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© Train Control
@ Separation Principle
@ Parametric ETCS

9 Parametric European Train Control System
@ Controllability
@ Reactivity
@ Refined Control
o Safety
@ Liveness

© Enhancements

© Summary
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Hybrid Systems Analysis: Train Control

Challenge

Hybrid Systems

@ Continuous dynamics
(differential equations)

@ Discrete dynamics
(control decisions)
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Hybrid Systems Analysis: Train Control

Challenge

Hybrid Systems
@ Continuous dynamics
(differential equations)
@ Discrete dynamics
(control decisions)

@ More than computers: no NullPointerException # safe
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Hybrid Systems Analysis: Train Control

Challenge

Hybrid Systems
@ Continuous dynamics
(differential equations)
@ Discrete dynamics
(control decisions)

@ More than computers: no NullPointerException #- safe
@ More than physics: braking control v < 2b(m — z) # safe
© Joint dynamics requires: v2 o a%e?  a a

>4+ 2°- 4 ° —
SB_2b+ b +b€v+2€ +ev
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Hybrid Systems Analysis: Train Control
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Hybrid Systems —

@ Continuous dynamics .
(differential equations) T

@ Discrete dynamics
(control decisions
v
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Hybrid Systems Analysis: Train Control

Challenge

Hybrid Systems —

@ Continuous dynamics .
(differential equations) T

@ Discrete dynamics
(control decisions
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Hybrid Systems Analysis: Train Control

Challenge

Hybrid Systems ' ;

@ Continuous dynamics
(differential equations) =

@ Discrete dynamics
(control decisions
v
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Challenge

Hybrid Systems
@ Continuous dynamics
(differential equations)
@ Discrete dynamics
(contr(‘)/l decisions)

André Platzer (CMU) 2 /18


http://symbolaris.com/meta/andre.html
http://symbolaris.com/meta/andre.html
http://symbolaris.com/lahs/

Hybrid Systems Analysis: Train Control

Challenge
Hybrid Systems

@ Continuous dynamics
(differential equations)

@ Discrete dynamics
(contr(‘)/l decisions)

z <—SIB'—>\_/
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Hybrid Systems Analysis: Train Control

Challenge
Hybrid Systems

@ Continuous dynamics
(differential equations)

@ Discrete dynamics
(contr(‘)/l decisions)

Z <—SIB—>

m__

e sEer g a

>_ 4 2= 4 ¢ bl
SB_2b+ b +b6v+2

52+€v

André Platzer (CMU)
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European Train Control System

ST 7777777777755 7 7 7
T.p ST SB m.e

Objectives

@ Collision free @ No static partitioning of track
@ Maximise throughput & @ Radio Block Controller (RBC)
velocity (300 km/h) manages movement authorities

dynamically
© Moving block principle

@ 2.1%10° passengers/day
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European Train Control System

ST R 777777777775 7 7R 7
T.p ST SB m.e

Parametric Hybrid Systems
continuous evolution along differential equations + discrete change

m.e ﬁ

T.p

---- T e TV

André Platzer (CMU) 3/18

t



http://symbolaris.com/meta/andre.html
http://symbolaris.com/meta/andre.html
http://symbolaris.com/lahs/

Differential Dynamic Logic (dC)

T.V

— DT . . [ —
p m.e
Example
= 1( )
Precondition Operation model Property
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Differential Dynamic Logic (dC)

T.V

— DT . . [ —
p m.e
Example
T.v2 < 2b(m.e — 7.p) — | [(7.p < m.e)
Precondition Operation model Property
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Differential Dynamic Logic (dC)

> T.V

( N L, ( BN
P m.e
Example
T.v2 < 2b(m.e — 7.p) — | 7.pl =1v, 7.V = T1.3|(T.p < m.e)
Precondition Operatic;n'\qlodel Property

Continuous evolution:
differential equation
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Differential Dynamic Logic (dC)

> T.V

( N L, ( BN
P m.e
Example
T.v2 < 2b(m.e — 7.p) — [1.2 := *; T.p =1.v,7.v = T1.3)(T.p < m.e)
Precondition / Operation model Property

Random assignment
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Differential Dynamic Logic (dC)

T.V

( 1IN ( BN

[
7
! y y y y § :
J

T.p m.e

Example

T.v2 <2b(m.e —7.p) = [r.a:=*; ?T.a< —b; 7.p/ = T.v, 7.V = 1.3](T.p < m.e)

Precondition Operation model Property
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3D Movement Authorities

T.p

e Vectorial MA m = (d, e, r):
@ Beyond point m.e train not faster than m.d.
@ Train should try to keep recommended speed m.r
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3D Movement Authorities

my.d = T.p

e Vectorial MA m = (d, e, r):
@ Beyond point m.e train not faster than m.d.
@ Train should try to keep recommended speed m.r
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3D Movement Authorities

m1.d
mj.e

e Vectorial MA m = (d, e, r):

@ Beyond point m.e train not faster than m.d.
@ Train should try to keep recommended speed m.r
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3D Movement Authorities

mg.d

T.p
mo.e

e Vectorial MA m = (d, e, r):

@ Beyond point m.e train not faster than m.d.
@ Train should try to keep recommended speed m.r
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3D Movement Authorities

ms.e

e Vectorial MA m = (d, e, r):
@ Beyond point m.e train not faster than m.d.
@ Train should try to keep recommended speed m.r

André Platzer (CMU) 5/18


http://symbolaris.com/meta/andre.html
http://symbolaris.com/meta/andre.html
http://symbolaris.com/lahs/

3D Movement Authorities

e Vectorial MA m = (d, e, r):
@ Beyond point m.e train not faster than m.d.

@ Train should try to keep recommended speed m.r
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Separation Principle

Lemma (Principle of separation by movement authorities)

Each train respects its movement authority and
the RBC partitions into disjoint movement authorities

= trains can never collide.

[ IQ\ [ Il\

7P ST SB m.e
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Separation Principle

Lemma (Principle of separation by movement authorities)

Each train respects its movement authority and
the RBC partitions into disjoint movement authorities
= trains can never collide.

Proof.

@ To simplify notation, assume trains are points.
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Separation Principle

Lemma (Principle of separation by movement authorities)

Each train respects its movement authority and
the RBC partitions into disjoint movement authorities
= trains can never collide.

Proof.
@ To simplify notation, assume trains are points.
@ Consider any point in time (.
@ For ne N, let z, ..., z, be positions of all the trains 1 to n at (.

o Let M; be the MA-range, i.e., the set of positions on the track for
which train / has currently been issued MA.
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Each train respects its movement authority and
the RBC partitions into disjoint movement authorities
= trains can never collide.
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Lemma (Principle of separation by movement authorities)

Each train respects its movement authority and
the RBC partitions into disjoint movement authorities
= trains can never collide.

Proof.

To simplify notation, assume trains are points.

@ Consider any point in time (.
@ For ne N, let z, ..., z, be positions of all the trains 1 to n at (.
°

Let M; be the MA-range, i.e., the set of positions on the track for
which train / has currently been issued MA.

Suppose there was a collision at time (.

Then z; = z; at ¢ for some /,j € N.
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Separation Principle

Lemma (Principle of separation by movement authorities)

Each train respects its movement authority and
the RBC partitions into disjoint movement authorities
= trains can never collide.

Proof.

To simplify notation, assume trains are points.

@ Consider any point in time (.
@ For ne N, let z, ..., z, be positions of all the trains 1 to n at (.
°

Let M; be the MA-range, i.e., the set of positions on the track for
which train / has currently been issued MA.

Suppose there was a collision at time (.

Then z; = z; at ¢ for some /,j € N.
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Separation Principle

Lemma (Principle of separation by movement authorities)

Each train respects its movement authority and
the RBC partitions into disjoint movement authorities
= trains can never collide.

Proof.

To simplify notation, assume trains are points.

@ Consider any point in time (.
@ For ne N, let z, ..., z, be positions of all the trains 1 to n at (.
°

Let M; be the MA-range, i.e., the set of positions on the track for
which train / has currently been issued MA.

@ Suppose there was a collision at time (.
@ Then z; = z; at ¢ for some /,j € N.
o However, by assumption, z € M; and z; € M; at ¢, thus M; N M; # 0,

@ This contradicts the assumition of dis'loint MA. []
André Platzer (CMU) 6 /18
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Model/State Variables

Train 7: RBC + MA:
e 7.v Position m.e End of Authority
@ 7.v Speed m.d Speed limit

@ 7.a Acceleration m.r Recommended speed

e (t model time) rbc.message Channel
Parameters:

SB Start Braking

ST Start Talking

b Braking power/deceleration

a Maximum acceleration

€ Maximum cycle time

A Maximum expected
communication delay

André Platzer (CMU) 7 /18
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Parametric Skeleton of ETCS

Read from the informal specification. . .
ETCSker : (trainU rbc)*

train . spd; atp; drive
spd : (rv<mr; rai=x ?7—b<t1a<a)

U?rv>mr; tai=% 7—b<71.a<0)
atp :if(m.e — 7.p < SBV rbc.message = emergency) T.a := —b
drive ct:=0; (r.p=Tv, TV =Tt =1ATV>0ALt<¢)
rbc : (rbc.message := emergency) U (m:=sx%; ?m.r > 0)

André Platzer (CMU) 8 /18
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Parametric Skeleton of ETCS

As transition system. ..

Cmo:zmc m =%

U
T.p =TV, i
|

TV =13t/ =1 |

je.message = emergenc, US> OAL<e

?r.v <m.r T.9:=% ?7—-b<Ta<A
( ) > ) ¥ ) ’O\ ?(m.e — 7.p < SBV
rbc.message = emergency)
m.e—T1.p > SBA
bc.message # emergency)

:77'.\/ > m.r: T.9:= % : 0>71.a>—-b
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Parametric Skeleton of ETCS

ETCSeker : (trainU rbc)*

train . spd; atp; drive
spd : (Prv<mr; rai=x7-b<T.a<a)
UQ?r.v >m.r; Ta:=x;, ?7— b<1.a<0)
atp :if(m.e — 7.p < SBV rbc.message = emergency) T.a := —b
drive t:=0; (r.p=Tv,7V =Tt =1ATV>0ALt<¢)
rbc . (rbc.message := emergency) U (m:=x%; ?m.r > 0)
Example (Taks)
Verify safety J
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Parametric Skeleton of ETCS

ETCSeker : (trainU rbc)*

train . spd; atp; drive
spd : (Prv<mr; rai=x7-b<T.a<a)

UQ?r.v >m.r; Ta:=x;, ?7— b<1.a<0)
atp :if(m.e — 7.p < SBV rbc.message = emergency) T.a := —b
drive t:=0; (r.p=Tv,7V =Tt =1ATV>0ALt<¢)
rbc . (rbc.message := emergency) U (m:=x%; ?m.r > 0)

Example (Taks)
Verify safety

Specification
[ETCSskel](T.p > m.e = 7.v < m.d)
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Parametric Skeleton of ETCS

ETCSeker : (trainU rbc)*

train . spd; atp; drive
spd : (Prv<mr; rai=x7-b<T.a<a)
UQ?r.v >m.r; Ta:=x;, ?7— b<1.a<0)
atp :if(m.e — 7.p < SBV rbc.message = emergency) T.a := —b
drive t:=0; (r.p=Tv,7V =Tt =1ATV>0ALt<¢)
rbc . (rbc.message := emergency) U (m:=x%; ?m.r > 0)
Example (Taks)
Verify safety J

Specification

[ETCSskel](T.p > m.e = 7.v < m.d)

Issue
Lots of counterexamples!
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[terative Control Refinement Process

T.V

m.d T.p

Y
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[terative Control Refinement Process

T.V

m.d > T.p

© Controllability discovery
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[terative Control Refinement Process

T.V

m.d > T.p

© Controllability discovery
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[terative Control Refinement Process

T.V

m.d = - T.p
<« SB m.e

© Controllability discovery

@ Control refinement
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[terative Control Refinement Process

T.V

m.d = - T.p
SB<— m.e

© Controllability discovery

@ Control refinement
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[terative Control Refinement Process

T.V

m.d = - T.p
SB — m.e

© Controllability discovery

@ Control refinement
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[terative Control Refinement Process

T.V

Reaction time ¢

m =
e

= SE\_/

© Controllability discovery

@ Control refinement
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[terative Control Refinement Process

T.V

m.d = - T.p
SB m.e

© Controllability discovery
@ Control refinement

© Repeat @ until safety can be proven
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[terative Control Refinement Process

T.V

m.d = - T.p
SB m.e

© Controllability discovery

@ Control refinement

© Repeat @ until safety can be proven
@ Liveness check
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© Parametric European Train Control System
@ Controllability
@ Reactivity
@ Refined Control
o Safety
@ Liveness

André Platzer (CMU) 9 /18
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ETCS Controllability

7.v?> —m.d? < 2b(m.e — 7.p)

——

m.d > T.Pp

Proposition (Controllability)

[r.0) =T.v, 7V = —bAT.v>0](7.p > m.e — 7.v < m.d)
= 7.v> —m.d® < 2b(m.e — 7.p) (€)
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ETCS RBC Controllability

Proposition (RBC Controllability)

m.d >0Ab>0— [mg:=m; rbd (
mg.d?> — m.d?> < 2b(m.e —mg.e) Amo.d >0Am.d >0«

vr (((m:=mg)C) — c))

André Platzer (CMU) 11 /18
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ETCS Reactivity

T.V

Reaction time ¢

Proposition (Reactivity)

(Vm.e‘v’T.p (me—71.p>SBAC — [r.a:=a; drive| C))

= 55> ML (2 0) (22 e r)

André Platzer (CMU) 12 /18
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Refined ETCS Control

ETCS,: (trainU rbc)*

train
spd

atp

rbc

: spd; atp; drive

(Prv<mr;, rai=%x ?7—b<T1a<A)
U(?r.v >mur; 7.a:=x%; 70> 71.a> —b)

: SB = —“’2;;)“""2 +(241) (3 +e1v);
. if(m.e — 7.p < SBV rbc.message = emergency) T.a .= —b
drive :

t:=0; (r.p=1v, 7V =173,/ =1ATVv>0At<¢)
(rbc.message := emergency)
U (mo :=m;m = x;

?mg.d®> — m.d? < 2b(m.e —mg.e) Am.r >0Am.d > 0)
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Refined ETCS Control

ETCS,: (trainU rbc)*

train
spd

atp

rbc

: spd; atp; drive

(Prv<mr;, rai=%x ?7—b<T1a<A)
U(?r.v >mur; 7.a:=x%; 70> 71.a> —b)

: SB = —“’2;1;“"12 +(241) (3 +e1v);
. if(m.e — 7.p < SBV rbc.message = emergency) T.a .= —b
drive :

t:=0; (r.p=1v, 7V =173,/ =1ATVv>0At<¢)
(rbc.message := emergency)
U (mo :=m;m = x;

?mg.d®> — m.d? < 2b(m.e —mg.e) Am.r >0Am.d > 0)

Specification
7.v2 —m.d? < 2b(m.e — 7.p) — [ETCS/](.p > m.e = 7.v < m.d)
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Refined ETCS Control

ETCS,: (trainU rbc)*
train : spd, atp; dpw
spd (7T m.r; 7.a:=x ?—b<T.a<A)

Necessary for safety

- BB = T";—l;“dz+ (2+1) (362 +eTv);
/ if(m.e — 7.p < SBV rbc.message = emergency) T.a := —
=0 (rp=T1v, Vv =18t =1ATV>0ANE<¢)
(rbc.message := emergency)
U (mo :=m;m = x;

?mg.d®> — m.d? < 2b(m.e —mg.e) Am.r >0Am.d > 0)

Specification
7.v2 —m.d? < 2b(m.e — 7.p) — [ETCS/](7.p > m.e = 7.v < m.d)
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ETCS Safety

Proposition (Safety)

C—
[ETCS|(T.p > m.e — 7.v < m.d)

André Platzer (CMU) 14 / 18


http://symbolaris.com/meta/andre.html
http://symbolaris.com/meta/andre.html
http://symbolaris.com/lahs/

ETCS Liveness

Proposition (Liveness)

Tv>0Ae>0 — VP(ETCS,)T.p> P

André Platzer (CMU) 15 / 18
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Safety Despite Disturbances

So far: no wind, friction, etc.
Direct control of the acceleration
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Safety Despite Disturbances

So far: no wind, friction, etc. Issue
Direct control of the acceleration This is unrealistic!
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Safety Despite Disturbances

So far: no wind, friction, etc.

Issue
Direct control of the acceleration This is unrealistic!

Solution Take disturbances into account.

ETCS is controllable, reactive, and safe in the presence of disturbances.
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Safety Despite Disturbances

So far: no wind, friction, etc. Issue
Direct control of the acceleration This is unrealistic!

Solution Take disturbances into account.

ETCS is controllable, reactive, and safe in the presence of disturbances.
T.V

m.d \\ T.p
m.e

André Platzer (CMU) 16 / 18
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Safety Despite Disturbances
So far: no wind, friction, etc. Issue
Direct control of the acceleration This is unrealistic! J

Solution Take disturbances into account.

ETCS is controllable, reactive, and safe in the presence of disturbances.

Proof sketch

The system now contains 7.a — | < 7.v/ < 7.a + v instead of 7.v/ = 7.a.
~ We cannot solve the differential equations anymore.
~» Use differential invariants for approximation. For details see later.

Platzer, A.:
Differential-algebraic dynamic logic for differential-algebraic programs.

J. Log. Comput. 20(1) (2010) DOI 10.1093/logcom /exn070.
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Realistic Speed Control
Almost completely non-deterministic control. I
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Realistic Speed Control
Issue
Almost completely non-deterministic control. This is unrealistic!
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Realistic Speed Control

Issue
Almost completely non-deterministic control. This is unrealistic!
Solution Verify proportional-integral (PI) controllers used in trains.
Controller
Truncate
o vo-v a »{in 1
[T < L »E'
Step max
Pl Output -b EA — E Plant Speed
Acceleration
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Realistic Speed Control

Issue
Almost completely non-deterministic control. This is unrealistic!
Solution Verify proportional-integral (PI) controllers used in trains.
Controller
. ~ - Truncate
& e ——W{vov a = »in T
g mm outt 5
Step P = max
- // PI Output -b EA !T E Plant Speed

1.679 0.0008; 1 0]*u

[0.1995 0.000024; 1 OJ*u

André Platzer (CMU)
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Realistic Speed C

Issue
Almost completely non-deterministic control. This is unrealistic!

Solution Verify proportional-integral (PI) controllers used in trains.

Controller
Truncate

N
VO-v a N >
N
max
Pl Output b — E Plant Speed
N A

Acceleration

Differential equation system

TV = min(a, max(—b, {(r.v —m.r)—is— cm.r)) As' =T1v—m.r

André Platzer (CMU) 17 / 18
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Realistic Speed Control
Issue
Almost completely non-deterministic control. This is unrealistic! J

Solution Verify proportional-integral (PI) controllers used in trains.

The ETCS system remains safe when speed is controlled by a Pl controller.

Proof sketch

Cannot solve differential equations really. Use differential invariants! For details

see later.

Platzer, A.:
Differential-algebraic dynamic logic for differential-algebraic programs.
J. Log. Comput. 20(1) (2010) DOI 10.1093/logcom /exn070.
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© Summary
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Summary

Formally verified a major case study with KeYmaera:

o discovered necessary
safety constraints

About

o controllability, reactivity, |Froge. .
safety and liveness

Ta<0&ar b ;
S i (WAZ-dA2) [ B e/ be D)

properties FCIR RIS

b

o Extensions for ETCS e e s
with disturbances and = ‘
for ETCS with PI control

André Platzer (CMU) 18 / 18
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