15-424/15-624 Background Quiz Solutions

1. First-Order Real Arithmetic

Recall that a logical formula is

e walid if it is true for all possible assignments of free variables,
e satisfiable if it is true for at least one assignment of free variables, and

e unsatisfiable if it is not true for any assignment of free variables.

In the following, determine if the statements are valid, satisfiable, and /or unsatisfiable.

(a) 2<zAx<2
unsatisfiable

(b) 2<zAz<?2
satisfiable, but not valid for all x

(¢) (z<yhy<z)—z<z
valid and therefore satisfiable

(d) z<zAJylr<yAy<z)
satisfiable, but not valid for all x and z

(e) Jylz <y)
valid and satisfiable, no matter the value of x, there exists a y that is bigger

(f) Yy(z <y)

unsatisfiable, there is no x such that it is smaller than all y

(g) (x>y—ax>z)Va>y
valid and satisfiable

(h) z >y < 2% > y?
satisfiable



2. Differential Equations

Solve the following IVPs. All derivatives are taken with respect to implicit variable .

(a)

¥ = w
Vo= a
z(0) = xo
v(0) = v
z(t) = $t* + vot + ¢
v(t) = at + vy
(b)
¥ = —y
y = =
z(0) = 0
y(0) = 1

x(t) = —sin(t)
y(t) = cos(t)
Note: This solution can be written in multiple ways.
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You can also write x’ as fl—f, and then use the following trick:
- t
— = I CoS
dt

1
—dx = costdt
x

1
/—dx:/costdt
T

Inz =sint + ¢

T = esmt—i—c — Cesmt

But be careful with the constants; the solution to the initial value problem is:
T = xoesint
A common mistake:
r=e"t— 141

2’ = cost-e"™ #£ xcost



