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Verification Calculus for Differential Dynamic Logic

Propositional Rules
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Verification Calculus for Differential Dynamic Logic

Dynamic Rules

(@) (B)9 oV (){a”)é R

(a; B)¢ ()¢ (x1:=01,..,%,:=0n)¢

[O‘][B](Zs ¢/\[a][a*]¢ <X1 :=917~'7Xn:=0n>¢

[ov; Bl [a*]¢ [x1:=01,..,xp:=0p]0

(Vv (B xAY >0 ((YO<E<t (S(1))x) A (S(t))9)
(U B)o (M) (xx="01,...,.x, =0, AX)0

[l A[Ble  x— V>0 ((V0<i<t (S(%))x) — (S(1))9)
[ U B¢ [*x]v [xp =01,...,x, =0, A X]0
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Verification Calculus for Differential Dynamic Logic

First-Order Rules

= (s(Xa, .., Xn)) E ¢(X)
F Vx ¢(x) F Ix ¢(x)

o(s(X1,.., Xn) F o(X) +
Ix p(x) F Vx ¢(x)

s new, {X1,..,Xp} = FV(3x ¢(x)) X new variable

F QE(VX (¢(X) F ¥(X))) FQE(EX A;(®i - V)
O(s(X1,..,Xn)) F W(s(X1,..,Xpn)) ORI ST O S U8
X new variable X only in branches ¢; - WV;

QE needs to be defined in premiss
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Verification Calculus for Differential Dynamic Logic
Global Dynamic Rules

Fve(¢ =) Fv(¢ = ) Fv(¢ = [a]9)
[a]é F [a]y (@) F (a)y A [

FVYv>0(p(v) = ()e(v — 1))

v p(v) F (a*)Iv<0¢p(v)
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Soundness

Theorem (Soundness)

dC calculus is sound, i.e.,

Fo = FEé
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Soundness

Theorem (Soundness)

dC calculus is sound, i.e.,
Fo = Eo¢

Challenges (Soundness Proof)
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Soundness

Theorem (Soundness)

dC calculus is sound, i.e.,
Fo = Eo¢

Challenges (Soundness Proof)

o x' = f(x)
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Soundness

Theorem (Soundness)

dC calculus is sound, i.e.,
Fo = Eo¢

Challenges (Soundness Proof)
o x' = f(x)

@ Side deductions
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Soundness

Theorem (Soundness)

dC calculus is sound, i.e.,
Fo = Eo¢

Challenges (Soundness Proof)
o x' = f(x)

@ Side deductions

@ Free variables & Skolemization

André Platzer (CMU) 6 /19
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Free Variables, Models, and Consequences

Definition (Tableau Model)

Formula F has model iff there is /, v such that for all variable
assignments 7) we have /,n, v = ¢.
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Free Variables, Models, and Consequences

Definition (Model Consequence)

1 consequence of ¢ iff, for every I, v there is a n such that I,n,v = 9,
provided that, for every I, v there is a 1 such that I,n,v = ¢.

Definition (Tableau Model)

Formula F has model iff there is /, v such that for all variable
assignments 7) we have /,n, v = ¢.
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Free Variables, Models, and Consequences

Definition (Model Consequence)

1 consequence of ¢ iff, for every I, v there is a n such that I,n,v = 9,
provided that, for every I, v there is a 1 such that I,n,v = ¢.

Definition (Soundness)

Calculus rule sound iff conclusions W consequence of premisses .

0 sound iff W consequence of ¢

André Platzer (CMU) 7 /19
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Free Variables, Models, and Consequences

Definition (Model Consequence)

1 consequence of ¢ iff, for every I, v there is a n such that I,n,v = 9,
provided that, for every I, v there is a 1 such that I,n,v = ¢.

Definition (Soundness)

Calculus rule sound iff conclusions W consequence of premisses .
o ... O,
|, U/
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Free Variables, Models, and Consequences

Definition (Model Consequence)

1 consequence of ¢ iff, for every I, v there is a n such that I,n,v = 9,
provided that, for every I, v there is a 1 such that I,n,v = ¢.

Definition (Soundness)

Calculus rule sound iff conclusions W consequence of premisses .

b ... O,
———— WV; A--- AV, consequence of &1 A--- AP,
v ... v,
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Free Variables, Models, and Consequences

Definition (Model Consequence)

1 consequence of ¢ iff, for every I, v there is a n such that I,n,v = 9,
provided that, for every I, v there is a 1) such that I,n, v |= ¢.

Definition (Soundness)

Calculus rule sound iff conclusions W consequence of premisses .
o ... O,

———— WV; A--- AV, consequence of &1 A--- AP,
v ... v,

Definition (Local Soundness)

o
v locally sound iff for each I,n,v (I,n,viE® = I,nvE V)
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Free Variables, Models, and Consequences

Definition (Model Consequence)

1 consequence of ¢ iff, for every I, v there is a n such that I,n,v = 9,
provided that, for every I, v there is a 1) such that I,n, v |= ¢.

Definition (Soundness)

Calculus rule sound iff conclusions W consequence of premisses .
o ... O,

———— WV; A--- AV, consequence of &1 A--- AP,
v ... v,

/47

Definition (Local Soundness)

o
v locally sound iff for each I,n,v (I,n,viE® = I,nvE V)
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Free Variables, Models, and Consequences

Definition (Model Consequence)

1 consequence of ¢ iff, for every I, v there is a n such that I,n,v = 9,
provided that, for every I, v there is a 1) such that I,n, v |= ¢.

Definition (Soundness)

Calculus rule sound iff conclusions W consequence of premisses .
o ... O,

———— WV; A--- AV, consequence of &1 A--- AP,
v ... v,

T

Definition (Local Soundness)

o
v locally sound iff for each I,n,v (I,n,viE® = I,nvE V)
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Local Application of Local Soundness in Context

Definition (Local Soundness)

o
[ON =R
foreach I,np,v (In,vE® VW = I nvE®k- W)

locally sound iff
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Local Application of Local Soundness in Context

Definition (Local Soundness)

oV locall d iff
oy locally sound i
foreach I,np,v (In,vE® VW = I nvE®k- W)

¢

Lemma (Local application context lifting)

If o is a deterministic HP, then

RPN oY L R (A -
opy 0y sound = TS (v, A

locally sound
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Soundness Proof

01 On

X1° " "Xn

(x1:=01,..,xp:=0pn)0

Proof ((:=) locally sound).

On

@ Assume premiss holds in /.7, v, i.e., I,n,v = qﬁﬁ}. NG
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Soundness Proof

01 On

X1° " "Xn

(x1:=01,..,xp:=0pn)0

Proof ((:=) locally sound).

On

@ Assume premiss holds in /.7, v, i.e., I,n,v = qﬁﬁ}. NG

@ Show I,n,v = (x1:=01,..,xn:=0n)0,
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Soundness Proof

01 On

X1° " "Xn

(x1:=01,..,xp:=0pn)0

Proof ((:=) locally sound).

On

@ Assume premiss holds in /.7, v, i.e., I,n,v = qﬁi}. NG

@ Show I,n,v = (x1:=01,..,xn:=0n)0,
o ie, I,n,wk ¢ forastate w with (v,w) € p;,(x1 :=01,..,x,:=6p).
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Soundness Proof

01 On

X1° " "Xn

(x1:=01,..,xp:=0pn)0

Proof ((:=) locally sound).

On

@ Assume premiss holds in /.7, v, i.e., I,n,v = qﬁﬁ}. NG

@ Show I,n,v = (x1:=01,..,xn:=0n)0,
o ie, I,n,wk ¢ forastate w with (v,w) € p;,(x1 :=01,..,x,:=6p).

@ Follows from substitution lemma, which generalises to dynamic logic
for admissible substitutions.

O
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Soundness Proof

>0 ((VO<E<t (S(¥))x) A (S(1))9)

(x{ =01,...,xb =0, A X)®

Proof ({x’) locally sound).

o Let y1,...,y, solve ODE x; = 0,..

André Platzer (CMU)
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Soundness Proof

>0 ((VO<E<t (S(¥))x) A (S(1))9) = Vo<t<t (S(f))x

W X
(x{ =01,...,xb =0, A X)® D

Proof ({x’) locally sound).

o Let y1,...,yn solve ODE x; = 61,...,x, = 0, with IV xq,...

o Let (S(t)) be (x1:=yi1(t),...,xn:=yn(t)).

André Platzer (CMU)
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Soundness Proof

3t>0 ((VO<E<t (S(T))x) A (S(1))9) = v0<i<t(S(F))x

W X
(x{ =01,...,xb =0, A X)® D

Proof ({x’) locally sound).

o Let y1,...,yn solve ODE x; = 61,...,x, = 0, with IV xq,...

o Let (S(t)) be (x1:=yi(t),...,xn:=yn(t)).
@ Assume premiss holds: I, 7, v = 3t>0(x A (S(t))¢)

André Platzer (CMU)
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Soundness Proof

20 (0Tt (SO A (S()9) 7= V0<E<t (S())x
<X:/L=917"7XI,1=9”/\X>¢ D=x; =

Proof ({x’) locally sound).

o Let y1,...,yn solve ODE x; = 61,...,x, =0, with IV xq,..., xp.
o Let (S(t)) be (x1:=yi1(t),...,xn:=yn(t)).

@ Assume premiss holds: I, 7, v = 3t>0(x A (S(t))¢)

@ By assumption, there is a r > 0 such that /,n],v = X A (S(t))¢.

André Platzer (CMU)
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Soundness Proof

20 (0Tt (SO A (S()9) 7= V0<E<t (S())x
<X{=917"7Xr,1=9n/\X>¢ D= =

Proof ((x’) locally sound).

o Let y1,...,yn solve ODE x; = 61,...,x, =0, with IV xq,..., xp.
o Let (S(t)) be (x1:=yi1(t),...,xn:=yn(t)).

@ Assume premiss holds: I, 7, v = 3t>0(x A (S(t))¢)

@ By assumption, there is a r > 0 such that /,n],v = X A (S(t))¢.
@ We have to show /,n,v = (D)¢.
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Soundness Proof

>0 ((VO<E<t (S(E))x) A (S(t))0) o X=VO0<E<t(S(D)x
<X{=917"7Xr,1=9n/\X>¢ D= =

Proof ((x’) locally sound).

o Let y1,...,yn solve ODE x; = 61,...,x, =0, with IV xq,..., xp.
o Let (S(t)) be (x1:=yi1(t),...,xn:=yn(t)).

@ Assume premiss holds: I, 7, v = 3t>0(x A (S(t))¢)

@ By assumption, there is a r > 0 such that /,n],v = X A (S(t))¢.
@ We have to show /,n,v = (D)¢.

e Equivalently, by coincidence lemma, /,7n;, v = (D)¢, because t fresh.

André Platzer (CMU)
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Soundness Proof

>0 ((VO<E<t (S(E))x) A (S(t))0) o X=VO0<E<t(S(D)x
<X{=917"7Xr,1=9n/\X>¢ D= =

Proof ((x’) locally sound).

o Let y1,...,yn solve ODE x; = 61,...,x, =0, with IV xq,..., xp.
o Let (S(t)) be (x1:=yi1(t),...,xn:=yn(t)).

@ Assume premiss holds: I, 7, v = 3t>0(x A (S(t))¢)

@ By assumption, there is a r > 0 such that /,n],v = X A (S(t))¢.
@ We have to show /,n,v = (D)¢.

e Equivalently, by coincidence lemma, /,7n;, v = (D)¢, because t fresh.

o Let f:[0, r] — States such that (v, f(()) € p, ng(S(t)) for all
¢ €0, r]. By premiss, f(0) = v and ¢ holds at f(r).
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Soundness Proof

>0 ((VO<E<t (S(E))x) A (S(t))0) o X=VO0<E<t(S(D)x
<X{=917"7Xr,1=0n/\X>¢ D= =

Proof ((x’) locally sound).

o Let y1,...,yn solve ODE x; = 61,...,x, =0, with IV xq,..., xp.
o Let (S(t)) be (x1:=yi1(t),...,xn:=yn(t)).

@ Assume premiss holds: I, 7, v = 3t>0(x A (S(t))¢)

@ By assumption, there is a r > 0 such that /,n],v = X A (S(t))¢.
@ We have to show /,n,v = (D)¢.

e Equivalently, by coincidence lemma, /,7n;, v = (D)¢, because t fresh.

o Let f:[0, r] — States such that (v, f(()) € p, ng(S(t)) for all
¢ €0, r]. By premiss, f(0) = v and ¢ holds at f(r).

@ It only remains to show that f is a flow for p; (D).
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Soundness Proof

>0 ((VO<E<t (S(E))x) A (S(t))0) o X=VO0<E<t(S(D)x
<X{=917"7Xr,1=0n/\X>¢ D= =

Proof ((x’) locally sound).

o Let y1,...,yn solve ODE x; = 61,...,x, =0, with IV xq,..., xp.
o Let (S(t)) be (x1:=yi1(t),...,xn:=yn(t)).

@ Assume premiss holds: I, 7, v = 3t>0(x A (S(t))¢)

@ By assumption, there is a r > 0 such that /,n],v = X A (S(t))¢.
@ We have to show /,n,v = (D)¢.

e Equivalently, by coincidence lemma, /,7n;, v = (D)¢, because t fresh.

@ Let f:]0, r] — States such that (v, f(¢)) € p,’nf(S(t)) for all
¢ €[0,r]. By premiss, f(0) = v and ¢ holds at f(r).

@ It only remains to show that f is a flow for p; (D).

e f continuous and differentiable according to y;.
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Soundness Proof

20 (0Tt (SO A (S()9) 7= V0<E<t (S())x
<X:/L=917"7XI,1=9”/\X>¢ D=x; =

Proof ({x’) locally sound).

o Moreover, [xi]; ¢(c).e = [[y"(t)]]l,_v,né has a dferivativ.e of value
[9i1),¢(¢),nr because y; is a solution of the differential
equation x/ = 6; with corresponding initial value v(x;).
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Soundness Proof

20 (0Tt (SO A (S()9) 7= V0<E<t (S())x
<X:/L=917"7XI,1=9”/\X>¢ D=x; =

Proof ({x’) locally sound).

o Moreover, [xi]; ¢(c).e = [[y"(t)]]l,_v,né has a dferivativ.e of value
[9i1),¢(¢),nr because y; is a solution of the differential
equation x/ = 6; with corresponding initial value v(x;).

@ Further, evolution invariant region Y is respected along f:
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Soundness Proof

20 (0Tt (SO A (S()9) 7= V0<E<t (S())x
<X{=917"7Xr,1=9n/\X>¢ D= =

Proof ({x’) locally sound).

® Moreover, [xi]; ¢(¢).r = Lyi(t)];,, ,,; has a derivative of value
[9i1),¢(¢),nr because y; is a solution of the differential

equation x/ = 6; with corresponding initial value v(x;).
@ Further, evolution invariant region Y is respected along f:
@ By premiss, I, 1}, v = X holds for the initial state v, thus
X1/ £ ¢y, = true for all ¢ € [0, r].

André Platzer (CMU)
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Soundness Proof

>0 ((VO<E<t (S(E))x) A (S(t))0) o X=VO0<E<t(S(D)x
<X{=917"7Xr,1=9n/\X>¢ D= =

Proof ({x’) locally sound).

@ Moreover, [x; - = [yi(t » has a derivative of value
16, 10 n[ t;!’c’;ffs?é"fy,- is[[? go)l]l]ft’i:;’ﬁf of the differential
equaytionv >§,' = 0; with corresponding initial value v(x;).

@ Further, evolution invariant region Y is respected along f:

@ By premiss, I, 1}, v = X holds for the initial state v, thus
X1/ £ ¢y, = true for all ¢ € [0, r].

@ In short, f is a witness for /,n,v = (D)¢.

André Platzer (CMU)

10 / 19


http://symbolaris.com/meta/andre.html
http://symbolaris.com/meta/andre.html
http://symbolaris.com/lahs/

Soundness Proof

>0 ((v0< <8(7-‘)>x)A<8(t)>¢) where Y= VOSESE(S(E)x
(xq 9 X =00 A X)O D=x =

Proof ({x’) locally sound).

@ Moreover, [x; - = [yi(t » has a derivative of value
16, 10 n[ t;!’c’;ffs?énfy,- is[[? go)l]l]ft’i:;’ﬁf of the differential
equaytionv >§,' = 0; with corresponding initial value v(x;).

@ Further, evolution invariant region Y is respected along f:

@ By premiss, I, 1}, v = X holds for the initial state v, thus
X1/ £ ¢y, = true for all ¢ € [0, r].

@ In short, f is a witness for /,n,v = (D)¢.

@ Converse direction can be shown to prove the dual rule [x] using that
flows are unique.

O
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Soundness Proof

Fo(s(Xt, .., Xn))
F Vx ¢(x)

Proof (Vr sound).

@ Contrapositively, assume there are /, v such that for all 7,
I,m, v = Vx ¢(x), hence I,n, v = Ix ~¢p(x).
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http://symbolaris.com/meta/andre.html
http://symbolaris.com/meta/andre.html
http://symbolaris.com/lahs/

Soundness Proof

Fo(s(Xt, .., Xn))
F Vx ¢(x)

Proof (Vr sound).

@ Contrapositively, assume there are /, v such that for all 7,
I,m, v = Vx ¢(x), hence I,n, v = Ix ~¢p(x).
@ Construct /” that agrees with /| except for new function symbol s.
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Soundness Proof

Fo(s(Xt, .., Xn))
F Vx ¢(x)

Proof (Vr sound).

@ Contrapositively, assume there are /, v such that for all 7,

I,m, v = ¥x ¢(x), hence I,n, v = Ix —¢p(x).
@ Construct /” that agrees with /| except for new function symbol s.
e For any by,..., b, € R let n? assign bj to X; for 1 < i < n.

André Platzer (CMU) 11 /19


http://symbolaris.com/meta/andre.html
http://symbolaris.com/meta/andre.html
http://symbolaris.com/lahs/

Soundness Proof

Fo(s(Xa, .., Xn))
F Vx ¢(x)

Proof (Vr sound).

@ Contrapositively, assume there are /, v such that for all 7,

I,m, v = ¥x ¢(x), hence I,n, v = Ix —¢p(x).
@ Construct /” that agrees with /| except for new function symbol s.
e For any by,..., b, € R let n? assign bj to X; for 1 < i < n.

e As I,n,v = 3x =¢(x) holds for all 1, we pick a witness d for
I,n°, v = 3x ~¢(x) and choose I’(s)(by,...,b,) = d.
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@ Contrapositively, assume there are /, v such that for all 7,

I,m, v = ¥x ¢(x), hence I,n, v = Ix —¢p(x).
@ Construct /” that agrees with /| except for new function symbol s.
e For any by,..., b, € R let n? assign bj to X; for 1 < i < n.

e As I,n,v = 3x =¢(x) holds for all 1, we pick a witness d for
I,n°, v = 3x ~¢(x) and choose I’(s)(by,...,b,) = d.

e We have I',n, v [~ ¢(s(X1,...,Xy)) for all n by coincidence lemma,
as Xi,.., X, are all FV determining truth value of ¢(s(X,...,Xy)).
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Soundness Proof

Fo(s(Xa, .., Xn))
F Vx ¢(x)

Proof (Vr sound).

@ Contrapositively, assume there are /, v such that for all 7,

I,m, v = ¥x ¢(x), hence I,n, v = Ix —¢p(x).

Construct I’ that agrees with | except for new function symbol s.
For any b1, ..., b, € R let n® assign b; to Xj for 1 < i < n.

As I,n,v = 3x =¢(x) holds for all 1, we pick a witness d for

I,n°, v = 3x ~¢(x) and choose I’(s)(by,...,b,) = d.

We have I',n, v £ ¢(s(Xi, ..., X,)) for all n by coincidence lemma,
as Xi,.., X, are all FV determining truth value of ¢(s(X,...,Xy)).
I, A, (J) can be added: Since s is new, ', A do not change truth
value by passing from | to I’. Further s is rigid and does not change
value by adding jump prefix (7).
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Soundness Proof

F QE(VX (¢(X) F ¥(X)))
O(s(X1,..,Xn)) F W(s(X1,..,Xn))

X new variable

Proof (iV locally sound).
o Assume /,7,v = QE(VX (®(X) F W(X))).
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André Platzer (CMU) 12 /19


http://symbolaris.com/meta/andre.html
http://symbolaris.com/meta/andre.html
http://symbolaris.com/lahs/

Soundness Proof
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X new variable

Proof (iV locally sound).
o Assume /,7,v = QE(VX (®(X) F W(X))).
o QE yields an equivalence, thus /,7, v = VX (®(X) F V(X)).

o If I,n,v = ®(s(X1,...,Xp)), we conclude I,n,v = V(s(X1,...,Xp))
by choosing [s(Xi,..., Xn)], ,, for X in premiss.
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Soundness Proof

F QE(VX ((X) F W(X)))
O(s(X1,..,Xn)) F W(s(X1,.., Xn))

X new variable

Proof (iV locally sound).
o Assume /,7,v = QE(VX (®(X) F W(X))).
o QE yields an equivalence, thus /,7, v = VX (®(X) F V(X)).

o If I,n,v = ®(s(X1,...,Xp)), we conclude I,n,v = V(s(X1,...,Xp))
by choosing [s(Xi,..., Xn)], ,, for X in premiss.

o By admissibility of substitutions, variables Xi, ..., X, are free at all
occurrences of s(Xi,...,X,), hence their value is the same in all
occurrences.

O
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Soundness Proof

= o(X)
F Ix ¢(x)

Proof (3r locally sound).

e For any I, n, v with I,n,v = ¢(X) we conclude I, 7, v = Ix ¢(x)
according to the witness 7(X).
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Soundness Proof

FQEEX A;(®i - V)))
oV, L. DY,
X only in branches ®; - V;

Proof (i3 sound).
@ For any /,v let i be such that /,n, v = QE(IX A,;(®; - V).
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FQEEX A;(®i - V)))
oV, L. DY,
X only in branches ®; - V;

Proof (i3 sound).
@ For any /,v let i be such that /,n, v = QE(IX A,;(®; - V).
o QE yields equivalence, thus /,n,v = 3X A\;(®; F ¥;).

@ Pick witness d € R for this existential quantifier.
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FQEEX A;(®i - V)))
oV, L. DY,
X only in branches ®; - V;

Proof (i3 sound).
@ For any /,v let i be such that /,n, v = QE(IX A,;(®; - V).
o QE yields equivalence, thus /,n,v = 3X A\;(®; F ¥;).

@ Pick witness d € R for this existential quantifier.

@ As X does not occur anywhere else in the proof, it disappears from all
open premisses of the proof by applying id. Hence, by coincidence
lemma, value of X does not change truth value of premise.
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Proof (i3 sound).
@ For any /,v let i be such that /,n, v = QE(IX A,;(®; - V).
o QE yields equivalence, thus /,n,v = 3X A\;(®; F ¥;).
@ Pick witness d € R for this existential quantifier.

@ As X does not occur anywhere else in the proof, it disappears from all
open premisses of the proof by applying id. Hence, by coincidence
lemma, value of X does not change truth value of premise.

o Consequently,  can be extended to 1’ by changing the interpretation
of X to the witness d such that I, 7/, v = \;(®; - V;).
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FQEEX A;(®i - V)))
oV, L. DY,
X only in branches ®; - V;

Proof (i3 sound).
@ For any /,v let i be such that /,n, v = QE(IX A,;(®; - V).
o QE yields equivalence, thus /,n,v = 3X A\;(®; F ¥;).
@ Pick witness d € R for this existential quantifier.

@ As X does not occur anywhere else in the proof, it disappears from all
open premisses of the proof by applying id. Hence, by coincidence
lemma, value of X does not change truth value of premise.

o Consequently,  can be extended to 1’ by changing the interpretation
of X to the witness d such that I, 7/, v = \;(®; - V;).

@ Thus, 1’ extends /, 7, v to a simultaneous model of all conclusions.
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Soundness Proof

Eve(¢ =)
()¢ ()¢

Proof (()gen locally sound).

@ Simple refinement of coincidence lemma using that the universal
closure V* comprises all variables that change in a.
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Eve(¢ =)
()¢ ()¢

Proof (()gen locally sound).

@ Simple refinement of coincidence lemma using that the universal
closure V* comprises all variables that change in a.

o Let I,n,v = ()¢, ie., let (v,v') € prp(a) with I,n,V |= ¢.
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Soundness Proof

Eve(¢ =)
()¢ ()¢

Proof (()gen locally sound).

@ Simple refinement of coincidence lemma using that the universal
closure V* comprises all variables that change in a.

o Let I,n,v = ()¢, ie., let (v,v') € prp(a) with I,n,V |= ¢.

@ As « can only change its bound variables, which are quantified
universally in the universal closure V¢, the premiss implies

L, v & ¢ — 1, thus [,n,v" = ¢ and I, n,v | ().

André Platzer (CMU) 15 /19


http://symbolaris.com/meta/andre.html
http://symbolaris.com/meta/andre.html
http://symbolaris.com/lahs/

Soundness Proof

- V(¢ — [a])
¢ [ar]o

Proof (ind locally sound).

e For any I,n, v with I,n,v E V*(¢ — [a]d), we conclude
I,V = ¢ — [a]¢ for all v/ with (v,v') € p; ().
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- V(¢ — [a])
¢ [ar]o

Proof (ind locally sound).

e For any I,n, v with I,n,v E V*(¢ — [a]d), we conclude
I,V = ¢ — [a]¢ for all v/ with (v,v') € p; ().

@ As these share the same 7, we conclude I, 7, v = ¢ — [a*]¢ by
induction along the series of states 1/ reached from v by repeating a.
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Soundness Proof

- V(¢ — [a])
¢ [ar]o

Proof (ind locally sound).

e For any I,n, v with I,n,v E V*(¢ — [a]d), we conclude
I,V = ¢ — [a]¢ for all v/ with (v,v') € p; ().

@ As these share the same 7, we conclude I, 7, v = ¢ — [a*]¢ by
induction along the series of states 1/ reached from v by repeating a.

@ The universal closure is necessary as, otherwise, the premiss may yield
different 7 in different states /.

O
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Soundness Proof

FVYv>0(p(v) = (a)e(v — 1))
Ave(v) F (a*)Iv<0p(v)

Proof (con locally sound).

@ Assume antecedent and premiss hold in /, 7, v.
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Soundness Proof

FVYv>0(p(v) = (a)e(v — 1))
Ave(v) F (a*)Iv<0p(v)

Proof (con locally sound).

@ Assume antecedent and premiss hold in /, 7, v.

@ By premiss, I,n[v — d], v E v >0Ap(v) = (a)p(v — 1) for
all d € R and all states v/ that are reachable by a* from v,
because V* comprises all variables that are bound by « or by a*.
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Soundness Proof

FVYv>0(p(v) = (a)e(v — 1))
Ave(v) F (a*)Iv<0p(v)

Proof (con locally sound).

@ Assume antecedent and premiss hold in /, 7, v.

@ By premiss, I,n[v — d], v E v >0Ap(v) = (a)p(v — 1) for
all d € R and all states v/ that are reachable by a* from v,
because V* comprises all variables that are bound by « or by a*.

@ By antecedent, there is a d € R such that /,n[v — d],v | ¢(v).
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Soundness Proof

FVYv>0(p(v) = (a)e(v — 1))
Ave(v) F (a*)Iv<0p(v)

Proof (con locally sound).

e If d <0, we have I,n,v = (a*)3v<0p(v) for zero repetitions.
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FVYv>0(p(v) = (a)e(v — 1))
Ave(v) F (a*)Iv<0p(v)

Proof (con locally sound).

e If d <0, we have I,n,v = (a*)3v<0p(v) for zero repetitions.
@ Otherwise, if d > 0, we have, by premiss, that
Iinlv=d,vEv>0A0(v) = (a)p(v—1)
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Soundness Proof

FVYv>0(p(v) = (a)e(v — 1))
Ave(v) F (a*)Iv<0p(v)

Proof (con locally sound).

e If d <0, we have I,n,v = (a*)3v<0p(v) for zero repetitions.
@ Otherwise, if d > 0, we have, by premiss, that
linlv = dl,v = v>0Ae(v) = (@e(v—1)
@ As v > 0 Ap(v), we have for some v/ with (v,2') € pj prsd)(c) that
Iinlv = d, v | (v —1).
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Proof (con locally sound).

e If d <0, we have I,n,v = (a*)3v<0p(v) for zero repetitions.
@ Otherwise, if d > 0, we have, by premiss, that
Iinlv=d,vEv>0A0(v) = (a)p(v—1)
@ As v > 0 Ap(v), we have for some v/ with (v,2') € pj prsd)(c) that
I,nlv— d],v E p(v—1).
@ Thus, I,n[v— d — 1],V | ¢(v) satisfies IH for a smaller d and a
reachable v/, because (v, ') € p; () as v does not occur in .
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Soundness Proof

FVYv>0(p(v) = (a)e(v — 1))
Ave(v) F (a*)Iv<0p(v)

Proof (con locally sound).

e If d <0, we have I,n,v = (a*)3v<0p(v) for zero repetitions.
@ Otherwise, if d > 0, we have, by premiss, that
Iinlv=d,vEv>0A0(v) = (a)p(v—1)
@ As v > 0 Ap(v), we have for some v/ with (v,2') € pj prsd)(c) that
I,nlv— d],v E p(v—1).
@ Thus, I,n[v— d — 1],V | ¢(v) satisfies IH for a smaller d and a
reachable v/, because (v, ') € p; () as v does not occur in .

@ Induction well-founded, because d decreases by 1 down to d < 0.
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