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Verifying Hybrid Systems

far ST  neg SB  cor MA
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Verifying Hybrid Systems

far ST  neg SB  cor MA

Hybrid Systems

continuous evolution along differential equations + discrete change
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Verifying Hybrid Systems

L L L
far ST  neg SB  cor MA

problem | technique | Op| Par| T | closed
ETCS|z < MA | TL-MC | v | x| v ] x
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Verifying Hybrid Systems

problem | technique | Op| Par| T | closed
ETCS|z < MA | TL-MC | v | x| v ] x

X no free parameters like ST, SB
X no finite-state bisimulation for HS
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Verifying Hybrid Systems

L L L
far ST  neg SB  cor MA

problem | technique | Op| Par| T | closed
ETCSEz < MA TL-MC Vx| Vv | X
= (AX(ETCS) — z < MA) | Tl-calculus | x | x | V
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Verifying Hybrid Systems

L L L
far ST  neg SB  cor MA

problem | technique | Op| Par| T | closed
ETCSEz < MA TL-MC Vx| Vv | X
= (AX(ETCS) = z < MA) | Tl-calculus | x | x | V

[x declaratively axiomatise operational model )
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Verifying Hybrid Systems

L L L
far ST  neg SB  cor MA

problem | technique | Op| Par| T | closed
ETCSEz < MA TL-MC Vx| V| X
= (AX(ETCS) — z < MA) | TL-calculus X | X |V |...
= [ETCS|z < MA DL-calculus | v | v | x | V
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Verifying Hybrid Systems

L L L
far ST  neg SB  cor MA

problem | technique | Op| Par| T | closed
ETCSEz < MA TL-MC Vx| V| X
= (AX(ETCS) — z < MA) | TL-calculus X | X |V |...
= [ETCS|z < MA DL-calculus | v | v [ x | V

v [RBC]partitioned — (Train)[RBC]|safe
X no intermediate states
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Verifying Hybrid Systems

BEC
-—— ' =3
far ST neg SB cor MA
problem | technique | Op| Par| T | closed
ETCS |: z < MA TL-MC V| x| V| X
= (AX(ETCS) — z < MA) | TL-calculus X | X |V |...
= [ETCS|z < MA DL-calculus | v | v | x | V
E[ETCS)Odz < MA DTlL-calculus | v | vV | V | V
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Verifying Hybrid Systems

BEC
-—— ' =3
far ST neg SB cor MA
problem | technique | Op| Par| T | closed
ETCS |: z < MA TL-MC V| x| V| X
= (AX(ETCS) — z < MA) | TL-calculus X | X |V |...
= [ETCS|z < MA DL-calculus | v | v | x | V
E[ETCS)Oz < MA DTlL-calculus | v | vV | V | V

differential temporal dynamic logic
dTL=TL+ DL+ HP

André Platzer (CMU)
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© Temporal Dynamic Logic dTL
@ Syntax
@ Trace Semantics
@ Conservative Extension
@ Safety Invariants in Train Control
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Temporal Dynamic Logic dTL: Syntax

Definition (Hybrid program «)

x' = f(x) (continuous evolution)
x:=0 (discrete jump)

(5% (conditional execution)
a; B (seq. composition)
aup (nondet. choice)

a* (nondet. repetition)
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Temporal Dynamic Logic dTL: Syntax

Definition (Hybrid program «)

x' = f(x) (continuous evolution)
x:=0 (discrete jump)
(5% (conditional execution)
a; B (seq. composition)
aup (nondet. choice)
a* (nondet. repetition)
ETCS = neg,cor,z’ = a RBC
neg = Z=v,l' =1 g
cor = (PMA—z < SB; a:=—b) —5= r T

T
far ST neg SB cor MA

UPMA—2z>SB;a:=...)
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Temporal Dynamic Logic dTL: Syntax

Definition (Formulas / state formulas ¢)

- AV, =, Vx,3x, =<, +,- (first-order part)
[a]m, ()7 (dynamic part)
Definition (Trace formulas 7)

1) (non-temporal part)

O¢, O¢ (temporal part)
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Temporal Dynamic Logic dTL: Syntax

Definition (Formulas / state formulas ¢)

- AV, =, Vx,3x, =<, +,- (first-order part)
[a]m, ()7 (dynamic part)
Definition (Trace formulas 7)

1) (non-temporal part)

O¢, O¢ (temporal part)

RBC
[ETCSIO(E < L — 2 < MA) f\
_ X "o_
ETCS = neg;cor,z" = a . . r —
neg = Z=v,l' =1 far ST neg  SB cor MA
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Temporal Dynamic Logic dTL: Trace Semantics

Definition (Hybrid trace)

Hybrid trace is sequence of continuous functions o; : [0, rj] — Sta V/
X

Trace semantics of hybrid program: set of all its hybrid traces o
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Temporal Dynamic Logic dTL: Trace Semantics

Definition (Hybrid trace)

Hybrid trace is sequence of continuous functions o; : [0, rj] — Sta V/
X

| 3 3 3 3 t

notation: ~ NSNS AN AN N

Trace semantics of hybrid program: set of all its hybrid traces o
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Temporal Dynamic Logic dTL: Trace Semantics

Definition (Hybrid programs «: trace semantics)
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Temporal Dynamic Logic dTL: Trace Semantics

Definition (Hybrid programs «: trace semantics)

X

André Platzer (CMU)


http://symbolaris.com/meta/andre.html
http://symbolaris.com/meta/andre.html
http://symbolaris.com/lahs/

Temporal Dynamic Logic dTL: Trace Semantics

Definition (Hybrid programs «: trace semantics)
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Temporal Dynamic Logic dTL: Trace Semantics

Definition (Hybrid programs «: trace semantics)

o, B

AR P

1 B

a; B =«
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Temporal Dynamic Logic dTL: Trace Semantics

Definition (Hybrid programs «: trace semantics)
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Temporal Dynamic Logic dTL: Trace Semantics

Definition (Hybrid programs «: trace semantics)
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Temporal Dynamic Logic dTL: Trace Semantics

Definition (State formulas ¢)

André Platzer (CMU) 6 /18
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Temporal Dynamic Logic dTL: Trace Semantics

Definition (State formulas ¢)
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Temporal Dynamic Logic dTL: Trace Semantics

Definition (Trace formulas ¢)
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Temporal Dynamic Logic dTL: Trace Semantics

Definition (Trace formulas ¢)
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Temporal Dynamic Logic dTL: Trace Semantics

Definition (Trace formulas ¢)
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Temporal Dynamic Logic dTL: Trace Semantics

Definition (Trace formulas ¢)
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Temporal Dynamic Logic dTL: Trace Semantics

Definition (Trace formulas ¢)
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Temporal Dynamic Logic dTL: Trace Semantics

Definition (Trace formulas ¢)

a-span
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Temporal Dynamic Logic dTL: Trace Semantics

Definition (Trace formulas ¢)

a-span

André Platzer (CMU)
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Temporal Dynamic Logic dTL: Trace Semantics

Definition (Trace formulas ¢)

3
&

7

L
& .
< s
e
N

a-span
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Conservative Extension dTL/dC

Proposition

dTL is a conservative extension of non-temporal d_, i.e.,

trace semantics = transition semantics (without [J, )
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Conservative Extension dTL/dC

Proposition

dTL is a conservative extension of non-temporal d_, i.e.,

trace semantics = transition semantics (without O, ()
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© Proof Calculus for dTL
@ Sequent Calculus
@ Verifying Safety Invariants in Train Control
@ Soundness
@ Completeness
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Modular Proof Calculus for Temporal dTL
_ x:=0
[x = 0100 @ _____________ @
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Modular Proof Calculus for Temporal dTL
¢
ﬂ x:=40
[x = 0100 @ _____________ @
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Modular Proof Calculus for Temporal dTL
M ¢ x:=40 ¢
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Modular Proof Calculus for Temporal dTL

a;
Y B
"/\/"'/\f"@'j\/‘"/\f"
“

a, b=«

[o; B]0¢
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Modular Proof Calculus for Temporal dTL
M ¢ x:=40 ¢
[x = 0100 @ _____________ @

a; B
[0][8]0¢ 'J’Y,.%,_@.fﬁ\,.f\,r
[o; B]0¢ i D¢

a, b=«
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Modular Proof Calculus for Temporal dTL
M ¢ x:=40 ¢
[x = 0100 @ _____________ @

[a]0¢ A [o][5]0¢
[o; B]0¢ 1D¢ @
LA A AN A
Lo a, b=«
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Modular Proof Calculus for Temporal dTL

¢ N [x:=0¢
[x :=0]0¢

[a]D¢ A [o][5]01¢

[o; B]0¢

X = 000

DEC
o; B

AN @
1 O¢ O¢

Lo a, b=«
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Modular Proof Calculus for Temporal dTL

¢ N [x:=0¢
[x :=0]0¢

[a]D¢ A [o][5]01¢

[o; B]0¢

[x' = 0]¢
X = 006

DEC
o; B

AN @
1 O¢ O¢

Lo a, b=«



http://symbolaris.com/meta/andre.html
http://symbolaris.com/meta/andre.html
http://symbolaris.com/lahs/

Modular Proof Calculus for Temporal dTL

(6%
NN N
SN« « a .
[a*]—Dqs @f\/_/\f ..... O/\,f\, ....... O/\,f\f
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Modular Proof Calculus for Temporal dTL

[a*] N a o\
" O e
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Modular Proof Calculus for Temporal dTL
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Proof Calculus for dTL
Temporal Reduction Rules

(T1)
(T2)
(T3)
(T4)

(T5)

[2]0¢ A [o][B]D¢
[o; B]0¢
¢

[?x]0¢
oA [x:=0]p

[x :=0]0¢

[xX' = 0]¢
[x' = 0]0¢
[o; a*]0¢

[a*]0¢

(T6)
(T7)
(T8)

(T9)

(T10)

10 temporal rules

()0 V (@) (B)0¢

(o; B)0
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Proof Calculus for dTL
Non-temporal Rules

10 non-temporal rules

(b1)
(D2)
(D3)
(D4)

(D5)

e
CE
el (08)
e (D9)
X o (D10)

[?x]¢

oV {aa*)e
(a*)¢
¢ Ala;a’]o
[*]¢
Fy
[x:=0]F
Ft>0 (x := yx(t))d
(x'=0)¢
V=0 [x = yi(t)]¢
[x" = 0]¢
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Proof Calculus for dTL
Propositional /Quantifier Rules

10 propositional rules

- ¢ b0 oF wF
o P oggE P SegE
oF P - 6,
mone T8 TV
oF ¥ Lo b
P6 °9) o

A =Y
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Verify Safety in Train Control

ETCS = neg,cor,z’ =a RBC
neg = 2 =v,t =1 - /& .
cor = (?MA—2z < ST; a:=-b) L .
Tt == T

I Il
far ST neg SB cor MA

UPMA—z>ST;a:=...)
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Verify Safety in Train Control

ETCS = neg,cor,z’ =a RBC
neg = 2 =v,t =1 ”/@\
cor = (?MA—z < ST; a:=—b) ‘
U(IMA—z>ST;a:=...) R e R

Proof

%, £>0 F v < 2b(MA — Lv — z)

%, 0>0 F [z:=4Lv+z,a:=-b]Vt>0 ({<L — 5t°+vi+z<MA)
%, 0>0 F [z:=4v+z,a:=-b]Vt>0[z := St°+vt+z]9)
P, >0 F [z:=0v+z,a:=-b][z" = a]U¢ >

Y Lv+z< MA ), 0>0 F [z := bv+Z][cor][z” = a]U¢ >

Y EVIS0(I<L— Iv+z< MA) ¢, 0>0F [z:={lv+z][cor, 2”7 = a]0¢

P EVI>0[z:=lv+z,0:=1]) P E >0 — [z :=lv+2Z][cor; 2”7 = a]l¢

Y = [neglo Y FVl>0]z :=bv+z][cor, 2”7 = a]0¢

¥ F [neg]U¢ Y F [neg][cor; 2”7 = a]l¢

¢ I [neg; cor, 2”7 = a]d¢
F ¢ — [neg; cor, 2”7 = a]0é
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Verify Safety in Train Control

v? < 2b(MA—Lv—2)
Lv+z < MA g

. : -
far ST neg SB cor MA

< 2b(MA Lv — z)

N0 let—=S S t°f-vt+2z<MA)
z:=0lv+z,a:=-bVt>0[z := at‘—l—vt—l—z]g‘z&)

P, >0 F [z:=0v+z,a:=-b][z" = a]l¢ >
P = Y, £>0 F [z :=lv+z][cor[z" = a]T¢ >
s z < MA) ¢, >0 F [z := bv+z][cor; 27 = a]0¢
¥ VI>0 [z =Ilv+2z,0:=1]p Y F >0 — [z :=lv+z][cor; 27 = a]U¢
¥ F [neglo Y V0>0[z :=bv+z][cor, 27 = a0
P+ [neg]l¢ ¢ F [neg][cor; 2”7 = a]0¢

Y I [neg; cor, 2”7 = a]lé
F ¢ — [neg; cor, 2”7 = a]0é
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Verify Safety in Train Control

RBC

inv = v2 < 2b(MA — 2)

=27 R

far ST neg SB cor

<
N

ST>Lv+ ¥ SB > ¥+ (

+1) 2.2 +5v

crlm
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Soundness

Theorem (Soundness)

dTL calculus is sound.

Proposition (Incompleteness)

“All" discrete or continuous fragments of dTL are inherently incomplete.

fragment | discrete | continuous

FoL v
[o]O¢ X X
[a]¢ x x

(Yet, reachability in hybrid systems is not semidecidable)
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Completeness

Theorem (Relative completeness)

dTL calculus is a sound & complete axiomatization of temporal properties
of hybrid systems relative to (non-temporal) d_.

André Platzer (CMU)


http://symbolaris.com/meta/andre.html
http://symbolaris.com/meta/andre.html
http://symbolaris.com/lahs/

@ Summary

André Platzer (CMU)


http://symbolaris.com/meta/andre.html
http://symbolaris.com/meta/andre.html
http://symbolaris.com/lahs/

Conclusions (1)

Deductively verify temporal properties of operational hybrid systems

differential temporal dynamic logic
dTL=TL+DL + HP

~
0¢ (g O
o106 G 00

problem | technique | OP|PAR| T |closed
ETCSEz< MA TL-MC V| x | V] X
= (AX(ETCS) — z < MA) | TL-calculus | x | ... | v | ...
= [ETCS|z < MA DL-calculus | v/ | v | x | V
= [ETCS|Oz < MA dTL-calculus | v | v |V | V
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Conclusions (1)

e Train control (ETCS) verification

@ Modular temporal /non-temporal

calculus 08, s oo 1o

=]

About
© ¥ Proof closed &
) Proved.

@ Constructive deduction modulo

6> 0,
A= 0

e . Al o= vooa 27w
@ Verification tool KeYmaera R Y ereememenn
o Parameter discovery B v
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Landscape

Logical Analysis
of
Hybrid Systems
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