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A Very Simple Example Proof (propositional)

How do we prove formulas? What about A, V,—...7

Fv2<10Ab>0—=b>0A(=(v>0)Vv2 <10
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Sequent Calculus: Motivation

@ How did we do this proof?

@ What is the general principle?

@ Successively unpack formula and flatten operators.
@ Sequents: A “general” notation for proof calculi

@ Introduced by Gerhard Gentzen 1935 as a tool for studying natural
deduction.

@ Sequent calculus intimately related to Tableau calculus.

André Platzer (CMU) 3/14
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A normal form for formulas: = assume all left, show one right

Definition (Sequent)

A sequent is a pair of finite sets of formulas, with the notation

Mr=A

["is called antecedent and A succedent. Empty sets are allowed for ', A
and denoted without set brackets.

Definition (Semantics of sequents)

[r-al,,, =1\ G-\ Fl

Ger FEA  [yp

where empty conjunctions are true and empty disjunctions false

André Platzer (CMU) 4/14


http://symbolaris.com/meta/andre.html
http://symbolaris.com/meta/andre.html
http://symbolaris.com/lahs/

Sequent Calculus: Propositional Rules

oAy EA
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Sequent Calculus: “Context-free” Short Notation

¢, - o Yk Fo
dNpE ¢V ¢k
Fo K9 o9 N
Fony Fovy =9
oY *

Fo—1p pF o

o Wk oF ko

b= -
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Deduction Modulo Real Arithmetic

RBC

T T
far ST neg SB cor MA

Fv>0Az<MA— (Z=v,v =-b) z> MA
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Sequent Calculus: Classical First-Order Logic

MVxF(x)F A
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© Quantifier Proof Rules in d
@ Deduction Modulo by Side Deduction
@ Deduction Modulo with Free Variables & Skolemization
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Deduction Modulo Real Arithmetic

RBC

T T
far ST neg SB cor MA

Fv>0Az<MA— (Z=v,v =-b) z> MA
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Deduction Modulo Real Arithmetic

RBC

Ix x2+1<0

T T
far ST neg SB cor MA

quantifiers by FOL rules?

v>0,z<MAF3t>0(z:=—2t"+ vt +2)z > MA
v>0,z<MAF (Z =v,v =—b)z > MA
Fv>0Az<MA— (Z=v,v ==b) z> MA
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Deduction Modulo Real Arithmetic

FOL:  3x /(a(m(x,x),1),0)

T T
far ST neg SB cor MA

uninterpreted FOL

v>0,z<MAF3t>0(z:=—2t"+ vt +2)z > MA
v>0,z<MAF (Z =v,v =—b)z > MA
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Deduction Modulo Real Arithmetic
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<+- 10 — ‘ —

T
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Deduction Modulo Real Arithmetic

FOLgp: 3Ix x2+41<0 false v/ “BC

T T
far ST neg SB cor MA

interpreted FOLg by QE in RCF
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Deduction Modulo Real Arithmetic

RBC

T T
far ST neg SB cor MA

[Collins/Tarski QE not appIicabIe!]

v>0,z<MAF 3t>0(z:= -2t + vi+2)z> MA
v>0,z<MAF (Z =v,v =—b)z > MA
Fv>0Az<MA— (Z=v,v ==b) z> MA
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Deduction Modulo (Side Deduction)

RBC

T T
far ST neg SB cor MA

v>0,z<MAFt>0A(z:=—5t"+vt+2z)z> MA
Start
side
v>0,z<MAF3t>0(z:=—2t"+ vt +2)z > MA
v>0,z<MAF (Z =v,v =—b)z > MA

Fv>0Az<MA— (Z=v,v ==b) z> MA
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Deduction Modulo (Side Deduction)

RBC

Frr T s
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Deduction Modulo (Free Variables for Automation): V

RBC

T T
far ST neg SB cor MA

v>0,z<MAFVt>0[z:=—2t" + vt + z]z<MA
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Fv>0Az<MA—[Z =v,V =-blz< MA

André Platzer (CMU) 10 / 14


http://symbolaris.com/meta/andre.html
http://symbolaris.com/meta/andre.html
http://symbolaris.com/lahs/

Deduction Modulo (Free Variables for Automation): V

RBC

T T
far ST neg SB cor MA

v>0,z<MAFT>0—[z:=—23T°+vT +2z]z< MA

v>0,z< MAFVt>0[z:=—2t" + vt + z]z<MA

v>0,z<MAF[Z =v,vV =—-blz> MA
Fv>0Az<MA—[Z =v,V =-blz< MA

André Platzer (CMU) 10 / 14


http://symbolaris.com/meta/andre.html
http://symbolaris.com/meta/andre.html
http://symbolaris.com/lahs/

Deduction Modulo (Free Variables for Automation): V

RBC

T T
far ST neg SB cor MA

v>0,z<MAT>0F 2724 vT +z< MA

v>0,z<MAT>0F[z:=-2T?+vT +2z]z< MA

v>0,z<MAFT>0—[z:=—2T°+vT +2z]z< MA

v>0,z< MAFVt>0[z:=—2t" + vt + z]z<MA

v>0,z<MAF[Z =v,V =—blz> MA

Fv>0Az<MA—[Z =v,V =-blz< MA

André Platzer (CMU) 10 / 14


http://symbolaris.com/meta/andre.html
http://symbolaris.com/meta/andre.html
http://symbolaris.com/lahs/

Deduction Modulo (Free Variables for Automation): V

RBC

T T
far ST neg SB cor MA

v>0,z<MAF  VT(..T>0— —2T24+vT +z < MA)

v>0,z<MA T>0F —2T24vT +z< MA

v>0,z<MAT>0F[z:=-2T?+VvT +2z]z< MA

v>0,z<MAFT>0—[z:=—23T°+vT +2z]z< MA

v>0,z< MAFVt>0[z:=—2t" + vt + z]z<MA

v>0,z<MAF[Z =v,V =—blz> MA

Fv>0Az<MA—[Z =v,V =-blz< MA

André Platzer (CMU) 10 / 14


http://symbolaris.com/meta/andre.html
http://symbolaris.com/meta/andre.html
http://symbolaris.com/lahs/

Deduction Modulo (Free Variables for Automation): V

RBC

T T
far ST neg SB cor MA

v>0,z<MAFQE(VT (... T>0—= —2T2+vT +z < MA))

v>0,z< MA T>0F —2724vT +z< MA

v>0,z<MAT>0F[z:=-2T?+VvT +2z]z< MA

v>0,z<MAFT>0—[z:=—23T°+vT +2z]z< MA

v>0,z< MAFVt>0[z:=—2t" + vt + z]z<MA

v>0,z<MAF[Z =v,V =—blz> MA

Fv>0Az<MA—[Z =v,V =-blz< MA

André Platzer (CMU) 10 / 14


http://symbolaris.com/meta/andre.html
http://symbolaris.com/meta/andre.html
http://symbolaris.com/lahs/

Deduction Modulo (Free Variables for Automation): V

RBC

T T
far ST neg SB cor MA

v>0,z< MAF v? < 2b(MA - 2)

v>0,z<MAT>0F 2724 vT +z< MA

v>0,z<MAT>0F[z:=—2T?+vT +2z]z< MA

v>0,z<MAFT>0—[z:=—2T°+vT +2z]z< MA

v>0,z< MAFVt>0[z:=—2t" + vt + z]z<MA

v>0,z<MAF[Z =v,vV =—blz> MA

Fv>0Az<MA—[Z =v,vV =—-blz< MA

André Platzer (CMU) 10 / 14


http://symbolaris.com/meta/andre.html
http://symbolaris.com/meta/andre.html
http://symbolaris.com/lahs/

Deduction Modulo (Free Variables for Automation): V

RBC

T T
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@ For requantification, not for unification
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Deduction Modulo (Free Variables for Automation): V|V

RBC

‘ ‘
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Deduction Modulo (Free Variables for Automation): V|V
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Deduction Modulo (Free Variables for Automation): V|V
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Deduction Modulo (Free Variables for Automation): 3|3
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Deduction Modulo (Free Variables for Automation)

F(X<S)
FVs(X <s)
FdxVs(x <s)
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Deduction Modulo (Free Variables for Automation)

F QE(VSIX(X < 9))
F(X<S)
FVs(X <s)
FdxVs(x <s)
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Deduction Modulo (Free Variables for Automation)

FQE(VSIX(X < 5)) F QE(IXVYS(X < 5))
F(X<S)
FVs(X <s)
FdxVs(x <s)
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Deduction Modulo (Free Variables for Automation)

true false
F QE(VS3IX(X < S)) F QE(IXVYS(X < 5))
F(X<S)
FVs(X <s)
FdxVs(x < s)
false!
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Deduction Modulo (Free Variables for Automation)

true false
- QEé%gX < S)) F QE(ZXVS(X < S))
F(X<S)

FVs(X <s)
FdxVs(x < s)
false!
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Deduction Modulo (Free Variables & Skolemisation)

[Skolemisation S(X)]

false
FQE(XYS(X < 9))
F (X < 5(X))
FVs(X <s)
FdxVs(x <s)
false!
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