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How about hybrid automata?
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compositional semantics = compositional rules!
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v>0,z<MAF3t>0(z:=—2t"+ vt +2)z > MA
v>0,z<MAF (Z =v,v =—b)z > MA
Fv>0Az<MA— (Z=v,v =-b)z> MA
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quantifiers by FOL rules?

v>0,z<MAF3t>0(z:=—2t"+ vt +2)z > MA
v>0,z<MAF (Z =v,vV =—b)z> MA
Fv>0Az<MA— (Z=v,v ==b) z> MA
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uninterpreted FOL

v>0,z<MAF3t>0(z:=—2t"+ vt +2)z > MA
v>0,z<MAF (Z =v,vV =—b)z> MA
Fv>0Az<MA— (Z=v,v ==b) z> MA
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interpreted FOLg

v>0,z<MAF3t>0(z:=—2t"+ vt +2)z > MA
v>0,z<MAF (Z =v,vV =—b)z > MA
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interpreted FOLg by QE in RCF

v>0,z<MAF3t>0(z:=—2t"+ vt +2)z > MA
v>0,z<MAF (Z =v,vV =—b)z> MA
Fv>0Az<MA— (Z=v,v ==b) z> MA
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[Collins/Tarski QE not applicable!]

v>0,z<MAF 3t>0(z:= -2t + vi+z)z> MA
v>0,z<MAF (Z =v,vV =—b)z> MA
Fv>0Az<MA— (Z=v,v ==b) z> MA
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@ For requantification, not for unification
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v>0,z<MAFT>0A(z:==3T>+vT +2)z> MA
v>0,z<MAF3t>0(z:=—2t°+vt+ z)z>MA. ..
v>0,z<MAF (Z =v,v =—b)z> MA
Fv>0Az<MA— (Z=v,vV =-b)z> MA.
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vZO,z<M@(...) V>0,z< MAF — 1T +2z> MA
v>0,z< MA >0 v>0,z<MAF (z:=—2T?+vT +2)z>
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v>0,z<MAF (Z=v,v =-b)z> MA
Fv>0Az<MA— (Z=v,vV=-b)z> MA




RBC

T T
far ST neg SB cor MA

VZO,Z<MA|——§T2+VT+Z>MA
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v>0,z<MAF (Z=v,vV =-b)z> MA
Fv>0Az<MA— (Z=v,v =-b)z> MA
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v>0,z<MAF  3T(..T>0AN-2T24vT 42z > MA)
VZO,Z<MA|——§T2+VT+Z>MA
v>0,z<MALE T>0 vZO,z<MAI—(z::—§T2+vT+z)z>M/
v>0,z<MAFT>0A(z:=—2T°+vT +2)z> MA
v>0,z<MAF 3t>0(z:=—2t° + vt + z)z>MA
v>0,z<MAF (Z=v,vV =-b)z> MA
Fv>0Az<MA— (Z=v,vV =-bz> MA
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v>0,z<MAFQE(ET (... T>0A—-2T24VvT 4z > MA))
VZO,Z<MA|——§T2+VT+Z>MA
v>0,z<MALE T>0 vZO,z<MAI—(z::—§T2+vT+z)z>M/
v>0,z<MAFT>0A(z:=—2T°+vT +2)z> MA
v>0,z<MAF 3t>0(z:=—2t° + vt + z)z>MA
v>0,z<MAF (Z=v,vV =-b)z> MA
Fv>0Az<MA— (Z=v,vV =-bz> MA
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v>0,z< MAF v? > 2b(MA - z)
VZO,Z<MA|——§T2+VT+Z>MA
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v>0,z<MAFT>0A(z:=—2T°+vT +2)z> MA
v>0,z<MAF 3t>0(z:=—2t° + vt + z)z>MA
v>0,z<MAF (Z=v,vV =-b)z> MA
Fv>0Az<MA— (Z=v,vV =-bz> MA
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@ For requantification, not for unification

v>0,z<MAFQE(ET (... T>0A—-2T24VvT 4z > MA))
VZO,Z<MA|——§T2+VT+Z>MA
v>0,z<MALE T>0 vZO,z<MAI—(z::—§T2+vT+z)z>M/
v>0,z<MAFT>0A(z:=—2T°+vT +2)z> MA
v>0,z<MAF 3t>0(z:=—2t° + vt + z)z>MA
v>0,z<MAF (Z=v,vV =-b)z> MA
Fv>0Az<MA— (Z=v,vV =-bz> MA




F(X<S)
FVs(X <s)
FdxVs(x <s)




S
FQE(VSIX(X < S)) s
FVs(X <s)
FdxVs(x <s)




FQE(VSIX(X < 5)) F QE(IXVYS(X < 5))
F(X<S)
FVs(X <s)
FdxVs(x <s)




true false

FQE(VSIX(X < S)) F QE(ZXVS(X < S))
F(X<S)
FVs(X <s)

F dxVs(x < s)
false!




true false
- QEégaX <S)) F QE(ZXVS(X < S))
F(X<S)

FVs(X <s)
F dxVs(x < s)
false!




[Skolemisation S(X)]

false
FQE(IXYS(X < 9))
F (X < 5(X))
FVs(X <s)
FdxVs(x <s)
false!




Example (Non-admissible substitution)
= x=z > (z:==z+4+1)(z>x+1)
¢ =z=z - (z:=z+1)(z>2z+1)
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= x=z > (z:==z+4+1)(z>x+1)
¢ =z=z - (z:=z+1)(z>2z+1)




Example (Non-admissible substitution)

= x=z > (z:==z+4+1)(z>x+1)
¢ =z=z - (z:=z+1)(z>2z+1)

An application of a substitution ¢ is admissible if no variable x that o
replaces by ox occurs in the scope of a quantifier or modality binding x or
a (logical or state) variable of the replacement ox. A modality binds a
state variable x iff it contains a discrete jump set assigning to x

(like x :=0) or a differential equation containing x" (like X’ = 9).




Example (Non-admissible substitution)

= x=z > (z:==z+4+1)(z>x+1)
¢ =z=z - (z:=z+1)(z>2z+1)

An application of a substitution ¢ is admissible if no variable x that o
replaces by ox occurs in the scope of a quantifier or modality binding x or
a (logical or state) variable of the replacement ox. A modality binds a
state variable x iff it contains a discrete jump set assigning to x

(like x :=0) or a differential equation containing x" (like X’ = 9).

All substitutions in all rules need to be admissible!



Any instance

(O S O JS ol 18
do - VYo

of a rule can be applied as a proof rule in context:

M(T)e1 - (TNHV1, A ... T (TP, (T)V,, A
M (T)PoF (T)Vo, A

I, A are arbitrary finite sets of additional context formulas (including
empty sets) and J is a discrete jump set (including empty set).




Symmetric schemata can be applied on either side of the sequent: If

&
%o
is an instance, then
r=(TJ)é1, A and M (J)g1 A
FEA(J)¢o, A M (J)po - A

can both be applied as proof rules of the dZ calculus, where ', A are
arbitrary finite sets of context formulas and J is a discrete jump set
(including empty sets).




10 propositional rules

o ¢+ o Yk Fo oF
—¢ = PNYE oV F
¢+ Fo Y Fo ¢

i FoNnY Fovy

o ¢ Wk

Fo—1 o=k o9



(a)(B)¢ ¢V {a)(a*)o B

(a; B)9 ()¢ (x1:=01,..,%:=0pn)¢

[04][5]¢ ¢/\[a][a*]¢ <X1 :=917~'7Xn:=0n>¢

[ov; Bl [a*]¢ [x1:=01,..,xp:=0p]0

(Vv (Bo  xAY >0 ((VO<E<t (S(1))x) A (S(1))9)
(auB)p ()Y (g ="01,...x, =00 AX)®

[l A[Blp  x— V>0 ((V0<i<t (S(%))x) — (S(1))9)
[ U B¢ [*x]y [xp =01,...,x, =0, A X]0



= (s(Xa, .., Xn)) F¢(X)
F Vx ¢(x) F Ix ¢(x)

d(s(X1,.., Xn) F d(X) +
Ix o(x) F Vx ¢(x)

s new, {X1,..,Xp} = FV(3x ¢(x)) X new variable

F QE(VX (¢(X) - V¥(X))) FQE(EX A;(®i+V)))
d(s(X1,..,Xn)) F W(s(X1,..,Xn)) [P ST O S U8
X new variable X only in branches ¢; - WV;

QE needs to be defined in premiss



Fve (¢ — ) Fv(¢ — ) - v (¢ — [a]9)
[alé F [a]y (@) F () ¢+ [a*]e

FVYv>0(p(v) — (@)e(v — 1))
v p(v) F (a*)Iv<0¢(v)




Can we use the sequent calculus definition of provability?



@ A derivation is a finite acyclic graph labelled with sequents such that,
for every node, the (set of) labels of its children must be the (set of)
premisses of an instance of one of the calculus rules and the (set of)
labels of the parents of these children must be the (set of)
conclusions of that rule instance.

@ A formula v is provable from a set ® of formulas, denoted by
® Fqr 1, iff there is a finite subset ®y9 C ® for which the sequent
® | 1 is derivable, i.e., there is a derivation with a single root (i.e.,
node without parents) labelled ®q F .




false
F3 is not applicable - QE (X QE(Vs(2X +1 < s)ﬁ
FQEEX (2X +1 < s(X))) FOF QE(Vs (2X + 1 < 5))
FOR2X +1 < s(X) PSR 2X +1 < s(X)
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FUEVy (x:=2X + 1)(x < y) FUEVy (x:=2X + 1)(x < y)

PR O3xVy (xi=2x + 1)(x < y) P4 E SxVy (xi=2x + 1)(x < y)

F QE(VX (¢(X) F W(X))) F QE(3X A;(®i+V)))
O(s(X1,..,Xn)) F W(s(X1,..,Xn)) [P ST O S U8
X new variable X only in branches ®; - V;



Not of the form W(s(X))

false
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FQEEX (2X +1 < s(X))) FOF QE(Vs (2X + 1 < 5))
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PR O3xVy (xi=2x + 1)(x < y) P4 E SxVy (xi=2x + 1)(x < y)

F QE(VX (¢(X) F W(X))) F QE(3X A;(®i+V)))
O(s(X1,..,Xn)) F W(s(X1,..,Xn)) [P ST O S U8
X new variable X only in branches ®; - V;



Not of the form W(s(X))

IX(2X +1 < s(X)) not in FOLg false
F3 is not applicable - QE (3XQE(Vs(2X +1 < s)))
FQEEX (2X +1 < s(X))) FOF QE(Vs (2X + 1 < 5))
FOR2X +1 < s(X) PSR 2X +1 < s(X)
DY (x:=2X + 1)(x < s(X)) DY (x:=2X + 1)(x < s(X))
FUEVy (x:=2X + 1)(x < y) FUEVy (x:=2X + 1)(x < y)

PR O3xVy (xi=2x + 1)(x < y) P4 E SxVy (xi=2x + 1)(x < y)

F QE(VX (¢(X) F W(X))) F QE(3X A;(®i+V)))
O(s(X1,..,Xn)) F W(s(X1,..,Xn)) [P ST O S U8
X new variable X only in branches ®; - V;



QE can be lifted to instances of formulas of first-order theories that admit
QE, i.e., to formulas that result from the base theory by substitution.
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QE can be lifted to instances of formulas of first-order theories that admit
QE, i.e., to formulas that result from the base theory by substitution.

@ Let formula ¢ be an instance of v, with v being a formula of the base
theory, i.e., ¢ is 1/1211. . .2: for some variables z; and arbitrary terms 6;.




QE can be lifted to instances of formulas of first-order theories that admit
QE, i.e., to formulas that result from the base theory by substitution.

@ Let formula ¢ be an instance of v, with v being a formula of the base
theory, i.e., ¢ is 1/1211. . .2: for some variables z; and arbitrary terms 6;.

@ As QE is defined for the base theory, let QE(¢)) be the quantifier-free
formula belonging to .




QE can be lifted to instances of formulas of first-order theories that admit
QE, i.e., to formulas that result from the base theory by substitution.

@ Let formula ¢ be an instance of v, with v being a formula of the base
theory, i.e., ¢ is 1/1211. . .Zg for some variables z; and arbitrary terms 6;.

@ As QE is defined for the base theory, let QE(¢)) be the quantifier-free
formula belonging to .

e Then QE()%.. 9 satisfies the requirements for QE(¢), because

Z1

E gl b o QE(y)D.. O




QE can be lifted to instances of formulas of first-order theories that admit
QE, i.e., to formulas that result from the base theory by substitution.

@ Let formula ¢ be an instance of v, with v being a formula of the base
theory, i.e., ¢ is 1/1211. . .Zg for some variables z; and arbitrary terms 6;.

@ As QE is defined for the base theory, let QE(¢)) be the quantifier-free
formula belonging to .

@ Then QE(w)zi. .9 satisfies the requirements for QE(¢), because
F gl 0o QE()R.. g

o For F defined as 1) <+ QE(¢), we have that F F implies F FZ:.. .9 by
a standard consequence of the substitution lemma.

O
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QE can be lifted to instances of formulas of first-order theories that admit
QE, i.e., to formulas that result from the base theory by substitution.

Example




QE can be lifted to instances of formulas of first-order theories that admit
QE, i.e., to formulas that result from the base theory by substitution.

Example

e QE lifts to 3X (2X + 1 < t(Y, Z)), which is an
instance:(3X (2X +1 < z));(Y’Z).




QE can be lifted to instances of formulas of first-order theories that admit
QE, i.e., to formulas that result from the base theory by substitution.

Example
e QE lifts to 3X (2X + 1 < t(Y, Z)), which is an
instance:(3X (2X +1 < z));(Y’Z).
e X (2X + 1 < s(X)) is no instance, because, by a-renaming,
(3X (2X +1 < 2))5X) yields a different formula 3Y (2Y + 1 < s(X))
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Av>0AT<e far ST neg SB cor MA



1 — [(cor; drive)*]z < MA
cor=(?MA — z < 5B; a:=—b)
U(?MA—z> SB;a:=0)

. ’ ’ / L
drive=71:=0;z =v,v =a,7 =1 S .
T
Av>0AT<e far ST neg SB cor MA
¢, MA—z>SBl- v < 2b(MA — ev — 2)
&, MA—z>S5BF Vt>0 ({1 :=t)7 < e — (z:= vt
8, MA—zSSBF (7 =O)ViS0((7 =t ¥ 7)7 <.
* &, MA—z>SBF (1:=0)[z = v,v =0,7 =17/
PE V>0 ((vi=—bt+v)v >0 — (z:= —2t° + vt + z;v:= —bt + v)p), MA—z>SBF (a:=0)(T =0)[z = v,V = a,
ok 27 =v,v/ = —bAv >0]¢ &, MA—z>5BF (a:= 0)[drive]¢

@F (a:= —b)[drive]p

¢F [?MA—z>SB; a := 0][drive]¢

¢F [cor][drive]$

@F [cor; drive]¢
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¢F [cor][drive]$
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¢F [cor][drive]$
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b, MA—ZZSB"—. (S 2b(MA — ev — z)
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¢, MA—z>SBl- v < 2b(MA — ev — 2)
8, MA—zSSBF Vis0((r =f)7 <& — (z = v
8, MA—zSSBF (7 =O)ViS0((7 =t ¥ 7)7 <.
é, MA—z>SBF (1 :=0)[z" =v,v  =0,7" =1/

PE V>0 ((vi=—bt+v)v >0 — (z:= —2t° + vt + z;v:= —bt + v)p), MA—z>SBF (a:=0)(T =0)[z = v,V = a,
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PE V>0 ((vi=—bt+v)v >0 — (z:= —2t° + vt + z;v:= —bt + v)p), MA—z>SBF (a:=0)(T =0)[z = v,V = a,

ok 27 =v,v/ = —bAv >0]¢ &, MA—z>5BF (a:= 0)[drive]¢

@F (a:= —b)[drive]p

¢F [?MA—z>SB; a := 0][drive]¢

¢F [cor][drive]$

@F [cor; drive]¢




@ Soundness



dC calculus is sound, i.e.,

Lo = FEé
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dC calculus is sound, i.e.,
Fo = Eo¢

o x' = f(x)

@ Side deductions




dC calculus is sound, i.e.,
Fo = Eo¢

o x' = f(x)

@ Side deductions

@ Free variables & Skolemization




Formula F has model iff there is /, v such that for all variable
assignments 7) we have /,n, v = ¢.




1 consequence of ¢ iff, for every I, v there is a n such that I,n,v = 9,
provided that, for every I, v there is a 1) such that I,n, v |= ¢.
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assignments 7) we have /,n, v = ¢.
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provided that, for every I, v there is a 1) such that I,n, v |= ¢.

Calculus rule sound iff conclusions W consequence of premisses ®.
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1 consequence of ¢ iff, for every I, v there is a n such that I,n,v = 9,
provided that, for every I, v there is a 1) such that I,n, v |= ¢.

Calculus rule sound iff conclusions W consequence of premisses ®.

¢ ... O,
v, .. Yy,




1 consequence of ¢ iff, for every I, v there is a n such that I,n,v = 9,
provided that, for every I, v there is a 1) such that I,n, v |= ¢.

Calculus rule sound iff conclusions W consequence of premisses ®.
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1 consequence of ¢ iff, for every I, v there is a n such that I,n,v = 9,
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1 consequence of ¢ iff, for every I, v there is a n such that I,n,v = 9,
provided that, for every I, v there is a 1) such that I,n, v |= ¢.

Calculus rule sound iff conclusions W consequence of premisses ®.
o ... O,
|, U/

Wi A--- AV, consequence of 1 A--- A D,
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o
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1 consequence of ¢ iff, for every I, v there is a n such that I,n,v = 9,
provided that, for every I, v there is a 1) such that I,n, v |= ¢.

Calculus rule sound iff conclusions W consequence of premisses ®.
o ... O,
|, U/

Wi A--- AV, consequence of 1 A--- A D,

T

O}
v locally sound iff for each I,n,v (I,n,viE® = I,nvE V)




o W

v locally sound iff

(ON
foreach I,n,v (In,vE® VWV = [ nvE®k W)




o -
[ON =R
foreach I,n,v (In,vE® VWV = [ nvE®k W)

¢

locally sound iff

If o is a deterministic HP, then

P oY L g () -
opy 0y sound = TS (v, A

locally sound
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01 6n

X1®* *Xn

(x1:=01,..,xp:=0pn)0

@ Assume premiss holds in /.7, v, i.e., I,n,v E d)f’é. O
@ Show I,n,v E (x3:=601,..,x,:=0,)0,




01 6n

X1®* *Xn

(x1:=01,..,xp:=0pn)0

@ Assume premiss holds in /.7, v, i.e., I,n,v E (Z)f’é. . Sn,
@ Show I,n,v E (x3:=601,..,x,:=0,)0,
e ie, I,n,wk ¢ forastate w with (v,w) € p; (X1 :=61,..,%::=6h).




01 6n

X1®* *Xn

(x1:=01,..,xp:=0pn)0

@ Assume premiss holds in I,n,v, i.e, I,n,v = (Z)f)(i. . .ﬂg.
@ Show I,n,v E (x3:=601,..,x,:=0,)0,
e ie, I,n,wk ¢ forastate w with (v,w) € p; (X1 :=61,..,%::=6h).

@ Follows from substitution lemma, which generalises to dynamic logic
for admissible substitutions.

O




20 (0<E<t (SO A (S()9) 7= V0<E<t (S())x
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@ Let y1,...,y, solve ODE x| = 61,...,x, =0, with IV xq,..., xp.




20 (0<E<t (SO A (S()9) 7= V0<E<t (S())x
<X£=917"7Xr,1=9n/\X>¢ D= =

@ Let y1,...,y, solve ODE x| = 61,...,x, =0, with IV xq,..., xp.
o Let (S(t)) be (x1:=yi1(t),...,xn:=yn(t)).




20 (0<E<t (SO A (S()9) 7= V0<E<t (S())x
<X{=917"7Xr,1=9n/\X>¢ D= =

@ Let y1,...,y, solve ODE x| = 61,...,x, =0, with IV xq,..., xp.

o Let (S(t)) be (x1:=yi1(t),...,xn:=yn(t)).
@ Assume premiss holds: I, 7, v = 3t>0(x A (S(t))9)




>0 ((VO<E<t (S(E))x) A (S(t))0) o X=VO0<E<t(S(D)x
<X{=917"7Xr,1=9n/\X>¢ D= =

@ Let y1,...,y, solve ODE x| = 61,...,x, =0, with IV xq,..., xp.
o Let (S(t)) be (x1:=yi1(t),...,xn:=yn(t)).

@ Assume premiss holds: I, 7, v = 3t>0(x A (S(t))¢)

@ By assumption, there is a r > 0 such that /,n],v = X A (S(t))¢.




>0 ((VO<E<t (S(E))x) A (S(t))0) o X=VO0<E<t(S(D)x
<X{=917"7Xr,1=9n/\X>¢ D= =

@ Let y1,...,y, solve ODE x| = 61,...,x, =0, with IV xq,..., xp.
o Let (S(t)) be (x1:=yi1(t),...,xn:=yn(t)).

@ Assume premiss holds: I, 7, v = 3t>0(x A (S(t))¢)

@ By assumption, there is a r > 0 such that /,n],v = X A (S(t))¢.
@ We have to show /,n, v = (D)¢.




>0 ((VO<E<t (S(E))x) A (S(t))0) o X=VO0<E<t(S(D)x
<X{=917"7Xr,1=9n/\X>¢ D= =

@ Let y1,...,y, solve ODE x| = 61,...,x, =0, with IV xq,..., xp.

o Let (S(t)) be (x1:=yi1(t),...,xn:=yn(t)).

@ Assume premiss holds: I, 7, v = 3t>0(x A (S(t))¢)

@ By assumption, there is a r > 0 such that /,n],v = X A (S(t))¢.

@ We have to show /,n, v = (D)¢.

e Equivalently, by coincidence lemma, /,n{, v |= (D)@, because t fresh.




>0 ((VO<E<t (S(E))x) A (S(t))0) o X=VO0<E<t(S(D)x
<X{=917"7Xr,1=0n/\X>¢ D= =

@ Let y1,...,y, solve ODE x| = 61,...,x, =0, with IV xq,..., xp.
o Let (S(t)) be (x1:=yi1(t),...,xn:=yn(t)).
@ Assume premiss holds: I, 7, v = 3t>0(x A (S(t))¢)
@ By assumption, there is a r > 0 such that /,n],v = X A (S(t))¢.
@ We have to show /,n, v = (D)¢.
e Equivalently, by coincidence lemma, /,n{, v |= (D)@, because t fresh.
@ Let f:[0, r] — States such that (v, f(¢)) € pl,nf(s(t)) for all
¢ €[0,r]. By premiss, f(0) = v and ¢ holds at f(r).




>0 ((VO<E<t (S(E))x) A (S(t))0) o X=VO0<E<t(S(D)x
<X{=917"7Xr,1=0n/\X>¢ D= =

@ Let y1,...,y, solve ODE x| = 61,...,x, =0, with IV xq,..., xp.
o Let (S(t)) be (x1:=yi1(t),...,xn:=yn(t)).
@ Assume premiss holds: I, 7, v = 3t>0(x A (S(t))¢)
@ By assumption, there is a r > 0 such that /,n],v = X A (S(t))¢.
@ We have to show /,n, v = (D)¢.
e Equivalently, by coincidence lemma, /,n{, v |= (D)@, because t fresh.
@ Let f:[0, r] — States such that (v, f(¢)) € pl,nf(s(t)) for all
¢ €[0,r]. By premiss, f(0) = v and ¢ holds at f(r).
@ It only remains to show that f is a flow for p; , (D).




>0 ((VO<E<t (S(E))x) A (S(t))0) o X=VO0<E<t(S(D)x
<X{=917"7XI,1=9H/\X>¢ D= =

@ Let y1,...,y, solve ODE x| = 61,...,x, =0, with IV xq,..., xp.
o Let (S(t)) be (x1:=yi1(t),...,xn:=yn(t)).
@ Assume premiss holds: I, 7, v = 3t>0(x A (S(t))¢)
@ By assumption, there is a r > 0 such that /,n],v = X A (S(t))¢.
@ We have to show /,n, v = (D)¢.
e Equivalently, by coincidence lemma, /,n{, v |= (D)@, because t fresh.
@ Let f:[0, r] — States such that (v, f(¢)) € pl,nf(s(t)) for all
¢ €[0,r]. By premiss, f(0) = v and ¢ holds at f(r).
@ It only remains to show that f is a flow for p; , (D).

@ f continuous and differentiable according to y;.




20 (0<E<t (SO A (S()9) 7= V0<E<t (S())x
<X{=917"7Xr,1=9n/\X>¢ D= =

@ Moreover, [xi]; ¢(c).r = [[y,-(t)]],,.vm{ has a dfarivativ.e of value
[9i1),¢(¢),nr because y; is a solution of the differential
equation x/ = 6; with corresponding initial value v(x;).
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@ Moreover, [xi]; ¢(c).r = [[y,-(t)]],,.vm{ has a dfarivativ.e of value
[9i1),¢(¢),nr because y; is a solution of the differential
equation x/ = 6; with corresponding initial value v(x;).

@ Further, evolution invariant region Y is respected along f:
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@ Moreover, [xi]; ¢(c).r = [[y,-(t)]],,.vm{ has a dfarivativ.e of value
[9i1),¢(¢),nr because y; is a solution of the differential

equation x/ = 6; with corresponding initial value v(x;).

@ Further, evolution invariant region Y is respected along f:
@ By premiss, I, 1}, v = X holds for the initial state v, thus
DXl ¢y y = true for all C € [0, r].
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<X{=917"7Xr,1=9n/\X>¢ D= =

@ Moreover, [xi]; ¢(c).r = [[y,-(t)]],,.vm{ has a dfarivativ.e of value
[9i1),¢(¢),nr because y; is a solution of the differential
equation x/ = 6; with corresponding initial value v(x;).

@ Further, evolution invariant region Y is respected along f:

@ By premiss, I, 1}, v = X holds for the initial state v, thus
DXl ¢y y = true for all C € [0, r].

@ In short, f is a witness for I, n,v = (D)¢.




>0 ((V0< <S(7-‘)>x)/\<8(t)>¢) where Y= VOSESE(S(E)x
{xq 9 X =00 A X)O D=x =

@ Moreover, [xi]; ¢(¢),r = [yi(t)];,,,; has a derivative of value
191 0, " because y; is a solution of the differential
equation x/ = 6; with corresponding initial value v(x;).

@ Further, evolution invariant region Y is respected along f:

@ By premiss, I, 1}, v = X holds for the initial state v, thus
DXl ¢y y = true for all C € [0, r].

@ In short, f is a witness for I, n,v = (D)¢.

@ Converse direction can be shown to prove the dual rule D12 using
that flows are unique.




Fo(s(Xa, .., Xn))
F Vx ¢(x)

@ Contrapositively, assume there are /, v such that for all 7,
I,m, v = Vx ¢(x), hence I,n, v = Ix ~p(x).




Fo(s(Xi, .., Xn))
F Vx ¢(x)

@ Contrapositively, assume there are /, v such that for all 7,
I,m, v = ¥x ¢(x), hence I,n, v = Ix ~¢p(x).
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@ Contrapositively, assume there are /, v such that for all 7,
I,m, v = ¥x ¢(x), hence I,n, v = Ix ~¢p(x).
@ Construct /” that agrees with /| except for new function symb

e For any bl,...,bnERIetnb assign b; to X; for 1 <i < n.
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ol s.
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X))




Fo(s(Xi, .., Xn))
F Vx ¢(x)

@ Contrapositively, assume there are /, v such that for all 7,
I,m, v = ¥x ¢(x), hence I,n, v = Ix ~¢p(x).
@ Construct I’ that agrees with | except for new function symbol s.

@ Forany by,...,b, € R let nb assign b; to X; for 1 <i < n.

@ As I,n,v = Ix ~¢(x) holds for all 1, we pick a witness d for
I,n°, v |= 3x =¢(x) and choose I'(s)(by, ..., b,) = d.

e We have I',n,v [~ ¢(s(Xi,...,Xy,)) for all n by coincidence lemma,
as Xi,.., X, are all FV determining truth value of ¢(s(Xi,...,Xy)).

e A, (J) can be added: Since s is new, ', A do not change truth
value by passing from [ to I’. Further s is rigid and does not change
value by adding jump prefix (7).




F QE(YX (&(X) - W(X)))
O(s(X1, .., Xn)) F W(s(X1,. ., Xn))

X new variable

@ Assume /,7n,v = QE(VX (®(X) F W(X))).




F QE(YX (&(X) - W(X)))
O(s(X1, .., Xn)) F W(s(X1,. ., Xn))

X new variable

@ Assume /,7n,v = QE(VX (®(X) F W(X))).
e QE yields an equivalence, thus /,7, v = VX (®(X) F V(X)).




F QE(YX (&(X) - W(X)))
O(s(X1,.., X)) F V(s(X1, .., Xn))

X new variable

@ Assume /,7n,v = QE(VX (®(X) F W(X))).
e QE yields an equivalence, thus /,7, v = VX (®(X) F V(X)).

o If I,n,v = ®(s(X1,...,Xp)), we conclude I,n,v = V(s(Xq,...,Xp))
by choosing [s(Xi,..., Xn)], ,, for X in premiss.




F QE(YX (&(X) - W(X)))
O(s(X1,.., X)) F V(s(X1, .., Xn))

X new variable

@ Assume /,7n,v = QE(VX (®(X) F W(X))).
e QE yields an equivalence, thus /,7, v = VX (®(X) F V(X)).

o If I,n,v = ®(s(X1,...,Xp)), we conclude I,n,v = V(s(Xq,...,Xp))
by choosing [s(Xi,..., Xn)], ,, for X in premiss.

@ By admissibility of substitutions, variables Xi, ..., X, are free at all
occurrences of s(Xi,...,X,), hence their value is the same in all
occurrences.
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F o(X)
F 3x ¢(x)

@ For any I,n, v with I,n,v = ¢(X) we conclude /,n, v = 3x ¢(x)
according to the witness 7(X).
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SV, L. DY,
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e QE yields equivalence, thus /,n,v = 3X A\;(®; F ¥;).
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@ As X does not occur anywhere else in the proof, it disappears from all
open premisses of the proof by applying F6. Hence, by coincidence
lemma, value of X does not change truth value of premise.
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FQEEX A;(®i - V)))
OV L. DRV,
X only in branches ®; - V;

@ For any /,v let ) be such that /,n, v = QE(IX A;(®;i - V;)).
e QE yields equivalence, thus /,n,v = 3X A\;(®; F ¥;).
@ Pick witness d € R for this existential quantifier.

@ As X does not occur anywhere else in the proof, it disappears from all
open premisses of the proof by applying F6. Hence, by coincidence
lemma, value of X does not change truth value of premise.

e Consequently, 17 can be extended to i’ by changing the interpretation
of X to the witness d such that /,7/, v = \;(®; - V;).

@ Thus, 1 extends I, 7, v to a simultaneous model of all conclusions.




Eve(¢ — )
()¢ ()¢

@ Simple refinement of coincidence lemma using that the universal
closure V* comprises all variables that change in a.
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closure V* comprises all variables that change in a.

o Let I,n,v = ()¢, ie., let (v,') € prn(a) with .m0/ |= ¢.




Eve(¢ — )
()¢ ()¢

@ Simple refinement of coincidence lemma using that the universal
closure V* comprises all variables that change in a.

o Let I,n,v = ()¢, ie., let (v,') € prn(a) with .m0/ |= ¢.

@ As « can only change its bound variables, which are quantified
universally in the universal closure V¢, the premiss implies

I b= ¢ — 4, thus I,/ |= & and I, v = (a)e.




- V(¢ — [a]9)
¢ [a*]o

e For any I,n,v with I,n,v = V¥(¢ — [a]¢), we conclude
I,V = ¢ — [a]é for all v/ with (v,2') € p; ().




- V(¢ — [a]9)

¢ [a]o

e For any I,n,v with I,n,v = V¥(¢ — [a]¢), we conclude
I,V = ¢ — [a]é for all v/ with (v,2') € p; ().

@ As these share the same 7, we conclude I, 7, v = ¢ — [a*]¢ by
induction along the series of states v/ reached from v by repeating a.




- V(¢ — [a]9)

¢ [a]o

e For any I,n,v with I,n,v = V¥(¢ — [a]¢), we conclude
I,n, V' = ¢ — [a]é for all v/ with (v,1) € p; ().

@ As these share the same 7, we conclude I, 7, v = ¢ — [a*]¢ by
induction along the series of states v/ reached from v by repeating a.

@ The universal closure is necessary as, otherwise, the premiss may yield
different 7 in different states v/.

O




FVevv>0(p(v) — {@)e(v — 1))
Ave(v) F (a*)Tv<0p(v)

@ Assume antecedent and premiss hold in /, 7, v.




Fv*Yv>0(p(v) = (@e(v — 1))
Avp(v) F (a*)Iv<0¢p(v)

@ Assume antecedent and premiss hold in /, 7, v.

@ By premiss, I,n[v — d],v = v >0Ap(v) — (a)p(v — 1) for
all d € R and all states v/ that are reachable by o* from v,
because V* comprises all variables that are bound by « or by o*.




Fv*Yv>0(p(v) = (@e(v — 1))
Avp(v) F (a*)Iv<0¢p(v)

@ Assume antecedent and premiss hold in /, 7, v.

@ By premiss, I,n[v — d],v = v >0Ap(v) — (a)p(v — 1) for
all d € R and all states v/ that are reachable by o* from v,
because V* comprises all variables that are bound by « or by o*.

@ By antecedent, there is a d € R such that /,n[v — d], v = ¢(v).




FVYv>0(p(v) — (a)e(v — 1))

Ave(v) F (a*)Tv<0p(v)

e If d <0, we have /.7, v |= (a*)3v<0¢(v) for zero repetitions.




FVYv>0(p(v) — (a)e(v — 1))

Ave(v) F (a*)Tv<0p(v)

e If d <0, we have /.7, v |= (a*)3v<0¢(v) for zero repetitions.

@ Otherwise, if d > 0, we have, by premiss, that
Iinlv—d],viEv>0Ap(v) = (a)e(v—1)




FVYv>0(p(v) — (a)e(v — 1))

Avp(v) F (a*)Iv<0¢p(v)

e If d <0, we have /.7, v |= (a*)3v<0¢(v) for zero repetitions.

@ Otherwise, if d > 0, we have, by premiss, that

Iinlv—d],viEv>0Ap(v) = (a)e(v—1)
@ As v >0 Ap(v), we have for some v with (v,2') € pj ;iq)(c) that
lnlv = d], V" | e(v —1).




FVYv>0(p(v) — (a)e(v — 1))

Avp(v) F (a*)Iv<0¢p(v)

e If d <0, we have /.7, v |= (a*)3v<0¢(v) for zero repetitions.

@ Otherwise, if d > 0, we have, by premiss, that

Iinlv—d],viEv>0Ap(v) = (a)e(v—1)
@ As v >0 Ap(v), we have for some v with (v,2') € pj ;iq)(c) that
linlv = d],v" = e(v —1).
@ Thus, I,n[v— d — 1],/ = ¢(v) satisfies IH for a smaller d and a
reachable v/, because (v, ') € p; () as v does not occur in a.




FVYv>0(p(v) — (a)e(v — 1))

Avp(v) F (a*)Iv<0¢p(v)

e If d <0, we have /.7, v |= (a*)3v<0¢(v) for zero repetitions.

@ Otherwise, if d > 0, we have, by premiss, that

Iinlv—d],viEv>0Ap(v) = (a)e(v—1)
@ As v >0 Ap(v), we have for some v with (v,2') € pj ;iq)(c) that
linlv = d],v" = e(v —1).
@ Thus, I,n[v— d — 1],/ = ¢(v) satisfies IH for a smaller d and a
reachable v/, because (v, ') € p; () as v does not occur in a.

@ Induction well-founded, because d decreases by 1 down to d < 0.
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© Summary



dC = DL + HP

Verifying parametric hybrid systems:
@ Logics for hybrid systems
@ Compositional calculi

@ R-Skolem and free variables for
automation

@ Sound & complete / ODE
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