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dL Design: The Logic of Hybrid Systems

differential dynamic logic

dc = DL + HP — e

L I r s
far ST neg SB  cor MA

André Platzer (CMU)


http://symbolaris.com/meta/andre.html
http://symbolaris.com/meta/andre.html
http://symbolaris.com/lahs/

dL Design: Regions in First-Order Logic

differential dynamic logic Q
dC = FOLg —_—
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dL Design: Regions in First-Order Logic

‘RBC

differential dynamic logic Q
dC = FOL
I B - T

far ST neg SB  cor MA
v
v<l1
\ Z
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dL Design: Regions in First-Order Logic

differential dynamic logic /B

dL = FOLg — —
I far S']l“ neg S]r?) cor MA‘

v
v§1/\v2§2b(MA—z)

P

/\AZ

MA
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dL Design: Regions in First-Order Logic

RBC

differential dynamic logic /B
dC = FOL
R B - T

far ST neg SB  cor MA
v
v<1V 2 < 2b(MA — z)
| z
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dL Design: Regions in First-Order Logic

RBC

differential dynamic logic /B
dC = FOL
R = : =

far ST neg SB  cor MA
v
VYMA3SB . .. v <1V v2<2b(MA-—z)
=
VE>0 ... | « Z
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dL Design: State Transitions in Dynamic Logic

differential dynamic logic
dC = FOLg +
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dL Design: State Transitions in Dynamic Logic

differential dynamic logic
df = FOLg + ML
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dL Design: State Transitions in Dynamic Logic

differential dynamic logic
df = FOLg + DL
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Differential Dynamic Logic dZ: Syntax

Definition (d£ Signature X)

Countable set of predicate or function symbols along with natural numbers
as arities containing 0,1,+, -, /,=, <, >, >, < for reals
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Differential Dynamic Logic dZ: Syntax

Definition (d£ Signature X)
Countable set of predicate or function symbols along with natural numbers
as arities containing 0,1,+, -, /,=, <, >, >, < for reals

Definition (dC Term t)

X for variable x € V
f(ty,...,tn) for function f/n € X of arity n >0
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Differential Dynamic Logic dZ: Syntax

Definition (d£ Signature ¥)

Countable set of predicate or function symbols along with natural numbers
as arities containing 0,1,+, -, /,=, <, >, >, < for reals
Definition (d Formula ¢, )
¢ =
[a]o “all o reachables”
(o) “some « reachable”
p(ti, ..., tn) for predicate p/n € X of arity n > 0
- “not”
(CND) “and”
(V) “or”
(60— ) “implies”
Vx ¢ “universal quantifier/forall” for x € V
Ix ¢ “existential quantifier/exists” for x € V
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Differential Dynamic Logic dZ: Syntax

Definition (d Formulas ¢)

-, AV, =, Vx,3x, =<, +,- (R-first-order part)
[a]d, (a)o (dynamic part)

SB> ... — [(ctrl;drive)"]z < MA

RBC

All trains respect MA e —

T

. S'IT ne; SB T MA
RBC partitions MA o ¢ «
= system collision free

André Platzer (CMU)
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Differential Dynamic Logic dC: Ex. Moving Point

/* initial state characterization x/
x"2 < (4xc)"2 —>

if (x>0) then

a = —4 /* move left =/
else
a = 4 /* move right x/
fi:
t == 0; /* reset clock variable t x/
{x'=a, t'=1, t<=c} /% continuous evolution x/
) % /* repeat these transitions x/
] (x"2 <= (4%c)"2) /* safety / postcondition x/
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Differential Dynamic Logic dZ: Ex. Bouncing Ball

/* initial state characterization x/
g>0 & h>=0&t>=0 & v "2<=2xg*(H-h) & H>=0 —

[(
{h'=v,v'=—g,t'=1, h>=0}; /« falling/jumping =/
if (t>0 & h=0) then /* if on ground x/
vV I= —Cx*V; /* bounce back x/
t =0
fi
) % /* repeat these transitio
] (0<=h & h<=H) /+ safety / postcondition
o
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Differential Dynamic Logic dZ: Semantics

Definition (Formulas ¢)

a=bd O
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Differential Dynamic Logic dZ: Semantics

Definition (Formulas ¢)

a=bd O
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Differential Dynamic Logic dZ: Semantics

Definition (Formulas ¢)

Qa-span

a=bd O
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Differential Dynamic Logic dZ: Semantics

Definition (Formulas ¢)

Qa-span

a=bd O
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Differential Dynamic Logic dZ: Semantics

Definition (Formulas ¢)

Qa-span

a=bd O
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Differential Dynamic Logic dZ: Semantics

Definition (Formulas ¢)

Qa-span

a=bd O

compositional semantics = compositional proofs!

André Platzer (CMU) 7 /52


http://symbolaris.com/meta/andre.html
http://symbolaris.com/meta/andre.html
http://symbolaris.com/lahs/

Differential Dynamic Logic dZ: Formal Semantics

Definition (Formulas ¢)

lI,m,v |: 01 > 6> = |101]]I,v,77 2 |[02]]I,v,n

ImviE Ay = InvEgandinviy

I, v E —d <= I,m,v = ¢ does not hold

I,n,v = VYxo = I,n,w |= ¢ for all w that agree with v
except for the value of x

I,n,v E3Ixo = I,n,w |= ¢ for some w that agrees with v
except for the value of x

I,n,v E [a]e <—  ILnp,wkE¢ forall wwith (v,w) € p/(a)

I,n,v = (a)o <= I,n,w = ¢ forsome w with (v,w) € pj(a,

André Platzer (CMU) 8 /52
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Differential Dynamic Logic dZ: Semantics

Definition (Formulas ¢)

Qa-span

a=Dd o
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Nested Modalities

o [RB(]partitioned — 3SB (Train)[RB(]safe
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Nested Modalities

o [RB(]partitioned — 3SB (Train)[RB(]safe

o ([Train]safe) <> g <m-z...
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Nested Modalities

o [RB(]partitioned — 3SB (Train)[RB(]safe
o ([Train]safe) <> g <m-z...

o [rbc](M — [spd](SB := x)|atp; drive]safe)
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Nested Modalities

o [RB(]partitioned — 3SB (Train)[RB(]safe
o ([Train]safe) <> % <m-z...
o [rbc](M — [spd](SB := x)|atp; drive]safe)

o [aircrafty](aircrafty)separate
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@ Verification Calculus for Differential Dynamic Logic dZ
@ Compositional Verification Calculus
@ Simple Example Proof
@ Propositional Sequent Calculus
@ Context-free Short Notation
@ Classical First-Order Logic Sequent Calculus
@ Deduction Modulo by Side Deduction
@ Deduction Modulo with Free Variables & Skolemization
@ Proof Rules
@ Quantifier Elimination Lifting
@ Train Control Verification Example
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dL Design: State Transitions in Dynamic Logic

differential dynamic logic
df = FOLg + DL
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dL Design: Hybrid Programs as Uniform Model

RBC

differential dynamic logic Q
dC = FOLg + DL + HP
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dL Design: Hybrid Programs as Uniform Model

RBC

differential dynamic logic Q
dC = FOLg + DL + HP
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dL Design: Hybrid Programs as Uniform Model

RBC

differential dynamic logic g
dC = FOLg + DL + HP

[if(z > SB)a:=—b; 2/ =a]v? < 2b

-
hybrid program

André Platzer (CMU) 11 / 52
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dC Design: What about Hybrid Automata?

differential dynamic logic /B

dL = FOLg + DL + HP — r —
far ST neg SB  cor MA

How about hybrid automata?

André Platzer (CMU) 11 / 52
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dC Design: What about Hybrid Automata?

differential dynamic logic /B
dC = FOLg + DL + HP — _

v2<2b..
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dC Design: What about Hybrid Automata?

differential dynamic logic /B
dC = FOLg + DL + HP — _

-
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dC Design: What about Hybrid Automata?

differential dynamic logic A
dC = FOLg + DL + HP — _
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dC Design: What about Hybrid Automata?

differential dynamic logic

dL = FOLg + DL + HP —_— —

|::| v2<2b..

(not compositional J

/)
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Compositional Verification Approach for Hybrid Systems

[aUBle
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Compositional Verification Approach for Hybrid Systems

o
o] A [l °/

[aUBle
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Verification Calculus for Differential Dynamic Logic

¢

[x :=0]o (: )—>(X::0 : )
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Verification Calculus for Differential Dynamic Logic
& ¢

[x :=0]o (: )—>(X::0 : )
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Verification Calculus for Differential Dynamic Logic

[x :=0]o (: )—>(X::0 : )
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Verification Calculus for Differential Dynamic Logic

[x :=0]¢

X' =f(x)¢ ¢
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Verification Calculus for Differential Dynamic Logic

d)g ‘/’2 0 ¢
[x =0lo :

:x’ = f(x):

X' =f(x)¢ ¢
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Verification Calculus for Differential Dynamic Logic

o5
[x:=0]¢

20 (x == yx(1))9
X' =f(x)¢

o) ¢
C x:=0 : :
:x’:f(x):

x::_yx(t) ¢
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Verification Calculus for Differential Dynamic Logic

d)z </>)0< x:=0 0
[x :=0]¢
x' = f(x)
>0 (x := yi (1)) M
o =)o e y)

(X' =f(x)Ax)¢
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Verification Calculus for Differential Dynamic Logic

d)z d)g x:=0 0
[x :=0]¢
x' = f(x)
3t>0 (x := yu(t))o M
X = F(x))o o ?
X = YX(t)
. X ¢
(X' =f(x)Ax)¢ s O 7‘&\
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Verification Calculus for Differential Dynamic Logic

d)z d)g x:=0 0
[x :=0]¢
x' = f(x)
3t>0 (x = yx(t))o M
X = F(x))o o ?
X = YX(t)
x' = f(X) A X
>0 (Y A (x = yu(1)) o) ’ .. X fi@qb
= () A 09 s O )
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Verification Calculus for Differential Dynamic Logic

" & ¢

x:=0
[x = 0]¢ M
x' = f(x)
>0 (x := yx(t))o M

x' = f(x T
X' =f(x) A x
>0 (VA (x = yx(t))9) . -~ X @qb
X = F(x) A )¢ Ty OO
( (x) A x) JG((S)CD;.; Yx&

X = VO<s<t (x:=yx(s))x
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Verification Calculus for Differential Dynamic Logic

compositional semantics = compositional rules!
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Verification Calculus for Differential Dynamic Logic

(w)o
o
Uﬁ

[aUBl¢
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Verification Calculus for Differential Dynamic Logic

o fH)¢
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Verification Calculus for Differential Dynamic Logic
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Verification Calculus for Differential Dynamic Logic
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Verification Calculus for Differential Dynamic Logic
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Verification Calculus for Differential Dynamic Logic

(w)o
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Verification Calculus for Differential Dynamic Logic
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Verification Calculus for Differential Dynamic Logic
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Verification Calculus for Differential Dynamic Logic
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Verification Calculus for Differential Dynamic Logic
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