable by invariant induction:
@ Define invariant as FOD representation of [3*]G:

¢ = ([8*]G)* = Vi (Sp(R, 7) — GY) .

@ F — ¢ and ¢ — G are valid FOD-formulas, thus derivable by D
@ Hence F Fp ¢ derivable by lemma.
e By Gen and []gen, [8*]¢ Fp [8*]G is derivable.

o Likewise, ¢ — [5]¢ valid according to semantics of repetition, thus
derivable by IH, since 5 less complex.

André Platzer (CMU) 24 /32
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Relative Completeness on First-Order Safety Assertions

Proof (a of the form 5*).
@ F F — [8*]G derivable by invariant induction:
@ Define invariant as FOD representation of [3*]G:

¢ = ([8*]G)* = Vi (Sp(R, 7) — GY) .

@ F — ¢ and ¢ — G are valid FOD-formulas, thus derivable by D
@ Hence F p ¢ derivable by lemma.
e By Gen and []gen, [8*]¢ Fp [8*]G is derivable.

o Likewise, ¢ — [5]¢ valid according to semantics of repetition, thus
derivable by IH, since 5 less complex.

o By Gen, derive Fp V?(¢ — [B]¢), from which ind yields ¢ Fp [3*]¢.

O
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Relative Completeness on First-Order Safety Assertions

Proof (a of the form 5*).
@ F F — [8*]G derivable by invariant induction:
@ Define invariant as FOD representation of [3*]G:

¢ = ([8*]G)* = Vi (Sp(R, 7) — GY) .

@ F — ¢ and ¢ — G are valid FOD-formulas, thus derivable by D
@ Hence F p ¢ derivable by lemma.
e By Gen and []gen, [8*]¢ Fp [8*]G is derivable.

o Likewise, ¢ — [5]¢ valid according to semantics of repetition, thus
derivable by IH, since 5 less complex.

o By Gen, derive Fp V?(¢ — [B]¢), from which ind yields ¢ Fp [3*]¢.
o Combining propositionally by cut with [5*]¢ and ¢ yields F Fp [5*]G.

O
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Relative Completeness of First-Order Liveness Assertions

Proposition (Relative completeness of first-order liveness)

For every a € HP(X) and each F, G € FmlgoL

E F — (a)G implies bp F — ()G (thus F Fp (a)G) .
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Relative Completeness of First-Order Liveness Assertions

Proof (« of the form 5*).

e F F — (0B*)G derivable by variant convergence:
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Relative Completeness of First-Order Liveness Assertions

Proof (« of the form 5*).

e F F — (0B*)G derivable by variant convergence:

o Define FOD-formula ¢(n) expressing that, after n iterations, /3 can
lead to a state satisfying G, essentially ((8*)G)7:

373z (Z{" = nZ{" = AVi:N (1 < i < n—= S3(Z", ZE))AGE)
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Relative Completeness of First-Order Liveness Assertions

Proof (« of the form 5*).

e F F — (0B*)G derivable by variant convergence:

o Define FOD-formula ¢(n) expressing that, after n iterations, /3 can
lead to a state satisfying G, essentially ((8*)G)7:

373z (Z{" = nZ{" = AVi:N (1 < i < n—= S3(Z", ZE))AGE)

@ ©(n) can only hold true if n is a natural number.

André Platzer (CMU)
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Relative Completeness of First-Order Liveness Assertions

Proof (« of the form 5*).
e F F — (0B*)G derivable by variant convergence:
o Define FOD-formula ¢(n) expressing that, after n iterations, /3 can
lead to a state satisfying G, essentially ((8*)G)7:
373z (Z{" = nZ{" = AVi:N (1 < i < n—= S3(Z", ZE))AGE)
@ ©(n) can only hold true if nis a natural number.
@ According to loop semantics, £ n > 0 A ¢(n) — (B)¢(n — 1) valid:
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Relative Completeness of First-Order Liveness Assertions

Proof (« of the form 5*).
e F F — (0B*)G derivable by variant convergence:

o Define FOD-formula ¢(n) expressing that, after n iterations, /3 can
lead to a state satisfying G, essentially ((8*)G)7:
373z (Z{" = nZ{" = AVi:N (1 < i < n—= S3(Z", ZE))AGE)
@ ©(n) can only hold true if nis a natural number.
@ According to loop semantics, £ n > 0 A ¢(n) — (B)¢(n — 1) valid:

@ If n > 0 is natural number then so is n — 1. If 3 reaches G after n
repetitions, then, after executing 3, n — 1 repetitions of 3 reach G.
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Relative Completeness of First-Order Liveness Assertions

Proof (« of the form 5*).

e F F — (0B*)G derivable by variant convergence:
o Define FOD-formula ¢(n) expressing that, after n iterations, /3 can
lead to a state satisfying G, essentially ((8*)G)7:

3v3Z (Z" = xAZ") = iAviN (1< i< n— Sp(2"", Z7)

I+1))/\G)_‘z)

©(n) can only hold true if n is a natural number.

According to loop semantics, E n > 0 A ¢(n) = (B)p(n — 1) valid:

If n > 0 is natural number then so is n — 1. If § reaches G after n
repetitions, then, after executing 3, n — 1 repetitions of 3 reach G.

By IH, this formula is derivable, since 3 contains less loops.
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Relative Completeness of First-Order Liveness Assertions

Proof (« of the form 5*).

e F F — (0B*)G derivable by variant convergence:
o Define FOD-formula ¢(n) expressing that, after n iterations, /3 can
lead to a state satisfying G, essentially ((8*)G)7:

33z (2" = nZ{" = AN (1 < i< n— 832", Z7)

)IAGF)
@ ©(n) can only hold true if nis a natural number.
@ According to loop semantics, £ n > 0 A ¢(n) — (B)¢(n — 1) valid:

@ If n > 0 is natural number then so is n — 1. If 3 reaches G after n
repetitions, then, after executing 3, n — 1 repetitions of 3 reach G.

@ By IH, this formula is derivable, since 5 contains less loops.
@ By Gen, extends to Fp V¥2¥n>0 (p(n) — (B)p(n —1)).
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Relative Completeness of First-Order Liveness Assertions

Proof (« of the form 5*).

e F F — (0B*)G derivable by variant convergence:
o Define FOD-formula ¢(n) expressing that, after n iterations, /3 can
lead to a state satisfying G, essentially ((8*)G)7:

33z (2" = nZ{" = AN (1 < i< n— 832", Z7)

)IAGF)
@ ©(n) can only hold true if nis a natural number.
@ According to loop semantics, £ n > 0 A ¢(n) — (B)¢(n — 1) valid:

@ If n > 0 is natural number then so is n — 1. If 3 reaches G after n
repetitions, then, after executing 3, n — 1 repetitions of 3 reach G.

@ By IH, this formula is derivable, since 5 contains less loops.
@ By Gen, extends to Fp V¥2¥n>0 (p(n) — (B)p(n —1)).
@ Thus Jv(v) Fp (5*)Iv<0¢p(v) by convergence con.
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Relative Completeness of First-Order Liveness Assertions

Proof (« of the form 5*).

e F F — (0B*)G derivable by variant convergence:
o

3737 (2" = AZ{" = AViN (1 < i < n— 83(Z", ZI))AGY)
@ Thus dvp(v) Fp (8*)Iv<0¢(v) by convergence con.
@ From assumption, conclude valid FOD-formulas, hence D-axioms:
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Relative Completeness of First-Order Liveness Assertions

Proof (« of the form 5*).

e F F — (0B*)G derivable by variant convergence:
o

3737 (2" = AZ{" = AViN (1 < i < n— 83(Z", ZI))AGY)
@ Thus dvp(v) Fp (8*)Iv<0¢(v) by convergence con.

@ From assumption, conclude valid FOD-formulas, hence D-axioms:
o E F— 3vy(v), because E F — (8*)G
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Relative Completeness of First-Order Liveness Assertions

Proof (« of the form 5*).

e F F — (0B*)G derivable by variant convergence:
o

3737 (2" = AZ{" = AViN (1 < i < n— 83(Z", ZI))AGY)
@ Thus dvp(v) Fp (8*)Iv<0¢(v) by convergence con.

@ From assumption, conclude valid FOD-formulas, hence D-axioms:

o E F— 3vy(v), because E F — (8*)G

o F (3v<0¢(v)) — G, because v<0 and the fact, that, by Godel, ©(v)
only holds true for natural numbers, imply ¢(0). Further, ¢©(0)
entails G, because zero repetitions of 3 have no effect.
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Relative Completeness of First-Order Liveness Assertions

Proof (« of the form 5*).

e F F — (0B*)G derivable by variant convergence:
o

3737 (2" = AZ{" = AViN (1 < i < n— 83(Z", ZI))AGY)
@ Thus dvp(v) Fp (8*)Iv<0¢(v) by convergence con.

@ From assumption, conclude valid FOD-formulas, hence D-axioms:

o E F— 3vy(v), because E F — (8*)G

o F (3v<0¢(v)) — G, because v<0 and the fact, that, by Godel, ©(v)
only holds true for natural numbers, imply ¢(0). Further, ¢©(0)
entails G, because zero repetitions of 3 have no effect.

o Derive -p V?(3v<0¢p(v) — G) by Gen
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Relative Completeness of First-Order Liveness Assertions

Proof (« of the form 5*).

e F F — (0B*)G derivable by variant convergence:
o

3737 (2" = AZ{" = AViN (1 < i < n— 83(Z", ZI))AGY)
@ Thus dvp(v) Fp (8*)Iv<0¢(v) by convergence con.

@ From assumption, conclude valid FOD-formulas, hence D-axioms:
o E F— 3vy(v), because E F — (8*)G
o F (3v<0¢(v)) — G, because v<0 and the fact, that, by Godel, ©(v)
only holds true for natural numbers, imply ¢(0). Further, ¢©(0)
entails G, because zero repetitions of 3 have no effect.

o Derive -p V?(3v<0¢p(v) — G) by Gen
e Extend to (5*)3v<0¢p(v) Fp (8*)G by ()gen.
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Relative Completeness of First-Order Liveness Assertions

Proof (« of the form 5*).

e F F — (0B*)G derivable by variant convergence:
o

3737 (2" = AZ{" = AViN (1 < i < n— 83(Z", ZI))AGY)
Thus v p(v) Fp (8*)Iv<0¢(v) by convergence con.

From assumption, conclude valid FOD-formulas, hence D-axioms:

o E F— 3vy(v), because E F — (8*)G

o F (3v<0¢(v)) — G, because v<0 and the fact, that, by Godel, ©(v)
only holds true for natural numbers, imply ¢(0). Further, ¢©(0)
entails G, because zero repetitions of 3 have no effect.

Derive p ¥#(3v<0¢p(v) — G) by Gen
Extend to (8*)3v<0¢(v) Fp (5*)G by ()gen.
From Fp F — 3v p(v) conclude F Fp v p(v).
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Relative Completeness of First-Order Liveness Assertions

Proof (« of the form 5*).

e F F — (0B*)G derivable by variant convergence:
o

3737 (2" = AZ{" = AViN (1 < i < n— 83(Z", ZI))AGY)
Thus v p(v) Fp (8*)Iv<0¢(v) by convergence con.

From assumption, conclude valid FOD-formulas, hence D-axioms:

o E F— 3vy(v), because E F — (8*)G

o F (3v<0¢(v)) — G, because v<0 and the fact, that, by Godel, ©(v)
only holds true for natural numbers, imply ¢(0). Further, ¢©(0)
entails G, because zero repetitions of 3 have no effect.

Derive Fp V#(3v<0¢(v) — G) by Gen
Extend to (8*)3v<0¢(v) Fp (5*)G by ()gen.
From Fp F — 3v p(v) conclude F Fp v p(v).

Combine propositionally by a cut to F Fp (8*)G.
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Relative Completeness of Differential Logic Calculus

Theorem (Relative Completeness)

dC calculus is complete relative to first-order logic of differential equations.
Eo¢ iff Tautropt ¢

where FOD = FOLg + [x; = 01,...,x}, = 0p]F
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Relative Completeness of Differential Logic Calculus

Proof Idea.

@ By propositional recombination, inductively identify fragments of ¢
that correspond to ¢1 — [a]@2 or g1 — (@) ¢2 logically.
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Relative Completeness of Differential Logic Calculus

Proof Idea.

@ By propositional recombination, inductively identify fragments of ¢
that correspond to ¢1 — [a]@2 or g1 — (@) ¢2 logically.

@ Express subformulas ¢; equivalently in FOD and resolve these
first-order safety or liveness assertions by previous propositions.
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Relative Completeness of Differential Logic Calculus

Proof Idea.

@ By propositional recombination, inductively identify fragments of ¢
that correspond to ¢1 — [a]@2 or g1 — (@) ¢2 logically.

@ Express subformulas ¢; equivalently in FOD and resolve these
first-order safety or liveness assertions by previous propositions.

o Finally, prove that the original d formula can be re-derived from the
subproofs.

O
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Relative Completeness of Differential Logic Calculus

Proof Idea.

@ Assume ¢ to be given in conjunctive normal form by appropriate
propositional reasoning:
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Relative Completeness of Differential Logic Calculus

Proof Idea.

@ Assume ¢ to be given in conjunctive normal form by appropriate
propositional reasoning:

@ Push negations inside over modalities using dualities

—[e]¢ = ()¢
~(a)¢ = [a] ¢
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Relative Completeness of Differential Logic Calculus

Proof Idea.

@ Assume ¢ to be given in conjunctive normal form by appropriate
propositional reasoning:

@ Push negations inside over modalities using dualities
—la]¢ = (@) —¢
~(a)¢ = [a]=¢

@ Remainder of proof follows induction on a measure |¢| defined as the
number of modalities in ¢.
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Relative Completeness of Differential Logic Calculus

Proof Idea.

@ Assume ¢ to be given in conjunctive normal form by appropriate
propositional reasoning:

@ Push negations inside over modalities using dualities

—[e]¢ = ()¢
~(a)¢ = [a] ¢

@ Remainder of proof follows induction on a measure |¢| defined as the
number of modalities in ¢.

@ For a simple and uniform proof, assume quantifiers to be
abbreviations for modal formulas:

Ixp=(x'"=1)pV (x'=-1)¢
Vxp =[x =1 A X =-1]¢
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Relative Completeness of Differential Logic Calculus

@ |¢| =0 then ¢ is a first-order formula, hence derivable by D.
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Relative Completeness of Differential Logic Calculus

@ |¢| =0 then ¢ is a first-order formula, hence derivable by D.
@ ¢ is of the form —¢1, then ¢4 is first-order by NNF, hence |¢| = 0.
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Relative Completeness of Differential Logic Calculus

@ |¢| =0 then ¢ is a first-order formula, hence derivable by D.
@ ¢ is of the form —¢1, then ¢4 is first-order by NNF, hence |¢| = 0.

@ ¢ is of the form ¢1 A ¢2, then individually deduce the simpler proofs
for Fp ¢1 and Fp ¢o by IH, which can be combined by Ar.
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Relative Completeness of Differential Logic Calculus

@ |¢| =0 then ¢ is a first-order formula, hence derivable by D.
@ ¢ is of the form —¢1, then ¢4 is first-order by NNF, hence |¢| = 0.

@ ¢ is of the form ¢1 A ¢2, then individually deduce the simpler proofs
for Fp ¢1 and Fp ¢o by IH, which can be combined by Ar.

@ ¢ disjunction, hence (otherwise use associativity and commutativity):

1V [a]p2
¢1 V ()92
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Relative Completeness of Differential Logic Calculus

o Unified notation: ¢1 V {a] ¢».
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Relative Completeness of Differential Logic Calculus

o Unified notation: ¢1 V {a] ¢».
@ Then, || < |¢

, since ¢, has less modalities.
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Relative Completeness of Differential Logic Calculus

e Unified notation: ¢1 V (o] ¢2.
@ Then, || < |¢
o |p1] < |¢| as (@] @2 contributes one modality to |¢| that is not in ¢1.

, since ¢, has less modalities.
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Relative Completeness of Differential Logic Calculus

e Unified notation: ¢1 V (o] ¢2.
@ Then, || < |¢
o |p1] < |¢| as (@] @2 contributes one modality to |¢| that is not in ¢1.
o There are equivalent FOD-formulas ¢7, ¢ with E ¢; > 67

, since ¢, has less modalities.
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Relative Completeness of Differential Logic Calculus

e Unified notation: ¢1 V (o] ¢2.
e Then, || < |&
o |p1] < |¢| as (@] @2 contributes one modality to |¢| that is not in ¢1.
o There are equivalent FOD-formulas ¢7, ¢ with E ¢; > 67

o By congruence, E ¢ yields £ ¢7 v (a)¢?, thus £ —¢7 — (a) ol

, since ¢, has less modalities.
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Relative Completeness of Differential Logic Calculus

e Unified notation: ¢1 V (o] ¢2.
Then, |¢o| < |4
|p1] < |¢] as {a] P2 contributes one modality to |¢| that is not in ¢;.
o There are equivalent FOD-formulas ¢7, ¢ with E ¢; > 67

By congruence, £ ¢ yields £ ¢ v (o) ¢¥, thus £ ~¢¥ — (a)¢? .

By previous propositions derive

, since ¢, has less modalities.

-¢7 Fp (a)d¥ (1)
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Relative Completeness of Differential Logic Calculus

e Unified notation: ¢1 V (o] ¢2.
Then, |¢o| < |4
|p1] < |¢] as {a] P2 contributes one modality to |¢| that is not in ¢;.
o There are equivalent FOD-formulas ¢7, ¢ with E ¢; > 67

By congruence, £ ¢ yields £ ¢ v (o) ¢¥, thus £ ~¢¥ — (a)¢? .

By previous propositions derive

, since ¢, has less modalities.

-¢7 Fp (a)d¥ (1)

o F ¢+ d)fk implies F =¢1 — _|¢71¢' which is derivable by IH, because
|p1] < |4]. By lemma, —¢1 Fp —\qb#, which we combine with (1) by a
cut with —=¢7 to

—¢1 Fp (a) 6] . (2)
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Relative Completeness of Differential Logic Calculus

o k ¢ > ¢F implies = ¢F — ¢, which is derivable by IH, as
|p2| < |9
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Relative Completeness of Differential Logic Calculus

o k ¢ > ¢F implies = ¢F — ¢, which is derivable by IH, as
|p2| <|9].
o Extend derivation of Fp <j>3‘7é — ¢ to one of Fp Vo‘(qﬁf — ¢2) by Gen
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Relative Completeness of Differential Logic Calculus

o k ¢ > ¢F implies = ¢F — ¢, which is derivable by IH, as
|p2| <|9].
o Extend derivation of Fp qﬁf — ¢ to one of Fp Vo‘(qﬁf — ¢2) by Gen

@ Thus <[a]}¢f Fp (o] @2 by []gen or ()gen.
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Relative Completeness of Differential Logic Calculus

o k ¢ > ¢F implies = ¢F — ¢, which is derivable by IH, as

|p2| < |¢].
o Extend derivation of Fp qﬁf — ¢ to one of Fp Va(gbf — ¢2) by Gen
@ Thus <[a]}¢f Fp (o] @2 by []gen or ()gen.

e Combine propositionally with (2) by a cut with <[oz]>q§§’E to derive
=¢1 Fp (a)d2
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Relative Completeness of Differential Logic Calculus

o k ¢ > ¢F implies = ¢F — ¢, which is derivable by IH, as
|p2| < |¢].
o Extend derivation of Fp qﬁf — ¢ to one of Fp Va(gbf — ¢2) by Gen
@ Thus <[a]}¢f Fp (o] @2 by []gen or ()gen.
e Combine propositionally with (2) by a cut with <[oz]>q§§’E to derive
=¢1 Fp (a)d2
e Conclude Fp ¢1 V (a) ¢z with a cut.
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Relative Completeness

Theorem (Relative Completeness)

dL calculus is a sound & complete axiomatisation of hybrid systems

relative to differential equations.
+ +
continuous discrete repeat
0

Cook,Harel:  discrete-DL /data P.:  hybrid-dC/differential equations

André Platzer (CMU)
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